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[lepBoe W3maHWE KHUTH WM3BECTHOTO aMEPHKAHCKOTO MmareMaTnka I. bupkroda,
Beimeqmiee B 1950 r., Obuto mepeBedeHo Ha pycckui  s3bik  (M3pmatenbcTBO
WHOCTPaHHOW JITepatypbl, 1954 T.) m 3acmyxuino BceoOlIee MPU3BAHUE COBETCKHUX
.YUYEHBIX. 32 I€CATH JIET, OTJACISAIOINX BbIXO MEPBOr0 U BTOPOrO aHTJIMWCKUX U3AaHUM,
B HCCJIEIOBAaHUH JBM)KEHUHN KHUAKOCTHU U ra3a ObUI IOCTUTHYT 3HAYUTENbHBIN IIpOrpecc,
U BTOpoe m3fanue «[ MapoauHaMHUKN» MPEACTABIsSET COOO0M CYyIIIECTBEHHO U3MEHEHHYIO
KHUTY, COJIEP>KAIly}0 MHOT'O HOBBIX M Ba)KHBIX PE3YyJIHTATOB.

ABTOp MO-HOBOMY aHAJIM3UPYET M CUCTEMATUYECKH HU3JIaraeT HEKOTOpPbIE BEChMa
MHTEPECHbIE 0COOEHHOCTH JIOTUYECKUX MOCBUIOK U MaTeMaTHYECKUX ITOCTAHOBOK 3a/1a4
TUAPOMEXAaHUKH, a TaKKe YCTAaHABIMBAET CBS3M ATUX IOCBUJIOK M IOCTaHOBOK C
npakTUKOM u HaOmogeHussMu. Ha MHOrMX mnpumepax OH IOKa3bIBA€T, KaK OIBIT
CIOCOOCTBYET Pa3BUTHUIO TEOPUU, TPeOys €€ MOCTOSHHOTO YCOBEPIICHCTBOBAHMS, 1 KaK
TEOPHsI, YCIOXKHSASA B BHJOU3MEHSSI CBOM METOJbI, OOBSICHIECT (PU3UUECKYIO CYIIHOCTh
HAOI0TAEMBIX SBJICHHIA.

Knaura mnpencraBiser HECOMHEHHBIM HMHTEpPEC HE TOJIBKO Uil CHELUAIUCTOB B
o0nacTy TUAPOAMHAMUKH (HAYYHBIX PAaOOTHHKOB W MHXKEHEPOB), HE U ISl IIMPOKOTO
Kpyra MmateMaTukoB. OHa BIOJHE IOCTYIIHA CTYJEHTaM CTapIluX KypCOB.
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NMPEAHCNAOBHE
K BTOPOMY PYCCKOMY H3JAHHIO

Llens npemsaraemoli KHHTH COCTOWT He B pellleHHH YaCTHHIX 3a-
Jay THPOMEXaHHKH H HE B NOJYYEHHH KaKHX-JHOO HOBBIX KOHKpeT-
HBIX BLIBOJOB 1O CYIIECTBY KOHKPETHHIX $BJeHHH, a Takke He
B COOGIIEHHH OTAeAbHLIX PE3YJbTATOB, MOJE3HBIX A NMPHICKEHHH.
Ee aprop I'. Bupkrog, mMaTeMaTHK, W3BeCTHbIi CBOHMH paboTaMu
B BecbMa OTBJIEYEHHBIX o0sacTsaXx anre6pbl u TOMOMOTEH, NOCTaBHJ
cefe UeNbl0 MPOAHANH3HPOBATH H CHCTEMATHYECKH H3JIOXKHUTb HEKO-
TOpHle HHTEpPEeCHBle 0COGEHHOCTH JIOTHYECKHX NOCHLIJIOK M MaTeMaTH-
YeCcKHX IIOCTAHOBOK 3ajauy THAPOMEXaHHKH, a TaxikKe NpPOoCJeduTb
CBSI3H 3THX MOCBLIIOK M MOCTAHOBOK C MPAKTHKOH H HabJ0JeHHAMH
B npupone. KpoMe 3TOro, B KHHre COAepKaTCA 3aMedyaHHs O HEKO-
TOPBLIX TNpeleNbHLIX Tepexofax, NMPHMeHseMblX B THAPOMeXaHHKe.

CofpaHye H pacCMOTPEHHe TaK Ha3biBaeMbIX NapafoKcos J060-
OLITHO camo mo cefe H SIBAsieTCA BecbMa MOJe3HbIM AJA MOHHMaHHS
ocoBeHHOCTEH TeopeTHuUecKOfl HIAPOMEXaHHKHM H ee CBA3HM C 3JKCIIe-
puMeHTOM., PasbscHeHHe NapajgoKCcOB MO3BOJAET MNOHATH CMBICA
MHOTHX THIDOMEXaHHYECKHX TEOPHH H BCKPLIBAeT BayKHble (pH3HUe-
CKHe OCOGEHHOCTH OMHCHIBAEMBIX IBHKEHHH.

Tak, X0opoiuo H3BECTHO, KaKylo 6OJbILYI0 POJb ChIrpaJg B FHAPO-
OHHAMHKE napanokc dfinepa — JanambGepa. Mccnenosanue 3TOro
mapajgokca CHocoO6CTBOBAJIO YCTAHOBJEHHIO OOLHX CBOHACTB BO3MY-
WeHHHA, BBI3bBIBa€MBIX B JKHIKOCTH [ABHXEHHEM TBepPAOro Tena,
a TakXe BLIICHEHHIO MeXaHu3Ma BJIHSAHHA BS3KOCTH XKHAKOCTH
B 3aBHCHMOCTH OT ¢opmb o0TekaeMOoro Tesla H pfga APYrHX
3¢ dexTOB.

C 11OMOIIbI0 MaTeMaTHYeCKHX aGCTPAKUMM MBI NPHXOAHM B Teo-
PETHYECKOH THIPOIHHAMHKE K. TMOCTAHOBKAM 3a1au, CojepKaniuM
NOMHMO COOTHOII€HHH, BHBOAUMBIX M3 OGMIMX ypaBHEHHH, elle  J0-
NOJHHTeNbHble CelHaNbHble THIOTE3H, M03BOJAWUIHE BHIICAHTL Te
pelueHHsi, KOTOpble OTPaXalwT BJAHsSHHe (u3HYecKHX (aKTOpOB, He
VUHTHIBAEMBIX MPHHATOH CXeMOH (3(d(deKT BA3KOCTH B TeOpHH HIe-
aJBHOH JKMAKOCTH, YYeT KaBHTAUHH B TEODHH HeNPepbBHEIX MOTO-
KOB, yYeT YCTOHUMBOCTH [ABHXKEHH$ BA3KOH XUIKOCTH TPH Nepexoje
OT JIaMHHADHHIX NMOTOKOB K TypOyneHTHBIM H T. 11.). Ham npencra-
BJseTCH, YTO MAaTeMaTHYECKHH aHa/MH3 TaKUX FHIIOTe3, MPOBEACH-
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Hblit B ABHOH ¢dopMe, 3a0cTpsieT BHHMaHHEe WHPOKHX KPYroB creuHa-
JIHCTOB, npenojfaBaTeseil H HHXEHEPOB HA MAeAX H MeTONax, M0Jo-
MEHHBX B OCHOBY rHIpOMeXaHHKH. 3T0 0COGEHHO HEOGXOMHMO B Ha-
cTosiliee BpeMsi, KOrga K paspaGorke npoGJeM rupoOMexaHHKH NpH-
N1araloTcs YCHANS GOJBIIHX KOJJIEKTHBOB TEOPETHKOB H HHIKEHepoB.

YrayGneHHblfi TOrHYECKHA aHaNu3, MNPHBJIEKAIOWHA TOHKHE Ma-
TeMaTHuUeCKHe MeTOAH, Bcerga Ohl OCHGSOM pa3BHTHA TeopeTHue-
CKO# ruapoMexaHHKH. FIMeHHO no3ToMy pycckHe yueHhle, OCHOBOMNO-
JIOXXHHKH THIDOMEXaHHKH, a5pOJHHAMHKH H ra3oBOfl JHHAMHKH,
BcerJa GBIJIH TeCHO CBfI3aHBI C MATEMATHKOA H ABJAAJNHChH B Hell BHA-
HBIMH crelHanHcTaMH. HanoMHHM, YTO HawM 3HaMEHHTHE yyeHble
H. E. )Kykoeckut 0 C. A. Hanaurud GbLIH He TOJBKO 3aMeuaTelib-
HBIMM MeXaHHKaMH, HO H NepPBOKJACCHHIMH MaTeMaTHKaMH.

TeopeTHyecKoe OCMBICIHBAHHE Pa3JIMYHEIX peabHbIX SIBJEHHHA
CBA3aHO C BBeJeHHEM MaTeMAaTHYeCKHX MOHATHA H XapaKTepHCTHK,
IJf KOTOPbIX YCTaHaBJHBAIOTCA YHCJAOBLIe MeTOAM pacuera. B cBs-
34 C 9THM TEOPETHKH BCerfa AOJXKHbl BBOIHTb CXeMaTH3HpOBAaHHLIE
MOJENH H TpPOUECCh,, ¢ NMOMOLLbIO KOTOPHIX (POpMHPYIOTCH pa3iHy-
HOrO pOJa 3aKOHOMEPHOCTH, ONMHUCHIBAIOLUIHe ¢ Tpe6yeMOH CTeneHbIo
TOYHOCTH CBOHCTBA H COOGBITHSl, MPOHCXOAsILLHE C peasibHhIMH Te-
JamMH,

[IpakTHKH ¥ 3KCepHMEHTAaTOpHl HMEWT [1e/0 C SIBJEHHSIMH H
sddekTaMu 3 npupolde H B TEXHHKE, KOTOpPble MPOHCXOAAT HE TOJABKO
B COOTBETCTBHHM C H3BECTHBIMH TEOPeTHUYECKUMH MNpeACTaBJIEHUSMH,
HO H B COOTBETCTBHH C 3aKOHAMH H C MHKPO- WJIM MaKPOMEXaHH3-
MaMH, ellle He OTKPHITHIMH HJAHM He YYTEHHbIMH B HCIOJb3yeMHX
Teopusix. Takoe mosoxeHHe BO3HHKAeT OYeHb YACTO.

He Gosee kak mATbLCOT JieT TOMY Ha3aj ellle He CYLIECTBOBAJIO
MeXaHHKH KaK HayKH, TOrla KaK Tenepb MeXaHH4YeCKHe pacyeTH
AIBJIIOTCA OCHOBOH JJIA peMIEHH BceX TeXHHuYecKHX 3ajadu. Ho eue
6oniee THICAYH JIeT TOMY Hasaj JIIOAH Ha NpPaKTHKe YMeJO HCIOJb-
8OBaJiy ellle He OTKPbIThie 3aKOHbl MEeXaHHKH H OMHPAJHCh Ha HHX.
HspnaBHa npu OTCYTCTBHM MeXaHMKM KaK HayKH Ha INpaKTHKe
ycnemwHo Oblnd pa3pelieHbl MHOTHE MOBOJILHO CJOMHbBle TeXHHuYe-
CKHMe 3aja4H: MO 3eMJie nepemellaniucb 6OJIbLIHE TAMXECTH, CTPOH-
JIHCh CJIOXKHble COOpyXeHus, GHJIO pa3sBUTO MOpenJjaBaHHe H T. A.
HT. I

Heuto aHanoruyHoe MpOHCXOAMT U B Hallie BpeMs, ueiecoobpas-
Hble NeACTBUS NPAKTUKOB H 3KCIIEPUMEHTATOPOB 3a4acCTYiO CBA3aHHI
C HCTOJb30BaHHEM H NMPHMeHEeHHEeM ellle He OCO3HAHHHX M He OT-
KPHITHIX 3aKOHOB. PauuoHanbHas TeopHs BO3HUKAeT H Pa3BHBaeTcs
B pesyJbTaTe OO6O6GLIEHHS M OCMBLICJAHBAHUA Yy¥Ke HAKOMJIEHHOTO
onulTa, KOTOPHIH B HEKOTOPHIX CAyyasx A0GLIBaeTCS NMyTeM JOrHue-
CKOl pa3paloOTKH CYLIeCTBYIOLLHUX TE€OPHI.
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Kak H3BeCcTHO, TeOpeTHUeCKOe ONMHCAHHE MOXET OTPa3HTb nefi-
CTBHTE/IbHBE AIBJIEHHA TOJBKO B onpejle/ieHHbIX FPaHHIAX H B HeKo-
TopoM NpHOAHKeHHH. fIcHoe npencTaBaeHHe 06 3THX rpaHHUAX H 06
HCTHHHOM COOTBETCTBHH MEXAY TeopHeir H JAeHCTBHTEJNbHOCTHIO
ABAAETCA HeOGXOMHMBIM YCJIOBHEM HJA OBJAJEHHA TeOpHefi ¥ AAs
ee NpaBHAbHOrO MOHHMaHMA. CTONb Xe BaXHO AJs NMOHHMAaHHS
CYILHOCTH BOMPOCa XOPOIIO NpPeiCTaBAATh ce6e B KaXKAOM KOHKpeT-
HOM cJydae B3aHMOAEHACTBHe MeXAY TeOpHell H 3KCHEPHMEHTOM.
B npeanaraemoii KHHre Ha MHOTHX THAPOMEXaHHYECKHX NMPHMepax
B HArAAAHOA M MOyuHTeNAbHOR (OpMe NOKa3aHO, KaK OnNbIT BedeT
TeOpHIo, Tpebys ee MOCTOSHHOrO yCOBepIIEHCTBOBAHHS, HOBBHIX MO-
CTaHOBOK 3a/iay, HOBHX TOYeK 3PeHHs, H, ¢ APYrofl CTOPOHH, Kak
TEOpHSA, YCJAOXKHAA H BHAOH3MEHSIA CBOH CXeMbl, OGbACHSET MeXaHH-
4ecKyl0 CYIHOCTb Ha6/i0faeMblX ABJeHHH.

ABTOp yAensieT 3HauyHTeJbHOe BHHMaHHe NPHMEHEHHIO coobpa-
XeHHfi TEOPHH Pa3MePHOCTH H TEOPHH MOAOOHA K npoGjeMaM THA-
poMexaHHKH. BLIBOAK H MeTOAH 3THX HeGOJbWIHX NO 06beMy Teo-
pufl NpHMEHHMBI K CaMbiM Pa3sHOO6pa3HbBIM 3a1auaM H He CBSI3aHbl
‘¢ 0CO6EeHHOCTSIMH OTAENbHBIX YACTHBIX CJy4YaeB, a OCHOBH HX KpaiiHe
APOCTH H JIerKO AOCTYNHH [AJf [OHHMaHHS.

OnHako KpaRHAf NpPOCTOTAa MOJYYEHHS COOTBETCTBYIOLUHX Bbl-
BO/IOB C MOMOLIBIO KpaTKOf Mo CBOEMYy cyulecTBy (HO He Bceraa
O4YeBHAHOH 3apaHee) (GOPMYJIHPOBKH MOCTAHOBKH 3aJayH HepenKo
CAYXKHT A MHOTHX HCTOYHHKOM W/IJIIO3HH MOHHMAHHA NMPH OTCYT-
CTBHH ray6OKOro M sIBHOrO IPOHHKHOBEHHSA B CYTh AeJa. YraybaeHHoe
K AIBHOE OMHCAaHHEe TEOPETHYECKHX Mojesedl H 3aKOHOB 06A3aTeJbHO
NSl CO3HATeNBHOTrO OMEpPHPOBAaHHA MeTOZaMH noJOOGHR H pa3Mep-
HOCTH. DT0 O6GCTOATENbCTBO OGBACHAET TO, YTO METOAHW TEOPHH. pas-
MepHOCTeH H MmoJoOHS Da3BHJAHCh H BHEADHJ/IHCb B TEOPHIO COBCEM
HeJlaBHO, MOCJie HaKoNJeHHs1 GoAbIIOro uHcaa pPa3sHOOOGpPa3HBX (H-
3HYEeCKHX MojeJell H MHOMXeCTBAa Pa3/HYHBIX MOCTAHOBOK 3ajay B
¢dH3NKe U MeXaHHKe.

He cayuaiino npeacraeiaenne o 6eapa3MepHbX onpeaessloLIHX
napaMetpax, XapakTepH3YIOLUIHX pPeXHMBl [ABHXXEHHS, BHEADEHO B
npakTuky toabko B XX crojerud. Beab coBceM HefaBHO 6bla1a oco-
3HaHa BO3MOXHOCTb NiepeHeceHHs Pe3yJbTaTOB H3MePeHHA B ABHXKe-
HHAX XHAKOCTH (HanpHMep, PTYTH) 1o UHJHHADHUYECKHM Tpy6aM Ha
COOTBETCTBYIOUHE aHAJOTHYHLle ABHXKEHHA rasa (HampHMep, BO3-
ayxa). CoorBercTBylolllee 060CHOBaHHe NMPOCTO; OHO Tenepb mpej-
CTaBJiAeTCd MHOTHM TPHBHAaJIbHBIM, HO 3TO GHJIO MOHATO yXe MocJe
nposeneHuss GOJBLIOrO UHCJAA ONbBITOB, 0GpaGaTLIBaBIIMXCA He
Bcerja npasBuibHO. [losHOe OCMEIC/IHBaHHE YKa3aHHbIX TEOpHH Mo-
MHMO 3HaHu#l H onbITHOCTH TpebGyer TakXe Xxopoluel (H3HUECKOHX
HHTYHUHH.
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Ouyuaerca Heo6XOAHMOCTh SICHBIM 06pa3oM OTHAeNHThL coobpa-
JKeHHs NMogo6HS H pa3MepHOCTell OT MOCTAHOBKH 3a/lauH, CBA3aHHOH
C pacCcMOTpeHHeM KOHKPEeTHOro KJjacca fIBJeHHH Mo CYUIeCTBY BO-
Mpoca H He CBA3aHHOH HemocpeiacTBeHHO ¢ mono6ueM. IlocTaHoBKa
3aayd MoXeT ObiTh Pa3JHuHO# M Moxer ObITh NMPaBHALHOH HJH
HeT B 32aBHCHMOCTH OT XapakTepa M LeJH HccnenoBaHus. Jlns Ka-
Ol NMOCTAHOBKH METOABI Pa3MEPHOCTH [Aal0T CBOH BbIBOIMI.

K coxasenuio, B yueGHOHt J/uTepaType 1O 3THM BONpOCaM
HMEIOTCA JIHIIb MOMyTHbiE H OTPHIBOYHbLIE 3aMeYaHHS WIH Xe A0My-
cKaeTcs KycTapHoOe, JOTHYeCKH Heo60CHOBAHHOe H HeOTYeT/HBOe H3-
Joxenue. B pe3dyabrate B 3TOlf 006/aCTH MOABHJIOCH MHOXKECTBO
NyTaHbIX, CMYTHHIX H HAYKOOGPAa3HbIX COYHHEHHH.

B kuure «MeToabl TeopHH pa3MepHOCTeH H TeOpHH nonobus
B MexaHMKe», Bbimenmeii B 1944 romy!), aBTOpOM HacToslLero
npeaucaoBust Gblla NMPeANPHHATA NONBITKA BHECTH HEKOTOPHIH Mo-
psOOK B paccMaTpHBaeMbie TeOPHH. Psaa MpumMepoB H coo6paxeHHi,
COlepXKAIUUXCA B 3TOH KHHre, MOXHO HAHTH M B NpejJaraeMoi
kHHre Bupkroga. Eue no storo B kKHure BpumkMena «AHann3 pa3s-
MepHocTel» (2-e aHriuiickoe H3fanue Bbiio B 1931 r.)2) O6blao
NaHO CHCTeMaTHYeCKOe H3JI0XKeHHe TeopHH pa3mepHocTH. OmHako
kHura BpumkMeHa okKasajacb HeIOCTAaTOYHOH [/ YCTaHOBJ/IEHHsA
npaBHJbHO TOYKH 3DEHHsl Ha CBA3b MeXJy TeopHeid pPa3MepPHOCTH
¥ TeopHeit nono6us. Ilocne ee mosBneHHA HEOJHOKPATHO BBICKa3bl-
BaJ10Chb MHEHHe, UTO CJE[CTBHA M3 aHaJW3a pa3MepHoOCTell U H3 Teo-
puM noao6Hs He ABJSIOTCH 3KBHBaJeHTHBIMH. OT 3THX COMHEHHA He
cBo6omen ¥ Bupkrod B npennaraeMoit kuure (cm. ra. IV).

B geHcTBUTENBHOCTH, OAHAKO, 3TOT BONPOC BOOOllEe He BO3HH-
KaeT, ecJH CHCTeMa OMpelessIoliuX napaMerpoB AJs Bbi6paHHOro
KJacca siBjieHH} (B npegenax Hy»XHOH TOYHOCTH) y»Ke yCTaHOBJIEHA.
Ins storo, ogHako, TpebyloTCss NpelBapHTeJbHbIE HCCJIEeNOBAHHSA
cyliecTBa 3aflaud ¢ o6si3aTesNbHBIM HCIOJBb30BAHHEM YaCTHBIX OCO-
GeHHOCTell M3yyaeMbIX siBJeHMH. B uyacTHOCTH, K TaKoro pona wuc-
ClelOBaHHSIM OTHOCHTCS M paccMaTpuBaeMbii B KHHMre Bupkroda
«MHCTNIeKLHOHHBII aHa/H3». YCTaHOBJIEHHE CHCTEMbl OMpeaessiolIHX
napaMeTpoB CBs3aHO C oOliell cxeMaTH3auHel SABJIEHHS, C HCMOJb-
30BaHHEM pa3JIMYHOrO PONA pa3Be[blBaTeJbHbIX THNOTE3, 3KCNepH-
MEHTAJbHBX JaHHbIX, CTATHCTHYECKHX BBLIBOAOB, C OMNHCaHHEM
M3yyaeMblX TMpPOLECCOB TOYHBIMH MJH MPHOJHIKEHHBIMH ypaBHe-
HHSAIMH3), KpaeBbIMH M HayaJbHLIMH YCJOBHSAMH, Pa3JHYHBIMH Orpa-

1) Caeayouwre u3znanus Buwad s 1951, 1955 u 1958 rr.

?) Pycckuii nepesoa Buillen B 1934 r.

%) Kak u3BecTHO, CHCTEMa OnMpeleNnlOUIHX NapaMeTPOB H KPHTEDHH [OROGHSA
MOTYT GBITH OAMHAKOBHMH, KOTrJa AeficTBuTeNbHHE (PH3HYECKHE CBA3H MOCTAHOBKM
3ajlai M YpaBHEHHS, ONMHUCHIBAIOILHE MPOLECCH, pa3Hble, NpPHYEM 3TH YpPaBHEHHSA
MOXHO BapbHpOBaTh B AOBOJBLHO IUIHPOKHX Npemenax.
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HHueHHsMH (pu3nyecKoil mpupoab M T. M. Takoe HccieaoBaHHe NO
CYLIEeCTBY OMHpaeTcsi Ha pasHoo6pa3Hbie PH3HYECKHe yC/IOBHg H CO-
ob6paxeHHs, creluudHyHble AJS YACTHHIX KJaccoB sBJEHHH, H TO-
3TOMY €ro eCTeCTPEHHO BKJIOYHTb B COOTBETCTBYIOLIHE CHelHaJbHbIE
pasnenbl HayKH. BbizeseHHe cCHCTeMH OTpepe/sSOLIMX NapaMeTpoB
JIerKO OCVIeCTBJsIeTCs MONYTHO B Mpollecce NMPOHHKHOBEHHS B Me-
XaHH3M M3YuyaeMbIX fIBJEHHH H SIBASETCS COCTABHBIM 3J1€MEHTOM Mo-
CTAHOBKH 3aJauH.

INpu Takoil TPaKTOBKe BOMpoca H NMPH OOGLIYHOM oOMnpeleseHHH
dusnueckoro moao6usi!) He MOryT BO3HHKHYTb Kakue-1H6O npo-
THBONOCTABJIEHHS aHa/nH3a pasMepHocTeffi H TeOPHH nNOROGHS.
Coo6parkeHHs1 3THX ABYX TEOPHH MOTYT KacaTbCsl JIHIIb OGIIHX Bbl-
BOJOB, OTJAEJNEHHBIX OT YaCTHBIX CBOHCTB M OCOOEHHOCTell KOHKpeT-
HBIX fIBJEHHH, a cojepKaHHe TEOPHH B TaKOM NOHHMAHHH CTAHOBHTCSH
MOJIHOCTBIO SKBHBAJIEeHTHBIM. DBHpkrod B cBoeft KHHMre He BmoJsne
fICHO W OTYeTJIHBO H3JlaraeT 3TH BONPOCH!, YTO, BMPOUEM, CBSI3aHO
CKOpee ¢ TEpMHHOJIOTHER, YeM C CYLLLeCTBOM fena.

B MexaHHKe NpH Pa3BHTHH Hay4YHBHIX TEOPHit KpafiHeC BaXXHO BBO-
IHTb HOBblE MOHSITHS, ONpeleNeHnsl, CHCTEMB OTCYETa, CHCTEMBl eaH-
HHL H3MEPeHHs H T. M., HCMOJb3ys OoraThlii ONbIT, HAKOMJIEHHBIH
B npollecce APaKTHYECKOH HeATeNbHOCTH H O6LUero Xoxa HCTOpHuYe-
CKOT'O Pa3BHTHSA RayKH, a TaKXe YYHTHIBATb HeOGXOAHMOCTB CHe/1aTh
$OpMYJIHPOBKH 3ajlay M pPe3yJbTATOB HCCJAEJOBaHHs Haub6oJee
vao6HbIMH. Haue roBops, XapakTep MeTO/IOB HCC/Ie OB aHHS JOMKEH
ONpaBAbIBATLCA CylUecTBOM Jeaa. C 3Tof TOUKH 3pEeHHUst pas3jHuIIOro
poia MpaKTHYeCKH HEHHTepecHbe, MaTOJOTHUYECKHE HJIH HCKYCCTBEH-
Hble a6CTPaKTHbIE CJ1YYaH, C KOTOPLIMH Mbl HAa NPaKkTHKe HUKOTAa He
BCTPEUAJIHCh U, NO-BHAHMMOMY, He BCTPETHMCS, AOKIbI HCKAIOYAThCS
onpelleIeHHsIMH M CaMO# NOCTAaHOBKOA 3anaud. B HexkoTopbix Mec-

!) Ha npaktuke ymo6HO noab30BaTbCA CNEAYIOLNIM OTpefefeHHeM XHAAMH-
YECKOTO H.JH BoOGlIe thn3nyeckoro nono6us. Jlsa siBnenns nogo6HH, ecau no 3a-
NaHHBIM XAPAKTEPUCTHKAM OLHOTO MOKHO NOJYYHTb XapPaKTePHCTUKH APYroro
NPOCTLIM MepecyeTOM, KOTOPHIA aHAJOTHUEH NEPEXOAY OT OHOH CHCTEML edHHHIL
M3MEPeHHsT K APYro#i cHcTeMe. 1S OCYWIECTBIEHHN NepecueTa Heo6X0AHMO 3HATHL
«nepexofnpie MaciuTabu». 3TO onpefeneHHe YAOBJETBOPSET NPAKTHYCCKHM Tpe-
GoBaHHAM § CHAbHO YNPOWLAET H COKpamaeT o6uIYIO Teopuio (cm. [14%]).

Yxa3auauiii BHIBOJL COXpaHHET CBOIO CHAY TakXe M B CAyuae, KOraa noao6ue
ABYX ABJEHHA onpeleneHo B OGOGUIEHHOM CMHCIe, T. €. KOTAa 1epexod ¢ O6hiy-
HLIM NEPECUeTOM N0 H3BECTHHIM MacliTaban BO3MOXKEH TOMLKO I HEKOTOpOit
CMEUHANbHONl CHCTEMW  XAPAKTePHCTHK, MNOJHOCTLIO onpefeasioumefl sSBAeHHe W
no3soasiowefl Jerko HaXOAHTh ;06GEe NAPYTHE XapaKTEPHCTHKH, KOTOphle, OMHaKO,
Heab3f MOJYYHTE NPOCTHIM YMHOKEHHEM Ha COOTBETCTBYIOUIHE MacCWITAGHl NpH
uepexofle OT OJIHOTO M3 ABYX MOAOGHLIX SBJEHHHI K APYroMy.

B uactwocti, mono6ue, cootBeTcTByIOUIee addHHHLIM Npeo6pa3oBaHAAM
KOODANHAT, MOXET OuiTb PacCMOTPEHO C NMOMOWbK) aHanu3a pa3MepHOcTefl NpH
IDHMEHEHUH Pa3.IMYHBIX €NHHHL W3MEPeHHs BJOIb Pa3AMuHBIX OcCefi JeKapToBof
CMCTCMBI KOOpAHMHAT.
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tax DBHpKrod paccMatpuBaeT TakHe NDHMEpLI, H3jaras HX HHOI-
Ja He BnoJHe ueTko (cM., Hanpumep, dopmyay (6) § 61, a
Takxe § 65).

B ecTecTBeHHHX HayKax moJie BO3MOXHHIX COOTHOWIEHHA H BCH-
KOro pofla ypaBHeHHH BecbMa pa3HOO6pPa3HO, ONHAKO C TOUKH 3pe-
HHS BO3MOXHEIX TNPHJIOXEHHA TeOpHH pa3MepHOCTEd H noA0GHs
3TO TOJIE NMPHJIOKEHHH BNOJHe 0603PHMO, H MOXKHO NPAMO CKa3aTh,
YTO BO BCEX MPABUJbLHO Pa3BHBAeMbIX TEOPHAX He BCTpeyaerTcs Ta-
KHX 0COOGbIX TIpHMEepOB, KoTophle paccMotpen Bupxkrod.

CooTBeTCTBYIOLlEE H €CTECTBEHHOE ONpejie/ieHHe H3yuaeMbix (u-
SHYECKHX 3aKOHOMepHOCTell [JaeT KakK CJeACTBHe CTPYKTYDy COOT-
BETCTBYIOLIHX yPaBHEHHH, NpeacTaBJAeHHEIX B 6e3pa3MepHOM BHJE.
Onpepensiolliie MapaMeTphl, epeMeHHble HJH NOCTOSIHHBIE, Bhlje-
JdsieMHe TOCTAHOBKOH 3ajfayd, MOMXHO pacCMaTpHBaTb KaK BeJH-
9HHE, B H3BECTHOM [Hana3oHe He 3aBHCAIlMe OJHa OT [pYyroi.
OnpenensieMble BeJIHYHHBI MOXHO PacCMaTPHBaTh KaK BEJHYHHBI, BHI-
paxaeMHe C NMOMOLIbI0O HEKOTOPHIX MaTeMaTHYeCKHX Onepaiuii ue-
pes onpenensiomue. CooTBeTCTBYIOUIHe (QYHKIHOHAJNbHbIE CBA3H
MeXIy pa3MepHBIMH BeJHYHHaAMH 006/1afaloT BIOJHe ONpejeseHHOR
CTPYKTYpO#t, OGYC/NOBJIEHHOH! HE3aBHCHMOCTBIO 3TOH CBA3H OT BHI-
6opa OCHOBHHIX eJHHHL. 3Ta CTPYKTypa CBfi3aHa C CYIeCTBOBA-
HHEM B KJacCe pacCMaTpPHBaeMLIX fiBJIEHHA CBOHX cOGCTBEHHBIX Xa-
PAKTEPHHX BEJHYHH — COGCTBEHHHIX eNHHHI{ H3MeDeHHs, He 3aBH-
CHMHBIX OT YCJOBHBIX €IMHHIl H3MepeHHsl, BLIGPAHHBIX Ha OCHOBE
CreiHaNbHOrO coryallieHHs.

CrangapTusauuss M yHHGHKaUHs eNHHHI H3MEDeHHA YNOOHA H
Heo6XONHMAa C MHOTHX XOpOLIO HM3BECTHBIX TO4eK 3peHHs. BMecte
C 3THM Teopus pa3MepHocTefl U mMoAOo6GHS yKa3blBaeT, yro AJA pas-
JIHYHBIX KJaCCOB BTOJHe onpejefeHHHX SBJEHHH BHIOAHB CBOH
COGCTBEHHBIE XapaKTepHhle eJHHHLL H3MEPeHHS, CBA3aHHHE T Cy-
lleCTBEHHBIMH BEJMHYHHAMH, XapaKTePHBIMH 1/ O6BEKTOB H sBJe-
HHil naHHOrO Kaacca. Mcnonb3oBanne cOGCTBEHHOH CHCTEMBI elHHHL
H3MepeHHs YaCTo OueHb BBIFOJHO, H K HEMY CBOJHTCSl ONHCaHHe SIB-
JIeHHH H 3aKoHOB B Ge3pa3MepHo#i dopMe — mpHeM, NMJIOAOTBOPHHIR
H LIMPOKO BHEJpPEHHBIl B HACTOsllee BPeMs B HayKe H TEXHHKe.

Oco6eHHOe 3HAYEHHe HMEIOT CJ1yuaH, KOTAa YHCJIO OCHOBHHIX Xa-
paKTepHbIX HE3aBHCHMBIX TOCTOSIHHBIX pas3MepHbIX MapaMeTpoB
MaJlo H HeOCTaTOYHO JJIsi TNOJY4YeHHs YHCJIA He3aBHCHMHX Ge3pas-
MepHBbIX NepeMeHHBIX BeJHYHH, PABHOTO YHCNY He3aBHCHMBIX nepe-
MEHHHX pa3MepHBIX BeJHYHH; B 5TOM CJlyuyae BO3HHKaeT aBTOMO-
JeJIBHOCTb SIBJIEHHSI, YTO BHOCHT CyLleCTBEHHHe YIpOLUEHHS B 3a-
Jla4d TEOPETHYECKOrO HJIM 3KCIIEeDPHMEHTAJbHOr0 HCC/eN0BaHHS.

B kuure Bupkroda clenana noneTKa npHBJaedb K npobJeMe HH-
TerpHPOBAHHs ypPaBHeHHH THIAPOMEXaHHKH MeTOAW TeOPHH rpymm,
uTO MO3BOJsieT 0603peTh C €IHHON TOYKH 3peHHs1 CBOHCTBA pas3jHuy-
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HHIX K13aCCOB HAaCTHHX peUIeHHA 3THX YypaBHeHHA, HaAReHHbIX H
A3YYeHHbIX paliee pa3sHLIMH aBTOPAMH.

Co BpeMeHH BHIX01a B CBET MepBOro M3jgaHHa npobGaeMa NpH-
MEHEHHR TeopHH rpynn K 3aAayaM HHTerpuposanus aunddepenin-
a/NbHBIX yPaBHEHHH M K YCTAUOBJEHHIO BJHAHHUA TreoMeTpPHYecKoR
CHMMETPHH Ha NPUPOAY TEH30PHHLIX (YHKIUHOHANbHLIX CBs3edA pac-
cMaTpuBanace B pycckolt autepatype B Mororpaduu JI. B. Oscsn-
uukoa') u B pabore B. B. Jloxuna u JI. K. Cenosa?). B stux
paGoTax COAEPKHTCA PAA AAJEKO MAYLUIHX HOBHIX Pe3yJbTaToB, KO-
TOphie OCTAJIHCb HE3aTPOHYTHIMH B NpeAiaraeMof KHHre.

[Mpn nepeBoae CCHLINKH aBTOpa Ha YueGHYIO JHTEpaTypy 3ame-
HEHBl CCHINKaMW Ha COOTBETCTBYIOLIHE KHHIH, HMeKLIHecs Ha pyc-
cKOM fi3bike. B KoHile KHHTH1 floMelleH CHHCOK JONOMHHTeNLHON JH-
TepaTypui.

JI. H. Cedosa

) Oscanunkaos Jl. B, Ipyniossie cBofictBa audpepeHumantiux ypas-
nenui, Uan. AH CCCP, Cu6. ota., Hoeocubupcik, 1962. P

) Moxun B. B. Ceaon J. M, Hewuuviinue Touzopnuie dyvuiinn of
HECKONbKHX Tensopiux aprymetrran, [lpuka. mar. u sex, sun. 3, 1963,






H3 NPEAHCJOBHA ABTOPA

Hacrosiulas KHHra nocBsiliieHa NpeHMyUIeCTBEHHO [ByM cne-
HMaJbHBIM aCMeKTaM THAPOMEXAHHKH: CJOXHBIM JIOTHYeCKHM COOT-
HOLIEHHSAIM MeXAy TeopHed M 3KCNepHMEHTOM H NPHMEHEHHIO mno-
HATHA CHMMeTpHH. BTopas TeMa c MaTeMaTHUeCKOH TOYKH 3peHHs
OTHOCHTCA K TEOPHH Tpynm.

CoOTHOLIEHHE MeX]1y TeopHed H 3SKCNEPHMEHTOM paccMaTpH-
paercsa B ra. I u Il Ha MaTepHajie MHOTOYHCJ/IEHHBIX «M1apajOKCOB»,
B KOTOPHIX NMpPaBAONOAOGHbIE PACCyX[eHHS NMPHBOAAT K HeBEPHHM
pesyabrataM. B ra. III sto cooTHoumeHue H3yuyaercs Gosee mo-
APOGHO B YaCTHOM CJy4ae CTPYHHBIX TeUeHHH.

FnaBa IV noceslleHa aHaNH3y MOAEJHPOBaHHA H ero TeOpeTH-
yeckoMy o6ocHoBaHHi0. ITpoBogHuTCs CpaBHeHHe (MJH NPOTHBOMO-
cTaBjieHHel) TeOpHM M NPAKTHKH, @ TakXe OMHCHIBAETCA MPOHCXO-
XKAeHHe MOJE/NHPOBAHHS M3 MOHATHA CHMMETPHH; TaKHM 06pa3oM
yCTaHaB/IHBaeTCA CBA3b MEXAY TeMH ABYMsl BaXXHHIMH CTOPOHaMH
FHAPOMEXaHHKH, KOTOPhIe H3YYalOTCH B 3TOR KHHIe.

LlenTpanbHas TeMa OCTajIbHOH YAaCTH KHHIH — NpPHMeHeHHe Haef
reopud rpynn. B ra. V nokasano, 4To TakHe HAeH MNO3BOJAIOT
060CHOBAaTh 3HAUHMTEJNbHOE KOJIHUECTBO H3BECTHHX TOUHLIX pelIeHHA
3ala4 TEOPHH CXKHMaeMo# u Bsa3Kol xuakoctH. B ra. VI ycrano-
BJIEHO, UTO, HCXOAS H3 HHX, MOXHO MOJYYHTh KJaCCHYECKYI0 Teo-
PHIO «MPHCOEAHHEHHBHIX MacC» KaK YacTHBli cay4yali cOBpPeMeHHOH
reOMeTPHUYeCKOH TeOPHH «OLHOPOAHBIX NPOCTPAHCTB».

Hrak, obiee pacnpeaeneHHe MaTepHasa BecbMa GJH3KO K TOMY,
410 GBJO B nepBoM H3aaHHH. OfHaKO BeCcb MaTepHaJ/Jl KHHIH TIla-
TEJILHO NMEepPecMOTPeH M BO BTOpoe H3faHHe A0GaBJeH psf HHTepec-
HHX HOBHIX pe3y/bTaTOB, MOJNYYeHHBIX 3a MOCJefHee AECATHJETHe.
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NAPAAOKCHI HEBSA3KOIrO TEYEHHA

§ 1. TeopeTnyeckas rHAPOAHHAMHKA

TeopeTHyecKas (palHOHaNbHaA) THAPOJHHAMHKA CTPEMHTCH
NpHGJIHKEHHO NpeACKa3aTh ABHXKEHHE pealbHOH XHAKOCTH NyTeM
pellleHHs Kpaesbix 3afay ANA COOTBETCTBYIOILHX CHCTeM AH(GepeH-
UHANbHBIX YPaBHEHHHA B 4YaCTHHIX NPOH3BOAHWX. [IpH cocTaBaeHHH
ITHX YpaBHEHHA B KayecTBe aKCHOM NMPHHHMAIOT 3aKOHH NABHXEHHS
Heiotona. [Ipeanonaraerca Takxe, 4To paccMaTpHBaeMas XHIAKOCTb
(06blyHAas XHAKOCTb HJAH ra3) BCIOAY HempepHIBHA M 4YTO HA Ji06YIO
4yaCTh NMOBEPXHOCTH AefCTBYeT BIOJIHE ONpefesieHHOe NaBJeHHe HJIH
Kakoe-nu6o apyroe BHyTpeHHee Hanpsaxcenue (cuia, npuxogsulascs
Ha elHHHLY NJouiafH), KoTopoe, nmo KpafiHefi Mepe JOKajdbHO, fB-
aserca anpPepenunpyeMoll ¢yHKUHeA KOOpPAHHAT, BPeMEHH M Ha-
npasaenus. HakoHel, ycTaHaBAMBaeTcs CBfi3b 3THX HanpsKEHHR
C MABHXeHHeM KHAKOCTH TNOCPeaCTBOM BBelEeHHH Ppa3JIHYHBIX
napaMeTpoB, XapaKTepH3YIOWIHX [AaHHOe BelecTBO (NJOTHOCTh.
BA3KOCTb H T. A.), H QYHKLHOHAJbHHX 3aBHCHMOCTeH (3aKOH aaua-
6aTtHueckoro cxathHs H T. n.). Mcxona u3 takux monyuenut, mare-
MAaTHKH COCTAaBHJIH CHCTeMHW JH¢pdepeHUHANbHBX YpaBHeHHA AnA
Pas3NHYHBIX udeaau3uposannsix wmudxocred (HeckKHMaeMoRl HeBs3-
KOA, C)KHMaeMo# HeBA3KON, HeCKHMaeMOR BA3KOA H T. A.).

Ins Toro 4to6m MOAYYHTL BHOMHE OMpPefleNleHHble, HAH KOPPeKT-
HO MOCTaBJieHHBe '), 3a1ayH AAA TakHX AH¢¢epeHUHANbHBX ypaB-
HeHHN, Heo6XOQHMO elile 3aaTh COOTBETCTBYIOWIHe KpaeBbie ycJo-
BHA, OTHOCAILHeC NHOO K HAYaNbHOMY COCTOSIHHIO ABHXKEHHA, JHGO
K JABHXEHHIO CTEHOK H MPenATCTBHHA, OFPAHHUHBAIOWIHX TeyeHHe
XKHAKOCTH, NH6O u K ToMy, H K Apyromy. TeoperHueckas ruapoau-
HaMHKa BKJIlOYaer B ce6s H3yyeHHe KpaeBHX 3aaau, KOTOpHe
MONy4aloTC B pe3y/bTaTe COYETAHHA ITHX KpaeBHWX YCJAOBHA

') Mu nonbayemcs craBwefi B HacTOAUlee BPEeMA KAACCHYECKOR TepMMHONO-
rweR Amamapa, corsacHo KOTOpofi Kpaepas 3alava HA3HBAeTCA KOPPEKTHO MOCTa-
MEHHOR, €CAH OH3a HMeeT 0AHO H TOJABLKO OAHO peincHue, HENPEPHIBHO 3aBHCALLEE
or kpaesBux ycnosuid. Cm.Hadamard J, Lectures on Cauchy’'s problem,
Yale Univ. Press, 1923, c1p. 32.
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¢ anbpdepeHUHANLHHIMH YPaBHEHHAMH [AA HAeaNH3HPOBAHHBIX
Muakocrefi !).

MartemaTtHky Jaerko yGeautb ce6si B TOM, 4TO TeOpeTHuYecKas
FHAPOJHHAMHKA B OCHOBHOM HemorpewuMa. Tak, Jlarpanx 2) nucaan
B 1788 r.: «Mn o6asann 3iiaepy nepBuIMH OGWHMH ¢opMyaamu
ONA ABHXKEHHSA XHIAKOCTeH... 3aNHCAHHBIMH B NPOCTOR H AACHOR CHM-
BOJIHKe YacTHRIX MPOH3BOAHHIX.. Baaromapsa 3ToMy OTKpHTHIO BCa
MeXxaHHKa XHIKOCTeH CBelach K BOMPOCY aHaaH3a, H GyAb 3TH
YPaBHEHHS HHTErpHPyeMbIMH, MOXHo Onbso 6u B J06om cayyae
NONHOCTbIO ONpEeAeNHTb ABHXEeHHe MXHAKOCTH Noa BO3JefCTBHEM
JIO6LIX CHA..» MHorHe H3 BenHuafilUKX MaTeMaTHKos, oT HbioToHa
H Sfinepa N0 HAWHX AHed, WITYPMOBA/NIH 3alauH TeOPeTHYeCKOMA rua-
poAHHaMHKH, Beps B 3T0. H B HX HccaeqoBaHMAX, 4acTo BIOXHO-
BAsSeMbX (HH3HYECKON HHTYHLHe#d, GHH BBeleHH HEeKOTOpble H3 HaH-
Gonee BaXKHHIX NOHATHH TEOPHH YPaBHEHHH B YACTHHIX NPOH3BOA-
Hbix: ¢yHkuna [pHHa, BHXpeBas /NHHHA, XapakTepPHCTHKA, 06/acThb
BAMAHHA, yAapHas BOJHAa, coOCcTBeHHHe (YHKUHH, YCTOAYMBOCTD,
«KOPPEKTHOCTh® 3aa4YH — TAKOB HEMO/NHBLIA CNHCOK.

OnHako KpaeBnle 3a1a4yH TeOPeTHYECKOHW TFHAPOAHHAMHKH upe3-
BBIYaHHO TPYAHB, H MPOABHXKEHHEe B 3TOA o6aacTH wnao G ropasgo
Me/lJieHHee, eclH GHl CTporas MaTeMaTHKa He NOMOJHANAChL pa3fHy-
HBIMH npasdonodobueimu URTYuTuBHbIMu 2unotesamu. HauGonee
NAOAOTBOPHLIMH CPeH HHX OLUIH ClelyloltKe.

(A) Onpenenss, kakue (¢H3HYeCKHe nepeMeHHHle Heo6XOAHMO
paccMaTpHBaTb, MOXHO MOJAraThCs Ha HHTYHUHIO.

(B) 3ddext Manunx BosneficTeuit Man, a sdpdekr GeckoHeyHo
MaablX Bo3AeACTBHII GeCKOHeYHo MaJ.

(C) CummetpHs Bo3aeACTBHA OGYC/NOBJAHBAeT CHMMETPHIO 9¢-
tekra.

(D) Tononorxio TeYeHHSs MOMKHO YJNOBHTb HHTYHTHBHO.

(E) Onepaunu ananuaa npumeHHMu Ge3 orpaHuuenuit: QyHk-
UMH, paccMaTpHBaeMble B TeOPeTHYEeCKOH THAPOAHHAMHKe, MOXHO
cBOGOHO HHTErPHPOBaTh, AW PepeHUHpPOBaTL, NPEACTABAATL B BHAE
panos (TeAnopa, ®ypve) nau unrerpanos (Jlannaca, ®ypee).

(F) Marematnyeckue 3ana4y, MOCTaB/AeHHbIE HA OCHOBE HHTYH-
THBHBIX (HIHYECKHX MPeACTaBAEHHH, CYHTAIOTCA KOPPEKTHHIMH.

lpusenenntie npasaonofo6HHE NPEANONOKEHHA OGBINHO NPH-
HHMaloTcsi Gea OroBopok, Kak caMu co6oit pasymeiowtnecs. [lepaue
ABe I71aBH 3TOA KHHTH MOCBALLEHH [JaBHHIM 06pPa3oM NOApoGHOMY
HCCNe[IOBAHHIO UX NPHEMJIEMOCTH.

') JIAR NpOCTOTH W3NOMEHHS MH He KAC3eMCA 38KOHA COXPaHeHHS SHEpTHW
l(l zlp_\érulx4 )'repuonuuauuqecxnx coolpaxeHRAR, KOTOpHe TaKXKe MOXHO NPHBJeYsL
oM. .

?) Warpanx X. JI, Ananutnueckan wmexanuxa, 1. Il, M.-J., 1950,
crp. 307,
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§ 2. TuapoAHHAMHYECKHE NAPANOKCH

Ha nene B psane ciyuaeB ypaBHeHHs JDfifiepa ObiIH NPOHHTErPH-
POBaHbI, HO Pe3y/bTAaTH PACuETOB PE3KO PACXOAH/IHCH C HABJIONeHH-
IMH, 4TO SIBHO MPOTHBOPEYHT MHeHHIO Jlarpanxa. B ruapoanHamuke
TaKHe HECOMHeHHble NPOTUBOPEYUR MeXAY 3KCNepHMeHTaJbHBIMH
AaHHBIMH H 3aKJIOYeHHSIMH, OCHOBAHHLIMH Ha NPaBAOMOAOGHHIX
pacCyXIeHHAX, Ha3WBAIOTCA napadoxkcamu, W B NajbHedlleM 3TOT
TepMHH 6yaeT ynoTpeGasiTbCs HMEHHO B TaKOM CMHICJe.

STH napajaokchl GHJ/H NPeAMEeTOM MHOTHX OCTpOT. Tak, HedaBHO
6bl/10 CKa3aHO '), 4TO B AeBATHAALATOM BeKe «rHAPDOAHHAMHKH pas-
JENSHCh Ha HH)XKEeHepoB-THAPaBJHKOB, KOTOpne Ha6/iofanau To,
YTO Hesab3s ObJI0 OGBACHHTb, H MAaTEMaTHKOB, KOTOpbie OGBbACHAJMH
TO, 4TO HeJb3s Gbl0 HabaloaaTbs. (Ham Kakercs, yTOo NMpeaCTaBH-
TenH o6OHX BHIOB BCe eulle BcTpeyaiorcs.) [la w Cuaneit Toaba-
WTefiH 3aMeTHJ, 4To BClO KHury Jlam6a [7] MOXHO nmpouHTaTh, He
npeacraBass cefe, 4To BoAa... MOKpas!

Tenepb 06H4HO 3aABASAIOT, YTO NOAOGHBE MapaaOKCH BO3HHKAIOT
H3-3a OTJIHYHSA peasbHHX XHAKOCTeH, HMeIOlIHX Maaylo, HO KOHeu-
HYIO BSI3KOCTb, OT Hea/IbHHX JXHAKOCTeH, HMeIoUIHX HYJeBYylo Bsfi3-
Koctb ?). U3 3rtoro, mo cyuiecTBy, ciefyeT, uTo yTBep:kieHue Jla-
rpanxa (cM. npuM. 2 Ha cTp. 16) MOXHO NMOAMPaBHTb, NMOCTaBHB
«Hasbe — CtoKc» BMecTO «Ditnep».

310 yTBepxkaeHHe OGymer KpHTHuecKH paccMoTpeno B ra. [I;
OHO, NMOXKaay#, B NPHHUHIE BEPHO IJIA HECHUMAEMO20 BSI3KOro Te-
yennss. OnHaKo, MB ToJaraeM, 4TO €CJH MOHHMaTh ero GyKBaJjbHO,
TO OHO MOXeT BBeCTH B 3a6/yXkieHHe, NMOCKOJNbKY SBHO He BHje-
JieHH nepevyHc/AeHHHe Bhillle NPaBAONOJOOHHE THNOTe3H H He yuTeH
TOT yuiep6 B CTPOroCTH, KOTOPH 06yCJIOBJE€H HX NMPHMEHEHHeM.

Tem He MeHee Ham He M3BeCTHO HH OIHOrO CJayyasi, KOraa ne-
AYKUHSA, CTporas Kak (PH3HYECKH, TaK H MaTeMaTHYeCKH, NMpHBeja
O K HeMpaBH/JbHOMY 3aK/IOYEHHIO, HO JIHIIb OYeHb HEMHOrHe BHI-
BOAW TEOPETHYECKOA rHAPOAHHAMHKH MOTYT GHTb CTPOrO YCTaHOB-
Jennl. JIas caMBIX HHTEPECHHX H3 HHX IIHPOKO HCNOJb3OBAJHCH
OLHA HJIH HeCKOJbKO H3 YMOMSIHYTHX runores (A)—(F).

ATO MOXHO MOKa3aTh Ha MpHMepe ypaBHenuii Hasbe — Crokca.
OHH SIBHO HeNMpPHrOAHH A/ yueTa peJASTHBHCTCKHX 3¢¢eKToB, MO-
JeKYASAPHOA CTPYKTYpDH, KBaHTOBHX 3((EKTOB, pPaBHO KaK TaKHX
cneuAGHYeCKHX SIBJeHHA, KaK HOHH3alMf, 3/EKTPOCTATHYECKHe CH-
JIB, 3arpsi3HeHHsl BO B3BeCSIX, KOHAEHCALHs M T. M., KaXKI0e H3 KO-
TOPHX MOXeT BH3BaTb CepPbe3HHE OCNOXKHeHHS, Kak Oyaer

Y Hinshelwood C; uurupyem no Jlafitxuany [Lighthill M. Y,
Nature, 178 (1956), 343]; cm. Takxke [11], 1. 1, Beexenne.

%) Cm. (3, § I, 14: [i1], t 1, Bpenenne; 1. 2. Boeneune: Hunter Rouse,
Fluid Mechanics for Hydraulic Engineers, McGraw-Hill, 1938, ctp. 10,
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nokasano Huxe. Crajno OblTb, yXKe Cpa3y WHPOKO HCNOJb3yeTcs
runoresa (A). B cayuae cxumaemozo TeUeHH OCTAETCHA OTKPLITHIM
paxe BONPOC O TOM, KaKOH CMBIC/ HMeeT TNOHATHe «BTOpOH» BA3-
KoctH (§ 22, 33).

Mb! He HacTauBaeM Ha TOM, yTOOB BNpelb He HCIHOJNb30BaTh B
TeopeTHyecKkoli ruapoAHHaMuKe runoressl (A)—(F) — naxe B umuc-
TOH MaTeMaTHKe npaBaoONOAOGHbBle COOGpa’KeHHd HrpaioT OueHh
Ba)KHY10 posib !). B ruapoavHaMuKe npoABHKeHHe efBa JH Gblyo Obl
BO3MOXHO 6e3 LUHPOKOrO HCNOJb3OBAHH TAKHX NPaBAONOLOGHBIX
THIIOTE3, 2 NOJHAA CTPOrOCTh PefKO GhiBaeT AOCTHXHMOM. Mbl TOJb-
KO HAacTaHBaeM Ha TOM, YTO, MpexJe YeM CYHTATb HAYYHO YCTAHO-
BJIEHHbIMH 3aKJIIOUEHHS, OCHOBaHHble Ha NpapaonofobHLIX coobpa-
KEeHHAX, MX HaJO INpPOKOHTPOJHPOBATbH AUOO € NMOMOLIBIO CTPOTHX
JI0Ka3aTeNbCTB (KaK B YHCTOH MaTeMaTHKe), aub0 ¢ nMOMOLIbIO 3KC-
nepuMeHTa.

HanpoTus, Mbl CUHTaeM, 4TO HYXKHO TOJIBKO NPHBETCTBOBATbL OT-
KpbiTHE THAPOAHHAMHUECKHX NapajoOKCOB, HCKpeHHe NPH3HAB He-
CNOCOGHOCTb CYLIeCTBYIOIleH MaTeMaTHKH (M JIOTHKH) a/leKBaTHO
oTO6paxaTh CJOXKHbie H YAHBHUTE/bHble sBJeHHs NpuUpoasl. OnbT
NOKa3biBaeT, YTO yesjioBeyecKkoe BoolpaXkeHHe ropasfo GoJiee orpa-
HHYEeHO, YeM pecypchl mpHpoAl; Kak nucan Ilackaab, «BooGpaixe-
HHe CKopee yCTaHeT MOCTHraTb, YeM NPHPOAA TOCTABJATHY.

B cBfi3u ¢ 3TUM, OcTajibHasi yacTb NepBOR ryaBunl GyleT MOCBA-
LleHa aHa/Nu3y HEKOTOPhIX MapafioKCOB KJAacCHUeCKOH THAPOIAHHA-
Mukd. B ra. Il Mbl yaenuM BHUMaHUe aHANOTHMYHBIM (HO He CTOJb
IUMPOKO H3BECTHBIM) MapajoKCaM «COBPEMEHHOH» JHHAMMKH
KHUAKOCTEH.

§ 3. YpaBnenus Jiaepa

Mbl HauHeM ¢ PacCMOTPEHHs OCHOBHBIX YpaBHEHHil 1Jia HeBA3-
KHX XHAKOCTel, BuiBefleHHbIX Diiepom u JlarpauxeMm. Ilycts u =
= u(x, £) 03HauaeT BEKTOP CKOPOCTH KHAKOCTH B TOUKE X B MOMEHT
BpeMenH £. TlycTtb p(X, £) 03HayaeT NJOTHOCTL XHAKOCTH, g (X, £) —
BHeIHee IpaBHTAllHOHHOe?) mose u p(x, {) — NaBJeHHe B KHAKO-
CTH.

Ecau npunste npasaononoGuyto runotesy (E) u3z § 1 (urnopu-
Pys MOJIEKYJAPHYIO CTPYKTYpPY BeliecTBal), To Jierko nmokasaTh, UTO
3aKOH COXPaHEHHS MacChl 3KBHBAJIEHTEH CJIEAYIOLIEMY YypaBHeHHIO

Y Cum. TlTofa ]I, MaremaTnka u npasaonofoGHuie paccyxaexns, HJII, M,
1957. Tlapanokcwt BO3HMKAOT paxe B YACTOR Matematnke;cM. NorthropE. P,
Riddles in Mathematics, Van Nostrand, 1944.

?) 3tum TepMHHOM aBTOP MoJb3yeTcs B Gosee LUMPOKOM CMHC/AE, 4eM STO
O6LIYHO NPHHATO, NpPUMEHAA ero AJAA MNOJA MAacCOBHX (HAH OGBLEMHBIX) CHA. —
Mpum. nepes.
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B YACTHBIX NPOH3BOAHBIX!

div (pu) 4 —g% == ( (ypaBHeHHE Hepa3pbiBHOCTH). (1)

Ecan 0603HauuTh «CyO6CTaHIHOHAJNbHYIO» NMPOH3BOAHYIO MO Bpe-
MeHH A/s Ha6alofaTens, ABHXKYLIErocsi BMeCTe C XXHAKOCTbIO, uepe3
D/Dt = 0/0t + Zu,d/0xy, To MOXHO mepenucath (1) B BHAe

Db e divu=0. (1)

Cayuawo Hecxcumaemoctu coorBerctByer Dp/Dt = 0, u, cnenosa-
TesbHo, divu = 0.

' IIpy u =0, Koraa XKHAKOCTb HAXOAHTCA B COCTOAAHHH MOKOA,

HanpsixkeHHe B XXHAKOCTH Ha J1060# 3/eMeHT NOBepPXHOCTH Ae-

CTBYeT no HOpMaau K HeMy. IT10— (u3HyeCKoe OmnpejeseHHe

XKHIKOCTH; 3KCNIePHMEHTAJbHO TPOBEPEHO, YTO eMy YAOBJETBOPSAIOT

MHOTHe peasibHbie BelllecTBa.

diiep NpPeaAnoyokKUA, YTO 3TOT 3aKOH THAPOCTATHKH NMPHMEHHM
TaKXKe K ABHXKYLIMMCS XXHIKOCTSM, T. €. B THApPOAHHaMHKe. ITOT
3aKOH NpPHOGJIHXKEHHO YAOBJETBOPAETCS BO MHOTHX C/yyasix JABHXe-
BHSA XKHAKocTed (uckalouas o6aacTH BOAM3H rpaHHun). Hanpumep,
nsMeHeHHe cKopocTH Ha 50 m/cex B csoe BO3AyXa TOJIUIHHON B 9eT-
BEPTh MHJJIHMETPAa BHI3HBAeT YCHJHe CABHra, cOCTaBjsiollee [pH-
mepHo 1/2000 atMocdepnoro aasaenns ([3], ctp. 2).

HenpepniBHule XHAKOCTH, YAOBJETBOpAlOlUIHEe FHNoOTe3e DJjepa,
HasnBaloTCca negaskumu'). Kak nokasan Kourn, HanpsaKeHHe B He-
BSI3KOM >KHAKOCTH AO/MKHO OBITb OAHHAKOBHIM BO BCeX HanpabJe-
HHAX (H30TPOMHHIM); MOJAYYAIOWAsiCA CKaAspHas ¢yHKuUHsa p (X, {)
MoxeT OHITb Ha3BaHa dasaenuem. Ilanee, 3aKOH COXpaHeHHS KOJH-
YecTBa /[BHXXE€HHS SKBHBAJIGHTEH CJelylolleMy BEKTODHOMY YypaB-
HEHHIO B YaCTHLIX MPOH3BOJAHBIX:

% -+ —:— grad p =g (ypaBHeHHe JBHXEHH:). )

[Oas Toro uTOo6H MOJAYYHTH 3aMKHYTYI0O CHCTEMY YpPaBHEHH#i B
4aCTHHX NPOM3BOAHMX, B KOTOPOA BCe NPOH3BOAHLIE 10 8peMeNu
MOryT GHTb BHpaXeHbl Yepe3 NMPOH3IBOAHLIE NO NPOCTPAHCTEEHHBIM
xoopounaram ?), x ypaBHeHHsM (1), (2) HyXHO n06aBHTDb elile OAHO
COOTHOlIeHHe. B TeopeTHuecKoil MeXxaHHKe OJAHODOAHLIX HEeBA3KHX

1) B coorsercTBur ¢ runotesoft (B) ua § 1 soanyx u BORy MOXHO paccMa-
TPHBATL KaK HEEA3KHe XKHAKOCTH.

) Tak, uto HauanbHue ycaoBHs GYAYT onpexeantb 3agawy Koww B oGuuHOM
MATCMATHYECKOM CMLICae,
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HMHAKOCTeH OOLYHO BBOJAHMTCA COOTHOLUEHHe, CBs3bIBalollee MJOT-
HOCTb H AaBJIeHHE:

p=~h(p) (ypaBHEHHEe COCTOSHHS). 3

BPapoTrponHue TeueHusn. HeBsiskde »XKHAKOCTH, y/IOBJIe-
TBOpsIOIIHEe YCca0BHIO (3), MoryT ObiTb Ha3BaHel 0GapOTPONHBLIMH,
a JBHXeHHs XHAKOCTH, yI0BJAeTBOpsalollHe ypaBHeHuaM (1)—(3),—
«6apOTPONHBIMH TeYeHHIMH». JTH TEYeHHs BCTpeyaloTCca B (NpH-
6JHXKEHHO) OJHOPOAHBIX JKHIKOCTAX TIPH YCJOBHSIX, KOTOpbIe
aBasiloTca  TepMoaHHamuuecku oO6patumeiMu. ([loa «oaHopoaHO¥
XHAKOCTbIO» Mbl IOHHMA€eM XHIKOCTb, HMEIOILYIO OAHOPOAHOE CTpOoe-
HHe, HalPUMep YHCTYIO BOAY HJIH BO3ZYyX.)

HMeHHO TakHe XXHIKOCTH O6BIYHO PACCMATPHBAIOTCH B AKYCTHKE
1 B a3poJMHaMHKe GOJbLIHX cKopocTed. BricTpoe cxkaThe H pacuiu-
peHHe — THNHYHble aJHabaTHUECKHEe NpoLecchl !) B TOM CMBIC/e, UTO
MOXHO npeHe6peyb TENJIONpoBoAHOCTbIO. KpoMe Toro, npexe6pexe-
HHe TEeIJIONpPOBOJHOCTBIO JIOTHUECKH He NMPOTHBOPEYHT npeHebpexe-
HHIO BSI3KOCTbIO B YpaBHEHHH (2), NOCKOJNBKY KakK TeNJonpoBoOj-
HOCTb, TaK H BSA3KOCTb MNPEACTABJAAIOT CcOOG0H MOJEKYJspHble fB-
JIeHH .

B cayuae uaeasbHOro rasa ¢ TePMOJAMHAMHUECKHM YPaBHEHHEM
cocTosiHH p = pRT H TOCTOSIHHBIM OTHOLLEHHEM TelJoeMKocTeil
Cp/C, = 1 3neMeHTapHble PacCyXAeHHs AaloT Aaa aanabaTHuecKoro
TeueHHs COOTHOLIEHHE

p=Fkp' (3a)

— TaK Ha3nBaeMoe NOAUTPOnHOe ypaBHeHHe COCTOSHHSA 1Js Hje-
aJbHOTO TEPMOJIHHAMHUECKH coBeplleHHoro rasa. [IpelenbHblft cay-
yaji y = | COOTBETCTBYeT H30TEPMHYECKOMY TeueHHo (GecKoHeuHas
TenJ0eMKOCTb HJIH B 6€CKOHEYHOM H30TepMHUEeCcKOM pe3epByape Gec-
KOHEUHasi MPOBOAHMOCTb).

YpaBueHHe (3a) AOCTaTOYHO TOYHO AJS MHOTHX 3ajay rasoBoM
AMHAMHKH; 45 Bo3ayXa 1 = 1,4. OfHaKo AJs XHAKOCTeH ypaBHe-
nue (3) Heo6xomuMo 6path (mpuGaMXKEHHO) BBHAe (P — p,) =kp,
rjie p, €CTb AaBJieHHe NapoB NMPH KaBHTaUHH (cM. § 42).

CooTHoluenne Buaa (3) fIBASIETCS TaKKe NPHEMJIEMBIM [JIS XH-
KocTeil, KOTOpble TOJIbKO HEe3HAYHTEJbHO CXKHMaeMbl (T. e. MPH CKoO-

") Hanomuum, yto Hbioton («Principia Mathematica», Kuaura 1I, otnen 8,
npelnoxenne 48; pycckuii nepesom — B <«Cob6pankn Tpymos A. H. Kpuiiosas,
1. VII, M —JL, 1936; cM. TaM xe, cip. 480) mpHHHMa;a [J18 H30TePMHYECKOro
TeyeHHs 3aKOH Dofinsf, 4TO MPHBEJO K HEMPABHABHOMY BHIBOAY CKODOCTH 3BYKa.
Owmubka Hblotona 6bina ucnpasaena Jlanaacom ({7], cTp. 477; B pyccKoM wuspna-
Huu cTp. 596; cM. Takke ykasanumit Tom «Co6panus Tpymos A. H. Kpuaosa»,
ctp. 485, npum. 175).
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pOCTHX ropasfio MeHbUIMX CKOPOCTH 3BYKa, OCOGeHHO B OOBIYHBIX
MKHAKOCTAX). B 3TOM ciyuae MOXKHO NpocTo nucath

pP=="0 (36)

H TOBOPHTL 06 0dHOpodHOU Hecocumaemol Hesaskod sudkocrd. On-
HAaKO B 3TOM CJyuyae yXe Hesb3si BLIPa3HTb BCe NPOHM3BOJHblE nO
BpPEMEHH yepe3 MPOHM3BOAHLIE MO MPOCTPAHCTBEHHBIM KOOPAHMHATAM.

§ 4. MotreHunan ckopocth

OcHorHble ypaBHeHus Ditiepa (1)— (3) no3BoARIOT NOJYYHTh
pas3nuuHble ¢GyHIaMeHTajbHble CJeACTBHSI, HMelOUlHe MHOro BaX-
HBIX NPHJIOXEHHH.

CaMbIM CyLIeCTBEHHBIM CJeACTBHEM siBJsieTcl TeopeMa [eabm-
roablia, cnpaBefsuBas Aas 6apoTpPONMHOro TeyeHHsst B KOHCEPBaTHB-
HHIX FPaBHTALHOHHBIX nossx (1. e. npu g = —V (). Drta TeopeMma
({7}, crtp.54;[1*]')), .1, cTp. 149) yTBepK1a€T HHBAPHAHTHOCTD L{HP-
Xu,, dx, no mob6OMy 3aMKHYTOMY KOHTypYy, ABH-
KYIUIEeMyCsl BMeCTe C XXHAKOCThIO, T. €. BO BCAKHH MOMEHT BpPeMeHH
COCTOALLEMY H3 OAHHX H TeX Xe uyacTHl kHAKocTH. ClenoBaTenbHO,
€C/IH B HAayaJbHbIA MOMEHT »XHIAKOCTb HAXOAMUTCH B MOKoe (Hampu-
Mep, BhITEKaeT H3 HENOABHXKHOrO pe3epByapa) M’ ecsH KOHTYp
0CTaeTc BCe BpeMs 3aMKHYTBbIM, TO UHDKYAALHs BCceria JIOJKHA
PaBHATbCA HyJIIO. DTO 3HAUYHUT, UTO JOJIKEH CYLLeCTBOBATb JIOKAJAbHO
OJHO3HaAYHBIH CKaJADHBIA noTenyuan cxkopoctu U(x, f), T. e. Takas
cKansapHass QyHKUHS TOYKH, 4TO

u(x, {)=VvU=grad U. 4)

Teuenus, o6nanaolllie TaKuM CBOHCTBOM, HasblBaloTcs (J10KaJb-
HO) Gesguxpessimu?). Clle0BaTeNbHO, B OOHOCEA3HOU 06/1aCTH, Ta-
Ko#H, KaK 067aCTb BHe HEKOTOPOro TBEPAOro Teda B NPOCTPAHCTBE
HJIH NMOJIOBHHA CHMMETPHUYHOH 06/1aCTH BHe KPYrOBOrO LMJIMHAPA Ha
NJOCKOCTH, cKOpocTb U aosHa 6biTh OJHO3HAuHOH (yHKUMell BO
Bcel o6sacTH.

B cayuae 6apoTpomHbIX TeueHHH NPH OTCYTCTBHH BHEIIHHX rpa-
BHTALIMOHHBIX CHJ AJs 6e3BHXPEBOro ABHIKEHHS [T. e. ecau BbinmoJ-
HfeTCA ypaBHeHHEe (4)] MOXHO NOJYUHTh HHTErpas ypaBHeHHH JBH-
XKeHusl, Tak Ha3biBaeMoe ypaBHeHue BepHyaau

[2=P@)—yvwwvw—2Y. =k @)

kyasuun I = §>

dl) 3Beanouka 0603HaYaeT CCHUIKY Ha HONOAHHTENbHYIO nurepatypy. — Mpum.
peoa.

) B pycckoii AxTepaType uallle HCNOAB3YeTCs TEPMHH «NOTEHUHANbHLE Te
uenuns, — [Tpum. nepes.
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JeficTBHTENBHO, YpaBHeHHst JABHXeHHs (6e3 rpaBHTAlHOHHOTO
CJIaraeMoro) npeacTaBASIOT cO60H B TOUHOCTH IPAfMeHT COOTHOLIe-
uus (4').

HecxkuMaeMbe TeueHH . B cayyae OZHOPOAHBIX HeCKH-
MaeMbIX XHAKOCTE MOXHO O600IHTL ypaBHeHHe Bepuymnu (4')
Tak, uTo6Hl yuuThiBasucs addekt rpasurauun. [eficTBurtensHo, ans
6e3BHXpEBBIX HECKHMaeMbIX TEeUeHHH rpafjueHT COOTHOIIEHHS

p=PWO)— |5 VWAL + G} ®)

3KBHBAJIEHTEH YDaBHEHHAM [BHKEHHsI C IPABHTALHOHHEIM YJIEHOM.
Bonee Toro, B 3toM cayyae ypaBHeHHe (1) cBOZHTCS K BHAY
divu = 0, oTkyna nonyuaem ypaBHeHHe

ViU ==Q. (6)

Haxonen, oueBugHo, uto Ha JMIOGOH HeNnpoHHHMAeMofi TBepaOH
I'PaHHIe MPOU3BOAHANA

S =Fx 1) %)

onpejie1ieTcss HOPMaJbHOH CKODOCTBbIO ABHUXKEHHS STOH TpaHHIlbL.

Hns onHo3naunbix Bo Bce#l obsactH ¢yHKuMH U(X) ypaBHeHus
(6) u (7) DpeacTaBAAIOT KJAACCHUECKYIO 3a7ayy TEOPHH IIOTEH-
nHaJa, TaK HasbiBaemyio 3adawy Hedmana. Kak Mbl yBuaum B § 5
u ra. VI, sta 3anava uMeer GoJblIOe 3HAUYeHHE IJIT TEOPETHUECKOi
rufpoanHaMuki. Ho npexpae oTMeTHM, uTo 31ech MOApasyMeBaeTcs
BroinonHenHoi runoresa (F) us § 1: npeamosaraercs, 4to 3ajmaua
Heiimana nomxHa HMeTb OJAHO H TOJNIBKO OJHO ORHO3HAuHOe pelle-
nue U(x, ) ans pasyMHBIM 06pa3oM OmnpejesNeHHbIX IPaHMIL.

IIpuMeuaTenbHO, YTO AJs CTPOTOro JOKa3aTeJbCTBA 3TOTO MaTe-
MaTHYeCKOro NpeANoJOXeHHS, BOHHKIIETO M3 THAPOAHHAMHYECKHX
paccMoTpeHuii, norpe6oBanock 6Gojiee uem 50 jger. B Hacrosimee
BpeMs 3TO OCHOBHasg TeopeMa o0O6Lledl Teopuu moteHmuana ([4],
ctp. 310—311; [2*]).

OTa TeopeMa NOKAa3HIBaeT, YTO €CAM HeCKHMaeMas HeBf3Kas
XKHJIKOCTb B HauyaJIbHbIf MOMEHT HaXOAHTCA B COCTOSIHHH MOKOS, TO
nojie cKopocTefft B J000H# MOMEHT BpPeMeHH 38BHCHT TOJBKO OT
MZNOBENHOU CKOPOCTH TPAHHLbl H HE 3aBHCHT OT MpPEALIECTBYIOLIMX
cocrosinuit. [lpuBeseHHble TeopeMbi MOKAa3BIBAIOT TaKXKe, YTO ABH-
XeHne 060K yacTH IDaHHIBL MTHOBEHHO OKA3blBaeT BO3JeHCTBHE
Ha BeCb 00beM XHIAKOCTH: CKOPOCTb CHTHAJa PaBHA 0eCKOHEYHOCTH
(310 Ccornacyercs M ¢ GH3HUECKONR HHTYHIHEH).,
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§ 5. CraunonapHble Ge3BHXpeBBbIE TeYEHHs

Chayuaii cTanMoHapHBIX (MM YCTAHOBHBIUMXCS) TedeHHH, Korjaa
u = u(x), oueBHIHO, WMeer ocoboe 3HaueHHe. Mcxons u3 pesynn-
ratoB § 4, ruaponuHamuku XIX Beka cuuTaNy TPaBAONOLOGHBIM,
YTO ISl TBEpJOro Tesia, MPOXOASAILEr0 C NOCTOSHHOH CKOPOCTBIO
JOCTaTOYHO GOJbLIOE IO CPAaBHEHHIO C ero pasMepaMH DacCTOSHHE
B HEOTPAHMYEHHOM O06BbEMe XHIKOCTH, BA3KOCTb KOTOPOH J0CTa-
TOYHO MaJjia H KOTOpas TIepBOHA%aJbHO HaXOAMJIACh B NIOKOE, MOXKHO
HanucaTh PaBEHCTBA:

U=U(x), p=p(x), g=g(x),

H T. 1. — IJsA ocell KOODAUHAT, JKECTKO CBA3aHHHX C TEJOM, OTHO-
CHTE/ILHO KOTOPbIX XHAKOCTb JABHXKETCS C MOCTOSIHHOH CKOPOCTBIO a.
SlcHO, uTO TakHe nNpaBAONOAOGHLIE BHIBOAL OCHOBAaHH HAa THIO-
teze (B) § 1.

Ecau HCXOAMTB M3 3THX NMPaBAONONOGHEIX 3aKJIOUEHHH, TO falee
MOXKHO IeHCTBOBATh CAeAyIOIHM o6pasoM. [lJs cTaloHAapHHIX Te-
venuii npu U = U(x) ypaBHeHue nBHXKeHHs (2) mocie OIHOKpar-
HOr0 MHTErPHPOBAHUSI MO NPOCTPAHCTBEHHBIM KOODIAHHATAM CTaHO-
BUTCSl 5KBUBAAEHTHHIM YPaBHEHHIO !)

1 d d
FVUVUA [L4G=2, wan Ypu,du,+ ;52 +dG=0. (8)
4 Po h(p)
D10 ypaBHeHHe Ha3BIBAaeTCs ypaBHeHHeM BepHYJAIH 1as cTaumo-
HapHOro TEeYEeHHHA; B cayiae HeCKHUMaeMoit XHAKOCTH OHO IIpHHH-
MaeT U3BeCTHHIH MPOCTOH BHU/I: '

P=Po— 00 (-% vuvy + G)» (8%

INopo6ubiM 06pasom ycnoBHe TOrO, UTO CKOPOCTb Tedad OTHOCH-
TEJBbHO XHIKOCTH Ha GECKOHEYHOCTH PaBHA —a, MOKET GBITh 3aMi-
CaHO B BHJIE ‘

lim grad U==a 9)
X > o0
H 715 HECKUMAEeMOoro, U JJ1s1 CXKHMAeMOro TeueHHs.

Hakonen, mockosnbKy TeueHHe CTAalMOHADHO, TO AO/XHH OHITh
CTALMOHAPHH H I'PaHULH TeyeHHs. OTCIONA YC/IOBHE HENPOHHIIaeMo-
CTH (7) CBORMTCS K YCIOBHIO

—%%————0 Ha IpaHHLE. (7*)

'} Eenm  cnpaBemnuso cooTHowenwe (3a), To f dpfp = 1pl(x—1)p =
= (1 —1).
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B cay4ae 6e3BHXPEBOTO CXXMMAaeMOTO TEYEHHS ypaBHEHHe Hepas-
poiBHOCTH (1) Bce ellie MOXKHO 3aMHCATH TIPH NOMOULIM eJHHCTBEHHOH
HenaBectHOH ¢(yHRmMKM U(x), ecau TONbKO npeHeOpeub sdhdexToM
TPaBHTALMY, YTO OOBIUHO JOMYCTHMO NPH JOCTATOYHO GOJBIUHX CKO-
POCTSIX, KOrJla CTAHOBUTCH 3aMeTHOMH c:kuMaeMocThb!). (Ecau rpamu-
TauHe#d Heab3s -npeHefpeub, Kak, HanpuaMep, B cayyae aTMmocdep-
HEIX JBMXEHHHE Ooabimiux Mmacintabos, To ycnosHe (9) He MoXxer
GBLITh BHITIOJAHEHO, flaKe HECMOTPS Ha TO, 4To 0e3BHXpeBOe TeuyeHHe
ABASETCA JOTYCTUMBIM. )

KuneMmatuka OGaporponHoro teuenusa Ilonaras
G = 0 B ypaBHeHu#u (8), npH ONHCAHHBIX BHIIE YCJHOBHAX MBI MO-
JKEM MOJNYUYUTE PABEHCTBO

dp o 1 . 1
4 == S Teuny (%)

rie J— ¢ynkuusa, o6patHas (QYHKUHH 2p0/po—-2f do/R'(p)p*?).
C npyroit cropombi, u3 ypasHenus (1) npu 0p/0f = 0 caexyer
p~ldiv(pu) =0, wuau

VU= SO0 T8 (10)

HApyras dopma ypasuenns (10) mmeer BHI

o e NV U |
VU =M Y~ (10*)

Te JoKadbHoe «yHcio Maxa» M = ¢/c ecTb OTHOLIEHHe JIOKAJAbHOH
CKOPOCTH Te4YeHHs § K JOKaJbHOH CKOPOCTH 3BYKa ¢, a Bce Kovbou-
IIMeHTRI U;Uy/q? MeHbllle WX paBHbl 1.

TloncraBus B ypaBHenxe (10) Bupaenue ans 1/c?, Baaroe u3
dopmyant (9*), met nonyuum ([10], cTp. 240) ypaBuenue 4

ou U U ~
2 ] e . e e,
Vi =J(VU- V) 2 Oxj Oxp OxjOxp an
OJHO-e[INHCTBEHHOE YPaBHeHWe B YaCTHBEIX MPOM3BOAHLIX (11) BMe-
cre ¢ KpaeBnMu ycaoBuaMu (9) u (7*) cBoAMT 3ajauy ans caydas
CTALMOHADHOTO CHUMAEMO20 TeYeHHs OapOTPOMHON XKUAKOCTH HY-
NeBoit (MaJof?) BA3KOCTH K APYro# mpasfonomolHOH KpaeBoH 3a-

) B cayyae HeC)KHMAEMOCTH TPABHTAUMOHHEBIY 3¢hdeRT CBOAHTCH K OGHIKHO-
BEHHOR THAPOCTaTHUECKON MOMBEMHON CHJIe, KaK mnokaszano B § 21

%) Tpn sTOM nocsenHi0l0 (GYHKIHIO HaNo paccMaTPHBATh Kak (YHKUHIO apry-
menta A'(p). — lpum. nepes.



nauve. Ecau TOMBKO mocheiHsis 3ajauya peuiena, TO W3 YypaBHeHHS
. (8) MOxXHO Jierko HaHTH 1oJie AaBJACHHUS.

Takum o6pa3oM, Mbl CBeIH 3ajauyy CTAlHOHAPHOTO TEYEHHs K
YHCTO KMHeMaTHueéckoll 3agaue. Ecan gaHo Jio60e MaTeMaTHYeCcKoe
peurenne ypaBaenuit (11), (9) u (7*) u ecan nocpeacTBOM ypaBHe-
nusa (8) onpexneseno noje jgabiaends npu G = 0, To ypaBHeHHe [BH-
xenus (2) ymoBjaerBopsietcsi aBTOMarTHueckd. OueBHIHO, uTO 3a-
pada Hefivana u3 § 4 nosyuaercs Kak NpelesbHBIH ciayuyad nopu
¢—»oco. [lonymenue (F), tTakum o6pa3oM, mo3BOJseT MOJYYUTb IO-
paszfo 6oJsblile, a HMEHHO, 4TO PellleHHe MOXKHO Pas3JIONKHTh 10 CTe-
nensM M? (meron Paaes — Huuena, [15], ctp. 275).

§ 6. MMapanokc oGpaTHMOCTH

Opnoit u3 ¢yHIaMeHTaNbHLIX 3afa4 THADOMEXAHHKU $sIBJAETCS
ofipeiesieHRe CHJbl, HeHCTBYIOLIeHl Ha TBEpAOe TeJNo, Haxojslleecs
B CTALHOHAPHOM MOCTYNATEJbHOM MABHMXKEHHH C NOCTOSHHOH CKO-
pocThI0 a B OJQHOPONHOH MOKosleHcs xuakocrd. Ecam TtBepaoe
TeJIO0 ABMKETCS] NMapasieNbHO HEKOTOPOH IJIOCKOCTH CHMMETPHH, TO
5Ty CHJly MOXKHO Pa3/IOKHTb Ha JIo60Boe conpoTHB/eHue D, nmoan-
eMHy10 cuny L u MoMeHT M, nedcTByIOLIHH B 3TOH MIOCKOCTH.

JlarpaHxk Mor 6bl 3aMeTHTb, NOJb3YsCh BeCbMa NMPOCTHIMH COOG-
PaXeHHSIMH 06pATUMOCTU, YTO WJeaNIM3UPOBAHHAS KpaeBas 3ajaya
§ 5 MOXeT He NPHBECTH K NPABHJBHOMY De3yJIbTATy NPH Ompejede-
HHUHM CONPOTHBJIEHHUS, HCIIBITHIBAEMOrO pPeasIbHEIMH TBEPABIMH Te/laMH
NpH JBHXKEHHU B PeajibHBIX XHAKOCTAX. OCHOBHAas MbICAb 3aKJIO-
vaerca B caegyomem (cM. [1]).

Onpepnenenune 1. O6pawenue Teuenus u(X; t) onpenensercs
Kak v(X; {) = —u(X; —¢), npuyeM B OOOHUX Te4yeHHsAX RaBJEHHE H
MJAOTHOCTb B COOTBETCTBYIOLHX TOUKAX OZHHAKOBHI.

[MpsiMoit MOACTAaHOBKOH MOXKHO MOKas3aTh, yTo obpallleHHe JiIo-
6oro TeueHHs, YIAOBJIeTBOpsiollero ypaBHerHaMm (1)—(3), rTakxe
ymoBaeTBopsieT ypaBHenusM (1)—(3), npasna, npu obpallleHHH H
KpaeBbIX yc/oBHH. B uyacTHOCTH, cnpaBejsiuBa CJeAyiOllas JemMa.

Jlemma. Ecau u(x) ecre crayuornaproe 6e3suxpesoe Tewexue
sorpye T6ep0o2o npenarcreus u u(oo) = a, T0 TAKOBLIM ABAAETCA
u v(x) = —u(x) npu v(co) = —a. Kpome 1020, noas oOasaenus,
rak oce kax u D, L u M, odunaxoser a3 u(x) u v(x).

DTa JeMMa HaAXOOUTCHA B KAUECTBEHHOM NPOTUBOpPEYHUH C AHHA-
MHKOH peaJibHBIX JKHAKOCTeH: B HefCTBHUTEJBHOCTH H3MEHEHHEe Ha-
npaBJieHHsl JABHXKYIIErocs TeJla Ha MNPOTHBOIIOJOXHOe 0OBIYHO
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Bnever obpaulenne Beauuun D u L (xora u He M) !), a He ocTas-
NieT HX HeH3MeHBHEIMH.

[MoyunTenbHO TNpOAHANH3HPOBAThL NpeJblayllee TPOTHBOPeuue
noapoGuee. [Toka He ycTaHOBJIEHO, YTO KpaeBasi 3ajaya B § & kop-
PEKTHO MOCTaBJeHa, Helb3sl JeaaTbh BBIBOL O TOM, UTO ee ypaBHe-
HHUs OWHG0uHE. Bo3MmoxHO, uto motpefyercs BBeCTH Kakoe-HHOYIb
JONOJHUTeNbHOE ycaoBHe. [lelicTBHTeNbHO, KaK Mbl yBHAHM B § 10,
3TO MOXKET 0Ka3aThCA CIPaBeIJUBBIM L5 C8EPX38YK0OB020 . TEUEHHS
(1. e. ecid yncao Maxa M > 1). Urolnl MOACHHTB 3TO, NpoBejeM
clefyiollee pasrpaHHYeHHe:

Onpenenenune 2. Bylem Ha3zuiBaTh THAPOJHHAMHYECKHE TEO-
DHH HENnOAHbIMU, €CJH COOTBETCTBYIOUIHE YCJIOBUA ONpeaensioT o6-
TeKaHHe MAaHHOTO MPENATCTBHA HE eIHHCTBEHHBIM 00pa3oM; nepeon-
pedeseHHbimyu, €CIH 3TH YCJOBHSI MaTeMaTHYeCKH He COBMECTHHI,
AOMCHBIMIL, €CJTH KODPEKTHO NOCTaBJIeHHasd 3ajaua jgaer rpy6o OLIu-
GouHble pe3yJabTaTH.

Teopema 1. Bcakas obparuman eudpodunamuseckas reopus
8 oTHOowexuu pacyera 210608020 CONPOTUBAEHUS U NOOBEMHOL CUNbL
ABAAETCA HenoAHOU, nepeonpedeneHHOl ULl NONCHOL.

Hozsykosoli cayqai. B no3syroBoM caydae, M < 1, no xpaitneit
Mepe st AOCTAaTOUHO MaJsoro uyucaa Maxa HeldaBHo OblIO noOKasa-
HO?), 4TO KpaeBas 3ajaua, onpejensemasi ypasuewusmu (11), (9)
u (7*) u3 § 5, sBAsAeTCcs KOPPeKTHO mnocrasiaeHHOH. ITockoabKy sra
3ajaya 3JIIMOTHYECKOTO. THIA, ee MareMaTHuecKoe pemerHe U(x)
J0JAXKHO OuiTh aHaautudeckum. OTciona MBI 3ak/lOyaeMm, YTo ypas-
HeHHst Jésnepa —Jlarpanxka JHalOT A0KHYO TeOPHIO [1Js CTanHo-
HAPHOTO J03BYKOBOTO NOTOKA.

Oxoano3syrosod cayqad. Ilo nosofy 3sroro ciaydasi, Korjga B Jo-
3BYKOBOM TIOTOKE HMEIOTCSA JIOKaJbHble CBEPX3BYKOBbiE 30HbI, BbI-
CKa3aHO MHOTO Pa3JHuYHBIX H NPOTHBOPEYHBHIX yTBepxKaeHu#. Bruuiu
NOCTPOEHBl MaTeMaTH4YecKHe MOJeNH NOJOOHBLIX OKOJO3BYKOBBIX Te-
YeHHH %), HO OHH, TO-BHIHMOMY, O4eHb c/1a60 OTpaxkKaloT (HU3HYECKYIO

1) Kaaccuueckasi THEPOLHHAMMKA IPABHJIBHO NPeACKA3blBAeT TEHAEHLHIO Oce-
CHMMETPHUYHHIX NpPENnATCTBHI NMOACTABAATL NIOTOKY GoJee LIHPOKYIO CTOPOHY: cp. [7],
§ 71, 124. (B cayuae Teq, 06,12 020IMUX NPOAC/ILHOA CHMMETpHKeH, NPH obpalienny
notoka L ocraeTcs HEH3MEHHRIM, a y M H3MeHsercsd 3HaK.)

2) Graffi D, J. Rat. Mech. Analysis, 2 (1953), 99—106; Gilbarg D,
tam xe, 233—251; Gilbarg D. and Serrin J, Tam xe, 4 (1955), 169—175;
Bers L., Comm. Pure Appl. Math., 7 (1954), 441—504; Finn R. S. and
Gilbarg D, taMm xe, 10 (1957), 23—64 u Acta Math., 98 (1957), 265—276.
310 ofobutaer pesyasTat H3 § 4 na cryuait M = 0 (3amava Heiimana). [Cayuaj
maauix M em. B [3%] — ITpum. ped.]

Muszec P, MaremaruuecKas TeOPHA TeueHHH CKUMAEMOA IKHIKOCTH,
W, M, 1961, § 25, n. 3. :
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kapTuny. Eme Gonee npamarnuecKHM 0GCTOATENLCTBOM sABJAseTCA
TO, Y4TO JJIS HEKOTOPHX TMpodHael HHK2KOe OKOJO3BYKOBOE TeUeHHe
6e3 yoapHOH BOJHB HEBO3MOXKHO. DTOT MAapafoKC OKOJ03BYKOBOTO
TeueHus HefaBHo ycraHoBded K. Mopasen!). Ilo tepmunOonorau
Teopems! 1, 3TO O3HayaeT, YTO 3ajaya OKOJIO3BYKOBOTO TEUEHHsS B
Teoperuueckoit (Dfinepa — Jlarpanxka) rHADPOJAHHAMHKE MOXeT
6LITh nepeonpedeserrou. ‘ ‘

B § 10 mbl yBHAHM, YTO 3amaya CBEPX3BYKOBOTNO TEUEHHS — TH-
NHyHasi HeNOJAHAs 3ajava, H NPHMEUaTeJbHO, YTO pa3jHyHbie pas-
peilleHHsl mapafoKkca O6PaTHMOCTH B TPeX NPeIBIYINHX CJAydasx
HaXOMATCS B COOTBETCTBHH C oOuiefi MaTeMaTHYecKoil Teopuell Kpae-
BHIX 3ajad IMITHYECKOro, CMEIMaHHOIO U THNepGONHYECKOro TH-
HOB.

§ 7. Mapanokc JanamGepa

Bosee n3secTHHM K GoJee NaBHHM, ueM napafokc 06paTHMOCTH,
aBaserca napagoke JlanamGepa. CorniacHo 3TOMy napamokcy, u3
RomyuleHu#, caenanusix B § 5, cnenyer D = L = 0, Ias cnyyaes

Puc. L Oﬁrekaﬂne - WHAHHEPA,
no ditnepy.

Kpyrosoro uunanHupa (puc. 1) u cdepu 370 caenyer, B cuay cum-
MeTPHH, H3 IBHOH (OPMEI TOTEHIMANa CKOPOCTeii:

U=a (x+—;¥,~) (U,HJIH.HILP)- (122)
U=a (x+-,§5-) (chepa) (126)

'H Teopembl Bepuyanu (8*) npu g = 0. Ecau 3anaua KOPPEKTHO I10-
CTaBJ/ICHA, TO HAJHYHE YETHIPEXKPATHOH CHMMETDMH, KaK B AAHHHIX
Cnydasx, no3sojiserT Mokasartb, 4yto D = L = 0, HCXOS TONBKO H3
cooGpaxennft o6patumoctu ({1, ctp. 248).

Boo6ime xe napanokc Hanambepa cienyer us npuniuna obpa-
THMOCTH JII Jr06oro mpoduas, KoTopHE ofaamaer YeHTPAABHOLG
CHMMETpMeH, T. €. I TaKOro, KOTOPHHA oTo6paxaercs B cels IIpH

1Y Comm. Pure Appl. Math., 9 (1956), 4568, 10 —
(1988), 129—144, [Cu. Taxxe [4¥], [5"‘].—-}Tpu.u. ped) (197, 107151 w 11
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OTPaXKeHHH UTHOCHTEJbHO HEeNMOJBHIKHOIO LeHTpa cuMMmeTpHu. O6Te-
KaHHe TUIOCKOH MJIAaCTHHKH Ha pHC. 2,4 jJaer npumep nogoGHOro
poxa. JlaBnenus, AeficTBylOLiMe HA 31eMEHTH OBEPXHOCTH, COOTBET-
CTBYIOLHE IPYF APYry NpPH LEHTPaJbHOH CHMMETPHH, PaBHHEI No Be-
JUYHHE H NMPOTHBOMOJOXHBE Nno Hanpasiaenuo, CJjeloBaTenbHO, 3Ta
CHCTEMA CHJI CBOJHTCS TOJILKO K nape CHA (cM. npum. 1) Ha cTp. 26).

Pasf)em

nuxus moxa

_——\———_—________.
\————-—_‘

a

Pasdensryasicst
NuHUS MoK

6\
Pasgensouaacs

AuHUR MaKa Cred

68

Purc. 2. O6TekaHHe NJAOCKOH MIACTHHKH,
no 3#nepy (a), no Kyxosckomy (6) u no Teapmroasuy (8).

JleMoHcTpauus mapajgokca B OGLIEM Cayuae AeJ0 JAOBOJBLHO TOH-
KO, NPH 3TOM HCIOJIb3YeTCst C/JO0XKHAA TeoOpeMa O MOBEJEHHH pelue-
Hui ypasHenna V2U = 0 na GeckoHedHocTH. A uMeHHO, nyctb U(X)

Bo3pacTaer Ha GECKOHEUHOCTH, MO KpafiHeil Mepe KaK nepsas CTe-
nenb [x| = r. Torga MOXHO NOKa3aTh, 4TO

U=a- x+¢(x),

rae ¢(X) «peryasipaa Ha Geckoneunoctu» ([4), ra. X, § 8; [2*¥]). ITox
3THM Mbl [IOHHMAeM TO, YTO @(X) MOXKHO pa3JOXHTb B HEKOTOPhIi
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cxoasuics pas (aHaNOrHYHLIR PAAY MO OTPHIATEJNbHBIM CTEleHAM
B pasnoxeunn Jlopama), uJeHsl KOTOPOTC CYTh NPOH3BENCHHA
OTPHLATEIbHBIX CTemeHeHd r W ChePHYECKHX TapMOHHK, BHIDaxeH-
HHIX yepes miHpoTy ® poarory. ([asm rakux pemienuH ypasuenHs
vz = § unpasgononofuas runote3a (E) noareepxpaercs, cieno-
BATENBHO, CTPOroi TeopeMoH.)

§ 8. Teopusi Kpulgosoro npoduis

He cmymasce DpHBeJeHHBIMH Bbllle mapafoKcaMu, YueHble cy-
Menu NPABWILHO MOJYYHTh, NO KpaiiHell Mepe KaueCTBeHHO, J000BOE
COMPOTHBJIEHHE H MOXBEMHYIO CHJIY, OCTABAACH B PAMKaX ypaBHeHHH
ABmxKenus Jinepa. Bes XMTPOCTh 3aK/io4aercs B TOM, uToObi nabe-
x)atb ynorpebienus rumoresst (D), KoTopyio npumenann JHjaep H
JlarpaHxk, a 3TO MOXHO CHeJ1aTh, HCNOAL3YS PA3PLIGHbBIE U MHO20-
3naunste oteHmuaasl, (Takde QyHRUMH, nNpaBAad, YacTo paccMaTpH-
BAIOTCHA «NPAKTHKAMH» Kak maroJorus!)

Insi onpenesenust 20608020 CONPOTUBACHUA MOXKHO NOCTYJIHPO-
BaTh HalMuHWe 3acTOHHON Kusssareproll 3oxel (caen, obaacth
«MepTBOfi Boab») ¢ U = 0 mo3ajgu npensTCTBHSA, NPOCTHPAIOWErOCH
5o GeCKOHEYHOCTH, KaK Ha DHC. 2, 8. JTa 30HA OTAeneHa OT IMiaB-
HOrQ TeUeHHT «CBOOOLHHIMH JHHHSIMH TOKa» C MOCTOSHHBIM JHaBJje-
HHEM, NpHYeM CKopocTb & = VU naMmensercs cKaykooGpasHo INpH
repexosne depes 5TH JHHHH. DTa Moxenas Gyiaer uayuena B § 39.

Teopuio nogneMHOH CHAB B ABYMEPHOM TEUEHHM MOXKHO MOJAY-
YHTb, BBOAA MHOIO3HAYHLIH MOTeHUKaN BHAA

U=1t ¥ apt,+o(x), (13)
rae
V=0 n @(X)mO(—«L)‘

re

3pece I' = § au :::§ 2 1ty (X, — UBPKYJAUMS, ONPEIETeHHASA B
§ 4, npuuem wumTerpan Gepercs BOKPYr nNpenaTcTBHA (npodmis
Kpuiia).

Beona unen I'9/2w B dopmyay (13), ME KepTBYeM NeTepPMHEHU3-
MOM, TaX Kak npu 3tom 3afgaya He#imana us § 4 samensercs 3a-
AaueH, KOTopas He AB/AeTCH KOPPeKTHO nocrasiaeruofl, Hekortopyio
BUIHMOCTb ACTEPMHHA3MA MOXHO emle COXPaHHTb, KOTAA KpPHUIO
HMEET OCTPYIO 3ATHIOI «KPOMKY» (HO He B obiem cayuae). Borom
Clyuae sBASIETCS NPaBONOAOGHHIM NPEANONOKEHHE, YTO «CKOPOCTh
KOHeuHa Ha 3anHeil KpoMKe» (yeaosue JKyRoBekoro — Yanasiruna).
3T0 ycaoBue BHASAALT ENUHCTBEHHOE 3HAYeHHe HUpKyMauuu T ®
NO3BOJIAET HaXOAHTh J0OOOBOE CONPOTHBJAEHHE K HONBEMHYIO CHAY
crenyiomeii Teopeme Kyrra — )Kykosckoro ([8], crp. 188).
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Teopema 2. B arobom nrockom rewenuu suda (13) mor umeem
D=0wu L=nypal, 2de a=]al.

B yacTtHOM cayuae I' = 0 MH mosiyuaeM Kak cjeJCTBHe napamoke
Hanambepa.

CranuonapHoe JOKaJbHO Ge3BHXpeBOe IJIOCKOe TeYeHHe ¢ LHp-
KyJsiluell MOXHO ONpEeLeNHTh Kak «TeueHHe )KyKOBCKOro», ecid
oHO ymosjerBopsier ycaosuio JKykosckoro. Teuenuwe )Kykosckoro
JJIS MJIOCKOH MJAACTHHKH CXEMAaTHUYeCKH H300paXeHo Ha pHC. 2, 6;
ko3t duunenT noabeMHoR cuant Cp = 2w sin @, rae a — yroJa aTakH.
Teuenue JKykoBcKOro ajs 3agaHHoro npoduias ¢ OCTpod 3ajpHed
KPOMKOil NpeAcTaBasier OG0 KOPPEKTHO IOCTaBJIEHHYIO Kpaesylo
sanauy. Ee pemeHue B yacTHmX ciayuasix (mpoduab JKyKoBCKOro,
npodunnr Kapmana — TpebdTua u T. A.) COCTABJASET OCHOBHYIO
I71aBy COBDEMEHHOH TeODHH Kphlia; BnepBble OOlULyI0 TEOpHIO (C
npuioxeHusiMi) Aaa Musec!). Ee cnpaBeasiHBOCTL OCHOBHIBAETCS
Ha cJelyiolleli TeopeMe YHCTOH MaTeMaTHKH, KOTOpas NO3BOJAET
HaM npeoGpa3oBHIBaTL 3JeMeHTapHoe TeueHue )Kykosckoro (12a)
Insl elHHHUHOTO Kpyra B HecXuMaeMoe teueHne JKykoBckoro aas
IPOU3BOJBLHOrO npodus.

OcHoBHass TeopeMa o XKOHGOpMHOM oTob6paxe-
HUH. Hmeerca o0HA U TOABKO OOHG KOMRAEKCHAA AHAAUTUYECKAR

pyHryus
w=f(z)=kz+§ckz"‘, k>0,

0TO6PANQAOWAR B3AUMHO OOHO3HAYHO U KOHGOPMHO 064aCTb BHE
e0UHUYHO020 KpPYea HA BHEWHOCTb OaHHOU OOHOCB8A3HOL obaacTu.

B nocniegHee BpeMsi 9TOT pe3yabTar Obl pacnpocTrpaHeH Ha
«KBa3HKOHpopMHOe» oTo6paxceHne (cM. opuM. 2) Ha cTp. 26), Ko-
TOpO€ COCTOMT B TOM, 4YTO s JaHHOro unHciaa Maxa M < 1 umeercs
OJIHO M TOJILKO OJHO A03BYKOBoe o0TeKaHue, mo JKyKOBCKOMY, AJs
Jao6oro npoduas ¢ octpoit 3agHeR KpOMKOH.

B cayuae xopomo o6TekaeMHX npoduJjeft npu MajaoMm yrie aTa-
KM JefCTBHTENIbHbIE MOTOKH XOPOWIO AaNNPOKCHMHPYIOTCA HAealb-
HEIMH TeueHusamu JKykosckoro. Xors moJsararb, 4To J060Boe conpo-
THBJIEHHE PAaBHO HYJIO, OUEBHAHO CBEPXONTHMHCTHUHO, TEM He Me-
Hee MNoOAbEMHAas CHAZ B JIEHCTBUTENBHOCTH cocTaBisier 75—959,
pacueTHO#, a OTHOIIeHHe NOJAbEMHAd CHJa/NOGOBOEe COMpPOTHBJEHHE
Moxer foxoautb no0 50.

1) Mises R, Zeits. Flugt. Motorluftschiffahrt, 1917, ctp. 157—163 n 1926,
crp. 67—73 u 87—89. OTHOCHTEJBHO aHaAM3a (AKTHYECKHX AAHHHX cM. M-
sec P, Teopus nonera, M. HUJI, 1949. [dopMysa Ans ompeleneHHs MOMeHTa
cwii, NeACTBYIOIMUX HA KPHJO, 6bia modygesa C. A. YanabiruaeiM (cm. Yana s
run C A, Cou, 1. 1, M—J1, 1933). — Tpus. ped.)
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Onnarxo ycnosne )KyKkoBCKOro HHKOHM 06Pa3oM He AaeT HaleX-
HOH TeopHH nubeMHoil cuipl B obluem ciayuyae! Tak, B TpexmepHOM
npocrpancTBe 06aacThb BHe CaMoJieTa, OYEBHAHO, fIBJSETCH OAHO-
cBs3Hoi. CienoBaTenbHO, J060€ JOKaNbHO Ge3BHXpeBOe TEYeHHC B
NPOCTPAHCTBe [OMKHO MMeTb OAHO3HAYHLI MOTEHUHAN CKOPOCTEH
U npu Hyneso#t noavemuoit cuae. Ecan 661 370 GbIO AefiCTBHTENb-
HO TaK, moJieT 6bl1 661 HEBO3MOXEH,

Bonee yToHYeHHHM siBAsieTcst caeayloluit napanoke Ynsorti !).
PaccmoTpumM Teyenue JKYKOBCKOro ANsl MJOCKOH NJAACTHHKH, CxeMa-
THYeCKH H306paxkeHHoe Ha puc. 2,6. CornacHo Teopeme Kyrra —
JKyKoBCKOrO, pe3y/nbTHpYIOLMasi CHAa AONAXKHA OGuThb HOPMaJbHOMH
K MOTOKY; MOCKOJIbKY e AaBJeHHe BCloAy HOPMAaJbHO K MJIACTHHKe,
3Ta CHAA [OJMXKHA ObiTh HOPMaNbHOH K MJACTHHKE — OueBiijHOe
npotuopeure. Kak noxasan Uu3oTTH, 370 OGDBACHAETCS COBCEM
MPOCTO: HAa 3aJHIOI KPOMKY JeficTByeT KOHeYHasi CH/la BCJeACTBHE
6eCKOHEYHOro OTPHIATEeNbHOTO AaBjeHHA (MOAcoca), HTO CBS3aHO,
yuutbiBan ¢opmyay (5), ¢ GeCKOHeYHbIM 3HaYeHHEM CKOPOCTH B
sToit Touke. TakuM o6pa3oM, nmapajoKc CBSI3aH C TeM, YTO Heco-
crositenbHa runortesa (E) u3s § 1, u MoxeT GbiTb Ha3BaH napa-
AOKCOM 0C060ii TOUKH.

K coxanenuio, 3kcnepiMeHTalbHbie AaHHBE He MOATBEPKAAIOT
H3MEeHEeHUs MOABEMHON CHJALI ¢ H3MeHeHMeM OpMbI Kpblia, YKa3hl-
saeMoro Teopueit )Kykosckoro. Mul mosyyaeMm 3aech cJaelylouluii
napajokc yToJlMeHHs1: TeopeTHUeCKI! KoaddHuHent Cy, nonxkKeH BO3-
pacrath C yTOJ/LUEHHEM Kpbijia; B AeACTBHTEABHOCTH XKe OGBIYHO Ol
y6uiBaert ?).

§ 9. 3ddext Maruyca; aepusauus

Hrpokam B rosb¢ H TEHHHC M3BECTHO CTpeMJeHHMe Bpaulaioule-
roCsl MAYa YKJIOHHTbCS OT CBOE€H HOPMAJIbHON TPaeKTOPHH B Hampa-
BJIEHHH, B KOTOPOM BpalMaeTCs ero nepefHsas 4yacTb. DTO sBJeHle
Ha3biBaetca sdppextoM Maruyca. CornacHo Paneio ([12], 1. I,
343—346), apdext MarHyca o6biuHO OGDBACHAIOT KaYeCTBEHHO cJe-
ayowum o6pasom.

JlokanbHas CKOPOCTb BO34YyXa OTHOCHTENBHO MfAYa H3-3a ero
BpaiueHHuss Gosblile C TOH CTOPOHBI, rle BpallleHHe HANpaBJeHO Ha-
3aj, ueM TaM, rie oHo HanpasaeHo Bnepea (cM. puc. 3). Caenosa-
TeNbHO, no ypaBHeHHio Bepuynau (3), naBneHHe ¢ OAHO#H CTOPOHBI

') Cm. Cisotti G, Rend. Accad. Lincei, § (1927), 16—21 u 7 (1928
17—19 u 538—543; a taxke Plstolesi H., 1am xe, 12 (1930), 403-4&
(3107 napasokc 6ms n3pecten emwe H. E. JKykoBcxoMmy, KOTOPWE Ran B cBR3n
C 3THM OGbsiCHeHHEe ABJEHHR NMOACacuBaowefl chau; cM. XX yKoBcKHi H. E,
O noasepxusaomnx naanax Tina AxTyawert, Tpyan oTa. ¢mu3. MateM. Hayun.
O'Ba'mOGHTeJlel'l ecrectsosnanng, XV, ouin. 2 (1911). — Hpun. nepes.)

) Cm. (1}, ctp. 252. — Mpun. nepes.
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MeHblUe, H 3TO JaeT PaBHOAEHCTBYIOLLYIO B HanpaBJieHHH, COOTBeT-
cTBYIOLEM HabaloaaeMoOMy.

Ha ocHoBauun nauHoro OoGbBACHEHHst OuEHb TPYAHO MOJYHHTD
KOJMYECTBEHHBIA pe3y/abTar, TaK KaK y Hac HeT KaKoro-iu6o onpe-
JeneHHoro cnocoba aas Toro, uto6bl CBsi3aTh BpallleHHe ¢ LHPKY-
JSIHEH — JaxKe B cayuae uuauvuapa'). Ilpauatab npeanpHHs re-
POHUECKYIO TNONBITKY ONpeiesHTb XOTS Gbl MAKCHMyM NONbEMHOI
cHabl L, KOTOpHIH, KaK OH YTBep)KAaj, AOCTHraeTcs TOrAa, KOraa
3HaueHWe UMPKYJAUHH ONpegensieTcss NpH YCJIOBHH, UTO HMeeTcs
O/lHa-eJHHCTBEHHAsl KPHTHYECKAs TOUKa ?).

OcHOBLIBasICb HAa 3TOM, OH HallleJl, YTO MAaKCHMyM KO3 dHIHEHTA
C. pasen 4w. HenaBHo 310 3HaueHue Gbl10 npesbileHo %) — ele

L

Puc. 3. 3ddekr Marnyca.

OAHH (aKT, NOKa3bIBAIOUIHA HEHANEXKHOCTb HECTPOTHX PAcCyXKAeHHH.

HecocrositebHOCTb cyliecTBYOIUHX 06bsicHeHHA 3¢dekra Mar-
Hyca elte Gosiee SIpKO MOKa3biBaeT CJAEAYIOLHIA napagokc sddexra
Marnyca.

I[Tapanokc sdpdekta MarHyca. [Tpu mareix ckopoctax
8pAU4eHUR HANPABACHUE OTKAOHEHUA 8 OelicCTBUTEeAbHOCTU npOTUBO-
NOAOKHO TOMY, KOTOpoe Oaer obvacuenue Pinres (u xoropoe na-
6.1100aroce Mazrycom) *).

Has Toro uto6e 06bACHHTL 3TOT NMapagoke sddekta Marnyca,
HYXHO, NO-BHAHMOMY, YYeCTb TYPOYJeHTHOCTb NOTPAHHYHOrO CJAOS—

') Kak nokaszano B § 8, B cayvyae cepnl Mn NPHXOAMM aaxe K Gonee ray-
GOKOMY NapajoKcy: BCAEACTBHE OXHOCBSIZHOCTH LHPKYMsUHa [ = Q.

%) Nosoaut Mpaunaras wuanoxens B ([3), § 27); nan UHJIHHAPA paduyca ¢
NPH OTHOCHTE/ILHOR MOCTYNaTeAbHOR CKOPOCTH @ uupkvasuua I = 4 nca. Mo no-
BOAY G0Jee NO3AHMX 3KCHEPHMEHTAJNBHBIX AaHHMX cM. [50], § 239.

’) Swanson W. M, Final Report on Contract DA-33-019-ORD-1434, Case
Inst. Technology, December 31, 1936. Ipun V=wnc=17q KO3 pHUHEHT
Cr =147 u «npomosxan Bo3pacTaTh ¢ (OCTOAHHORM cknpoctbio». Henasho,
Glauert M. B. (Proc. Roy. Soc. A242 (1957), 108—115) nomsepr BuiBOA
Tlpanatas kputuke, mcxoas M3 TeopeTuecknx co06paxennil.

‘) Cm. [3], § 27 u 221; skcnepumenTa.TbHBIe faHHLIe (B cayuae ciepn) no-
Ayuna Makkon. [aunne, npuBeseHHvie B {31, § 239, nokasmBawoT, yTO, NO-BHAMN-
MOMY, 8HaJOrHyHaa CHTYANHA HMEET MeCcTO W AJs UM.JTHHAPA.
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qBJeHHe, KOTOPOe A0 CHX [Op He [MOA14eTCs MaTeMaTHuecKoMy
HCCJIEOBAHHIO KaK KpaeBas 3ajaya. Takum o6pasoM, npu J0GoM
KOPPEKTHOM HCTOJIKOBAHHH PeasbHOA monepeyHol CHabl NpH MaJllt)lX
CKOpOCTSIX BpalUEHHs] HALIEKHT yuHTbIBATH uHcsio Peinosbacal).

SIBneHHe «depHBallHM» aHajorHuHo sddexkry Maruyca. ApTua-
JepuctaM yxe 6oJiee CTa JIeT H3BECTHO, 4TO BpaILAIoLHeCst CHAPSAbI
HMeIOT TeHJEHLHIO OTKJOHUATLCH OT BEPTHKAJbLHON MJIOCKOCTH, B KO-
TOpOH MPOH3BOAMTCS CTpenbGa, H YTO TaKoe OTKJOHEeHHe MPOIHCXO-
JHT B HanpaBJ/IeHHH BpallleHHs ToJOBKH chapaga. OQHako 3To $iB-
JieHHe B TeYyeHHe MHOTHX JieT MOHHMaJoCh HelPaBHJbLHO 2).

Onno HeBepHOoe OODbACHEHHE ObIIO NPENJONKEHO H3BECTHHIM Ma-
teMaTukoM — IlyacconoM. OH cuHTan, 4TO BCJEACTBHE HHEPUHH
OCb CHapsila OTCTaeT OT HanpaBJIeHHsi KacaTesbHOIi K TPaeKTOpHH,

- —— — —
— S—
- S~

-
-
0\1\)9\/ ~ ‘
« 0 Criapsd ~
|
w :
Menowee dagneie
—— lanpacsacnue Depusayuu
\_/

bonvuwiee dasnenue ¢
Puc. 4. O6vacuenue sddekra Marnyca, no ITyaccony.

KaK CXeMaTHu4eCKH mokasaHo Ha puc. 4, a. CienoBaTeNbHO, HAa HIDXK-
Hell CTOpPOHe JOJIKHO Co34aTbes Oonbllee AaBJeHHe, a 3HAYHT H
Goaplee TpeHHe., B cooTBETCTBHU C PHC. 4, 6 3TO AOJKHO NMpPHUBECTH
K OTKJOHeHHIO B Habmojgaemom HanpapiaeHHH. Ouin6ouyHocTb 06bsic-
HeHHs TTyaccoHa cTaHOBHTCA OueBHAHONM, eC/lH NPUMEHHTL €ro K Bpa-
IIEHHI0 TEHHHCHOro Mqua: MOJYYHI0Ch Obl HallpaBJeHHe OTKJOHe-
HHSA, NPOTHBONOMOXKHOe oGbruHOMYy 3 dexTy Marnyca!
IpaBuabHoe o6bsicuenne 3akaouaercs B caeayiomeM. C no-
MOIIBIO KOJAHYECTBEHHOTO MCCJ/eJ0BAHNHA FHPOCKONHUYECKOR YCTOHuH-
BOCTH MOXHO YCTAaHOBHTb, UTO YCTOHUHBOE MO.10)K€HHe OCH CHapsia
(c npaBofi BHHTOBOR Hape3Koil) HAXOMITCR CIpaBa OT KacaTesbHOIl
K TPaeKTopun, a He Bhllle ee, KaK 3TO yTBepxkaaa [lyaccon. Takum
o6pasom, HepHBaUHA CHApsAa BbI3bIBZETCS TJIaBHbIM 06pPa3’oM He-

1) Cu. Krahn E., J. Aer. Sci., 23 (1956, 377—378,
%)’ Mimtepeckuiit uctopudeckuit 063op aaw (5], ra. X.
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MOCPeCTBEHHO a3pPOAHHAMHUECKO NMOMEePeyHoil CHMOH H Jilb KOC-
BEHHO — BpallleHHEM.

ST0 ONATb-TAKH NOKA3bIBAeT HEHAJeKHOCTb KaueCTBEHHBIX c006-
paxeHnui. BeposTHoCcTb TOro, uTO cAyyaiiHoe OGBbACHEHHEe OKaMeTcH
npaBHJBLHLIM, paBHa 50%!1

§ 10. Boanosoe noGoBoe cONMPOTHBAECHHE TOHKHX KpPblibes

[Mapanokc Hanambepa Henbast pacnpOCTPaHHTb HAa CBEPX3BYKO-
BOe TeueHHe: jJaXke Ge3 yueTa BSI3KOCTH MaTeMaTuHueckHe coobpaxke-
HHSl NPHBOASAT K CYLLECTBOBAHHIO NMOJOXHTENbHOIr0 J1060BOro conpo-
THBJeHHs, BBuay napaaokca o6paTHMOCTH 3TO BO3MOMHO TOJbKO
NOTOMY, YTO KpaeBas 3ajauya (AJs CTaUHOHAPHOrO ABHMKeEHHd), om-
penensieMasi ypaBHeHMsIMH JiJiepa, He ABAAETCH KOPPEeKTHOH. Mbi
noKaxkeM cefuac 3TO, HayaB C PacCCMOTPEHHs JIMHEapH30BaHHOTO
CBEPX3BYKOBOTO TEUEHHS! (TEOPHS «TOHKOIO KpbiJias).

PaccMoTpuM ceMefCTBO He3aBMCHMbIX OT BPEMEHH CXKHMaeMbiX
TeYeHHH, 3aBUCALLUX OT NapaMerpa 3 — TOJUIMHLI Kpblia. Ml npei-
nonaraeM (runotesa (E) u3 § 1), uto noreHuHan ckopoctH MOXKHO
3anucaTth B BHIE

U=ax+3d(x, y, 2)+0(3?. (14)

[MoacraBasia ero B ¢opmyay(l0) u nenas o6bluHble B TEOPHH BO3-
MYLIeHHH AONyLIEeHHs, Mbl ToJyuyaeM ') npu 3 — 0

(M2_ 1)?xx=‘?yy+‘?zz’ M =aq/c. (14*)

flcno, uto cayuasMm Ho3ByKoBoro TteueHus (M < 1), 3BykoBoro
teqyenus (M = 1) H cBepx3BykoBoro TeueHus (M > 1) orTBeuaioT
ypaBHEHHS B YaCTHbIX NPOM3BOAHBIX COOTBETCTBEHHO 3JJMNTHye-
ckoro, mapa6Gosuueckoro ¥ runep6osHueckoro THNOB?), 3To mpoc-
TO€ 3aMeyaHHe yXe yKa3blBaeT Ha TO, 4TO KpaeBasi 3alaya KOpPeKT-
HO MOcCTaBJ/eHa JHUIb B JO3BYKOBOM cJyuae.

B cayuae naockoro TeueHHs ¢ = ¢(x, y) elle co Bpemen [lanam-
Gepa H3BecTHO, uTo ofulee pellleHHe ypaBHeHHs (14*) uMeeT BuA

o=Flx— VM —1y)+G(x+VW—T1y). (15

rae F(r) u G(s) — npou3Bo/bHble QYHKIUHH,

1y Cm. [6], § 141 uan [10], cTp. 245. Bosee noapo6Hoe onucanHe NPHJIOKEHHI
em. B [10], ra. VIIL

2) 310 BepHO TaKkke H 6e3 AHHEADH3ALMH, HO B TAKOM cayyae M Gyzer 3a-
BHCeTb OT KoopAWHAaT. C.enoBaTeNbHO, BO3MOXHHI TPAHC3BYKOBHIE NOTOKH H CO-
OTBETCTBYIOUHe WM Auddepennnanbibie YpaBHEHH] CMELIAHHOTO THNA (SJAJHOTH-
YyecKHe B OAHHX obsacTax M runepbonuyeckwe B APYTrHX), Kak nokas3aHo s § 6.
[CMewlaHHLIM TeuyeHHSM TNOCBSllEHa OGWIMpHas JAMTEPATYpa; M., HanpHMep, [7*]
u [8*]. — Mpum. ped.]
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Jlns toro uto6n onpeaenuts F(r) u G(s), HyXHO HCNO/b30BaTh
ycaoBHe (7), KOTOpoe npH CTaUHOHAPHOM TeYEHMH CBOAMTCA K pa-

BEHCTBY - = 0 uau

F=ar' () (15')

I «KTOHKOTO KpbiJia», OrpaHHYEHHOro KPHBOH ¥ = m(x). Mul 3ame-
HHJH B (lS')W Ha 9y NpeAnoJOXHB, YTO TAHIeHC yrJa HakJjo-

Ha 71/(x) < l. [eiicTBHTeNbHO, Takas TrHmoTe3a (HJH, BepHee,
n'(x) €K M) sABaseTcs OCHOBHbIM JONYyWEHHeM TEeOpPHH TOHKOro
KphiJa.

Yto6bl H36eXaTh Napaaokca o6paTHMOCTH H NMOJAYYHTb KOPPEKT-
HO MOCTaBJEHHylO 3ajauy, Heo6xonumo cucremy (15), (15) monoa-
HHTb HEKOTOPOH A06aBOYHOH rHMOTe30i Heo6pATUMOCTU, BhbIpaxkalo-
Llefi HHTYHTHBHO OuYeBHIHBbIH (H3HuecKHH (aKT, UTO «BOJHbI CKAThl-
BalOTCA BHH3 MO TeueHHIO». EcC/AH Mbl pacnosioXXHM TOHKOE KpbIJIO
BAOJb OCH X, TO MOCJEJHIOI0 FHIOTe3y MOXHO 3anucaTh B CJAEAyIO-
1teM BHAe:

Flx—VM2Z—Ty), ecn y <0,
Gx+VMZI—Ty), ecan y>0.

C yueTOoM pe3ysbTaTa MOACTAaHOBKH B ypaBHeHHe Bepuyanu (5)
Hala cHcTeMa ypaBHeHH# NO3BOJIsieT 3aK/IOYHTh O CYILEeCTBOBAHHH
804108020 Oa8nerus, KOTOpPOe, B NMPHGIHXKEHHH TEODHH BO3Mylife-
HHA, noJyuyaercs B BHAe p = pa’n)’(x) Ha BepXHel NOBEPXHOCTH

Kphina y =" (x) H B Bule p = pa’n’(x) Ha HHXHeH [OBEPXHOCTH
Kpena y =1(x). Onpenenus nporo/bHYI0 COCTABASIOULYI0 AaBJe-
HHA M BHINOJNIHHB HMHTErPHPOBaHHE, Mbl MOJYYHM OJs J060BOro

?(x,y)= (15%)

conporusaenns D= §p dy BbipaxkeHue
D=a* [ (' dn+7 d)=pa [ [7* +7"]dx, (16)

rae HHTerpaa GepeTcst No AJIHHE KpbiJa.

s 1OCTaTOUHO ManbiX YI/0B HAaK/AOHA TNpHBeleHHble (OPMYJIbI
BIIOJIHE XOpOLIO coryacylotcst ¢ skcnepumentom ([10], crp. 346, 350)
H, OYEBHIHO, NAIOT NMOJIOKHTENLHOE CBEPX3BYKOBOE «BOJIHOBOE J1060-
Boe conpoTuB/eHHe». JIIOGONBITHO, YTO OHH COINACYIOTCSI C OYEHb
CTapoil KBa3HIMIHPHUECKOH bopmynoit diinepa, B KOTOPYIO BXOAHT

YHHBEPCANbHLUIH MOCTOSHHBIH MHOXHTE/b, OnpelesseéMblil, mo nmpea-
TOJI0XKEHHIO, IKCIIEPHMEHTAIBHO 1),

1
) OtHocuTenbHo NPHMEHEHHA K 6aiincTHuecKH: JazauaM cM™. [5], § 12—16.
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§ 11. TonkHe Teaa BpatlleHHN

CAHUIKOM CJIOXKHO pacCMaTPHBATh 3/leCb NPHMeHeHHe ypaBHEHHS
(14*) Tpanatas — 'nayapra K CBepX3BYKOBOMY OOGTEKAHHIO TakK
Ha3biBaeMbiX «TOHKHX», HJH <«YIAJHHEHHbLIX» TeJ NPOH3BOJILHON
¢opMb '). MH TOAbLKO NpHBeAEM HECKOJIbKO NMPHUMEPOB, HAMIOCTPH-
pYIOLHX OGIIHA TE3HC O TOM, YTO €C/H pe3y/bTaThl He MOJy4eHH
MaTeMaTHYeCKH ¥ (PU3HYECKH CTPOro, TO MM MNpPHCYIUa TeHAEHUHA
CTaHOBHTbCS HEHaNeXKHBIMH.

OTHocHTenbHO MpOCTYIO 3ajavy npeacraBaser co6oi ocesoe 06-
TeKaHHe TBepAKIX Tes BpalleHHs (apTHANepHAicKHe cHapaaw Ge3
poickanus). KapMau u Myp?) nepBniMH NpHIUAHA K BHBOAY, 4TO Ha-
JIHYHe BOJIHOBOTO JIOG0BOrO COMPOTHBJEHHS BHI3LIBAeT pe3KHfi pocT
COMPOTHBJIEHHS NPH NABHXEHWH TOHKOro cHapsaa, korga M =1, u
OUEHHAH 3TO BO3PacTaHHe COMPOTHBJEHHA Ha OCHOBE YNPOLUEHHH,
yKazauubix B § 10. Bonee uem yepe3 10 ner Konaa pacnpoctpanua
3TOT BBIBOJ Ha CHapslbl ¢ PLICKAHHEM H MOKa3aJ, yTO yNpolleHHas
TEOPHS MPHBOAHT K pAAYy oWHGOYHHIX 3aKaloueHHi 3). B yacTHOCTH,
B CJyuyae KOHYCOB MOJ YIJIOM aTaKH MomepevyHas CHAAQ, NOACYHTAH-
Has no ¢opmynam u3 § 10, y6rBaeTr ¢ Bo3pactaHHeM M, B To Bpe-
Ml KaK NMpaBHJbHOE NPUGJHXKEHHe MO TEOPHH BO3MYIUEHHH faer ee
yseauvenue (napapokc Konana).

B HacTosilee Bpems npusHaHo (cM. nmpuM. l) Ha 3Ttoit cTp.),
4YTO pocTas JHHeapH30BaHHAas TeopHs, npHBeAeHHad B § 10, naxe
ANS TOHKHX TeJsl MPHBOJAHT K HeNpaBHALHOMY 3HAUeHHIO CHJH. B cay-
yae o6TeKaHHA CBEPX3BYKOBHIM IIOTOKOM TOHKHX TeJ BpalleHHs,
KBaJipaTHYHBle YJeHb B ypaBHeHHH DepHyanu npu moacuere namJe-
HHA OyAyT TOro e MOPSAAKA BEJHYHHH, YTO H JHHEAHWA ujeH 4).

Jlna HeKOTOPHX YACTHHX NPHJAOXKEHHRA NpoCcThie JAHHeapH3OBaH-
Hble ypaBHeHHS! H3 § 10 HYXKHO BHAOH3MEHATb TeM WJH HHHM CIO-
co6omM %), Tak, AN KPubeB KOHEYHOro pa3Maxa MOA YIJAOM aTakH
HYXHO paccMaTpHBaTh cleraiolllHe BHXpeBhie cjaod. Kpome Toro,

!} Cu. Ward G. N, Linearized theory of steady high-speed flow, Cam-
brldqe Univ. Press, 1955.

)} Trans. Am. Soc. Mech. Eng., 54 il932). 303—310. OTtHOCHTeNBHO cOBpe-
MeHHOR «iHHeapH30RakHOA> TeopuH cM. [IC), § 83; wuau [15], ra. VIII, § 15.

) Kopal Z., Phys. Rev., 71 (1947), 474; [10], ctp. 377; nonpoGuee — Tables
of supersonic flow around yawing cones, Mass. Inst. Technology (1947),
ocoflenno cTp. XVI, XVII. 3xcnepumentanbibe aaHHbe npusoAsTr Holt M. u
Blacklie J, J. Aer. Sci., 23 (1956), 931—936.

1) Tlo-suaumomy, BnepBuie 5To nokasan Lighthill M. J., Reps. Mem.
Aer. Res. Comm., 2003 (1945); cM. taxxe Broderick J. B, QIMAM, 2
(1949), 98—120 u [10], c'l&,. 307.

8 Ursell F. and Ward G. N, QIMAM, 3 (1950), 326—348; Gold-
stein S, Proc. Int. Math. Congress, Cambridge, 1950, T. 2, oco6enno
crp. 288—289; Adams M. C, Sears W. R, /. Aer. Sci,, 20 (1953), 85—98.



§ 12. Mapadokc Ipruwoy 37

B c/yuae 3aKpYrJeHHbIX TeJ BpallleHHs, TAKHX KaK cthepa, JaHHea-
pH3OBaHHAs KpaeBas 3ajaua, onpefeiseMmas MOCDEACTBOM YpaB-
neruil (14*) u (157), naeT HecylleCTBYIOLLHE OCOGEHHOCTH B KPHTH-
yecKHx Toukax (T. e. Ha ocH cuMmmeTpHH). Ho cambiii CyliecTBeHHbIH
AeeKT TEOPHH TOHKOrO Kpbijla» 3aK/II04aeTcsi B TOM, YTO OHA He
B COCTOSIHMM MpelCKa3aTh CyLleCTBOBaHHe YOAPHbIX BOAH.

Ynapubie BOJHBI JIerKo HaGJMI0AAIOTCA B BHIE YETKHX JUHUHA Ha
MrHOBeHHbIX (oTorpaduax ABHXKEHHA CHApAAOB, TaKHX, KaK CHH-
MOK, H306pakeHHbIil Ha ¢poHTHCcnHCe. B cayyae KoHYCOB H APYyrHX
OCTPOKOHEUHBEIX TeJ MNpH AOCTaToYHo GosbluMx uuciax Maxa 3TH
BOJIHbI «NIPHUCOEHHEHBI» K BeplHHe MOAOGHO XapaKTePHCTHKAM pe-
mIeHHH JHHeRHBIX runep6onnueckux AHddepeHUHaANbHBX YypaBHe-
uuli. B Apyrux xXe CAyyasx OHH «OTXOAAT» OT BepPLIHHBI H OKa3hl-
BAlOTCA MpPH 3TOM BrepelH CHapsjia— TaM, rjae 1o JHHeapH30BaH-
HOil TEOPHH He JOJXKHO ObiTh HHKAKOr0 BO3MYLEHHS.

§ 12. Mapanokc ApHwoy

[ToHsiTHE «yAapHOH BOJIHBbI» MOXHO TaKXe BbIBECTH TeOpeTHue-
CKHM, OTNPaBJfAfAch OT MPOCTOro Napajokca, KOTOPbIM Mbl 00s3aHbl
Spuwoy !). Haw opran cayxa cBHaeTeNbCTBYET, YTO 3BYK MpPOXO-
AMT GosblIHE PacCTOsHHA MOYTH Ge3 HCKaXKeHHH M C MOCTOSHHOM
CKOPOCTbIO, 3aBHCslleil OT TeMnepaTypbl BO34yXa. DTOT ONbITHHIH
dakr genaer npaBaonoJOoOHBIM NPeANOJNOXKEHHe, YTO MJIOCKHe 3BY-
KOBble BOJIHBI PAacnpOCTPaHSIOTCS B HealbHOM HEBA3KOM rase, He
HCKaXascb H He 3aTyxas. OQHaKo 3TO He TakK, 4TO NMOKa3blBaeT Mna-
panokc DpHILOY.

I[Tapanokc dpuwoy. [lpu aduabaruueckux kosebarusx
2a3a nAOCKue 38YK08ble CTAYUOHAPHbLLE BOAHbL KOHEYHOU amMnauTydbl
MATEeMATUYECKU HEBO3MONCHBL.

Hokaszareabctso. [Ipeanonoxum, uto ¢opMa 3BYKOBbIX
BOJIH HEM3MEHHAa M 4YTO BOJIHBI PacHpOCTPAHSAIOTCA ¢ MOCTOSIHHOM
CKOPOCTbIO, HOpMaJibHOM K BO/NHOBOMY ¢poHTy. Toraa, ecau Mbl me-
pefiniem K 0CIM KOOpAMHAT, ABHKYLIUMCS BMeCTe C BOJHAMH, TO
YBHAHM, 4TO JABHKEHHE XKHAKOCTH He TOJIbKO OJHOMEPHO, HO H (Ta-
YuoHapro. Bri6paB B KauecTBe HallpaBJeHHsl [BHXEHHS OCb X, MBI
MoXeM HanmucaTh p = p{Xx), u =u(x) u T. 1., H {6e3 yuera CHJHI
TAXecTH) ypaBHeHue BepHyanu (8) ceenercs k suay udu + dpfp = 0.

pPoMe Toro, ypaBHeHHe HepaspeiBHOCTH (1) nepeiner B paBeHCTBO

kel pE@rnshaw S. Phil. Trans. 150 (1850), 133—148; cm. Takxe Sto-
Kes. Phil. Mag., 33 (1848). 349; Rankine W.J M. Phil. Trans., 160 (1870),
[6]7:§[152l], T. 5, 573 (wau Proc. Roy. Soc., A84 (1910, 274—284); [7], § 283;
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pu = const = C, unu u = Cfp. IloacTaBasia 310 B npeablayilee co-
OTHOILEHHe, NoJyyaeM ypaBHeHHE
C?2dp

2 d
C 422 =0 nandp = 5L (17)

CneaoBatenbHo, N0A06HOE BOJHOBOE [BHXKEHHE BO3MOXHO TOJb-
KO B cJiyyae, eCJIH JKH/AKOCTb Y/1OBJETBOPSIET ypaBHEHHIO COCTOSIHHSA
(3) uacTHoOro BHAa:
. C? .
pP=p— - (18)
Ho Ham He u3BecTeH HH OJMH ras, AJs KOTOporo aaunabaTHuye-
cKoe !) ypaBHeHHe COCTOSIHHS HMeJso Obl TaKOH BHIL.

§ 13. Bo3anukHOoBeHHEe yAapHOH BOJIHBI

Kak u MHOrue apyrue napajokchl, napajgoKkc SPHIIOY COAEPKHUT
B ce6e 3epHO CyilecTBeHHOH HCTHHBHL. [lpn Gosee TiaTesbHOM HC-
CNe/lOBaHHH COOTBETCTBYIOUIHX YPaBHEHHH MOMKHO YCTAaHOBHMTb, YTO
AJs aAHa6aTHYeCKOro TeueHHs rasa 6Gojee MIOTHbIE YAaCTH BOJIHHI
KOHEeYHOH aMIJIMTYJbl HAarOHSIOT MeHee MJOTHBE H B KOHEYHOM cue-
Te neperoHstotT Hx. IlokasbiBaeTcs 37O caeaylolHM 06pasoM.

[TycTb a o6o3HauaeT BClO Maccy MXHIKOCTH cJieBa OT JaHHOl
TOYKH, TaK yTto x(a, {) nmpeacrasasieT co6oi noJoOXKeHHe yacTHUH a
B MOMEHT BpeMeHH [, a -gziecn, yAedbHblli 06beM o =—:—.-Tor11a
D/Dt w3 § 3 3ameHsieTcst Ha (0/0f)q, (0x/0f)y = u n (0%2x/0t2), ecTdb
cy6CTaHLHOHAJIbHOE YCKOPEHHe; 3JecCh HHIeKC @ 03HauaeT, yTo Be-
JIMUHHA a OCTaeTcsl MNOCTOSIHHOH. YpaBueHHe HepaspbiBHOCTH (17)
YAOB/IETBOPSIETCA aBTOMATHYeCKH, nocKoabKy Dp/Dt = —p202x/0t 0a
H div u = pd*x/da 0t. Kpome Toro, MOXKHO HCNONb30BaTh yPaBHEHHE

COCTOsIHHA (3), ANs TOro 4roObl HCKJKYHTL P NOCPEACTBOM COOT-
HOUMIeHHs

1 /1 a
p= i () =t =12 @
. CnenoBatesnbHO, ec/lH He YYHTHLIBATb CHJY TSMKECTH, T0 ¢dopMyJanl
(1)—(3) 3kBHBa/NEHTHBI ypaBHEHHIO

0%x Ox 0%x

= 5 (20)

l) ﬂeﬁCTBHTC.ﬂbHO, €CAH NPHHATH 18 , TO MOJYYHM d2p/d92<0, 4YTO MNpOTH-
Y
BOpEeYHT BTOPOMY Hayany TEPMOAHHAMHKH,
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[Myaccon OTKpBII BaHbIil KJjacc peulennid ypasHenus (20), 3a-
naBaeMbiii GOpMY0ii
u=GCG(x—(c+u)), (20%)

rae G(r) — npou3BonbHas (GYHKUHA. ITH pewleHHs ObliM Ha3BaHbI
npocroimu Bonuamu ([6]. cTp. 92); oHHM XxapakTepusyloTcs CBOIi-
g

CTBOM: U == fc(o)do/o, rae ¢ = dp/dp = —c?dp/dc ectb KBagpart
O

CKOPOCTH 3By;(a, KOTOpas ABARETCH (YHKUHeil yleabHOro o6beMa o.

Kak nokazan Anamap, J06as N/0CKas BOJAHA, TOJAbKO C OZHOMN

CTOPOHB BCTYNaiollasi B XHAKYIO cpely (OGbluHYIO XKHAKOCTb HJH

ras), B HauaJbHbi MOMEHT HAXOIALLYIOCS B COCTOSIHHH MOKOsi, 10J-

3KHa GHTb NPOCTOH BOJIHOM.

Tak KaK u =fe(o) dofe, To popMyna (20*) naeT pyHKUHOHAJD-

HO€ COOTHOUIEHHE MeXIy U4 H o, a C/Nel0oBaTeNbHO, H MeXAy U H C.
Henas cHoBa moactanoBky B (20*), npu p = kp' (y > 1), nerko no-
Ka3aTb, 4T0 GoJiee MJOTHble YaCTH ra3a HaroHMIOT MeHee MJIOTHbIE
(6], cTp. 96), npuueM ¢ mocTosAHHONH CKOpOCTbio. CJ/lef0BaTeNbHO,
B TeyeHHe KOHEYHOro MPOMeXyTKa BpPeMeHH HeH3GeXHOo BO3HHKaeT
pa3pbi8 NAOTHOCTU WAH «ylapHas BOJNIHA®», YTO HAXOAMUTCA B CaMOM
ABHOM npoTHBopeunH ¢ runote3oil (E) uz § 1.

§ 14. TepmonHHAMHKa HeBA3KMX XHAKOCTEl

Ing Toro uto6bl O6BLACHHTDL SIBAEHHE yAapHOH BOJIHbI, HEOGXOMH-
MO NpHBJI€Yb HEKOTOPbie BaXKHble TePMOAHHAMHYECKHe MOHATHA !);
ONHHX MEXaHHYECKHX KOHUENUHMA A/15 3TOro HejoctaTouHo. Tak, Ha-
NpHMep, HEOOXOLMMO PacCMaTPHBATL BHYTPEHHIOID IHepauro KHA-
KoctH E(p, T) naxe toraa, Korna ee MOXHO HCK/IOYHTb M3 OKOH-
YaTeJbHBIX YPaBHEHHH, KaK B cjyuae aAHaGaTHUYECKOrO TeUYEHHS.

@ BeJIHYMHA BXOJIHT B 32KOH COXPaHEHHs! SHEPrHH COTJIacHO (hop-
MyJse A

dQ =dE + pdV. (21)

3necs pdV ecto Andgepenunan pa6boTol NPH OTCYTCTBHH BHELIHHX
chaL.

Cosepuwiernbid 2a3 MOXHO ONpeleNHTb NOCPEACTBOM ypaBHEHUR
Sfinepa, TePMOAWHAMNYECKOrO YPaBHEHHS! COCTOSHHS p = pRT, rge

2npenocxozmoe H3TOKeHHe TePMOAHHAMHKH CKHMACMLIX KHAKOCTeH CM.
B l10] wnu JTunman . B, Powko A, Drementn rasosoil AHHamuku, M.,
WU, 1960. (Ha pycckoM #3.: 3eabaoBuu § b., Teopun ynapuux Boau
" BBEAcHWe B rasommsamuky, M., w3z, AH CCCP, 1946; 3aysp P, Bsexenne
B rasomsywo awsamuky, M, Tocrexusaar, 1947. — [Tpus. aepes.)
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R — rasopasi nocrosinuas, ¥ GopMyJnl An8 BHYTpeHHeH sHeprun E =
= CyT, rie Cy — ellie 0JHa NOCTOSIHHAA (yHelbHas TENJIOEMKOCTh
IIpH TOCTOSIHHOM o0beMe).

Has usorepmuueckoeo teuenus T = const W H3 COOTHOLIEHHS
p = pRT cnenyer ¢opmyna (3a) npu y = 1. B cayuae aduabaruue-
CKO20 TeueHHs NPEANOJAraeTcs, YTO TeNJ0Ta IePeHOCHTCH TOJBKO
OCPeACTBOM KOHBEKUHH (HEeT HH TelJIONDOBOXHOCTH, HHM H3Jyue-
HHs); npH 3TOM uMmeeM dQ = 0 B dopmymne (21). [lna eaunuunOl

Macchl (Tax gro V --~I-) umeeM TorAa pV =RT n E = CyT =

= (Cy/R)pV. Torna ¢opmyna (21) maer B pe3ysbTare ypaBHeHHE
0=dE+pdV=(Cy/R)Vdp+(1+Cy/R)pdV.

[Monaras §= (R + Cy)/Cy, nonxyuaem . cOOTHOMIeHHe dp/p =
= —qdV/V = ydp/p, u3 KOTOpPOrO crestyer «nonmponﬂoe» ypaBHe-
Hue cocrosinms (3a) :p = kpV.

Cosepulennyro s#UOKOCTd MOMXKHO OHPEeNeNHUTh ocpefcTBOM ypaB-
HeHu# Ofinepa M ycaoBus HecxKuMaemocts V= const (ypaBre-
Hue (36)).

VpasuenusPosmgguna—Tworonno.

Hcnonb3ys 3aKOHBI cOXPaHeHHsT Macchi, KOJHUYECTBA JBHIKEHHH -
H 5HEPrHH, MOXHO TaKkKe HafiTH COOTHOLIEHHe MeXAy 3HAUEHHAMH
AaBJIEHHsI, NIOTHOCTH WM. TeMnepaTtypel pi, pi1, 11 mepen ynapnon BOJI
HOM ¥ 3HAYEHUAMH T€X K€ BEJHUYHH Py, pz, T2 3a yAapHOH BOJHOH.
Hanpnwmep, AN cOBepLIEHHOr0 ra3a TH BEJNHYHHLI 3aBHCST TOABKO.
OT OJHOTO IapameTpa —— OTHOLIEHHS RABJeHHE P = ps/p; wau us-
rexcusrocry ckadxa P — 1. Torme nonmywum . ([10], crp. 30} ene-
IyIOiliie paBeHCTBA:

Pz P+B g =1
TR 1T

e =~c}[1 4 at 1)2§P~1>']5

IMapagokc 06PaTHMOCTH,” B CHJAY KOTOPOro MOXKHO Obino 6n -
TOMEHSTb MeCTaMH HHIeKchl | H 2 B npeamecTBYIOWHX GopMynax U
npuHATs P < 1, MOXHO u3bexaTb, eCIH NPHBIEYL BTOPOe HAUaJo
tTepmoguHaMuky. (B § 13 NPHHIKT, COMJIACHO KOTOPOMY GoJlee TIIOT-
_Hble yacTH OapOTPONMHBIX TeueHHWii HATOHSIOT. MeHee MJAOTHBiE, NpH-
BOAHT K TAaKOMy JKe 3aKJIKYeHHIO. JTO ClelyeT H3 HePaBeHCTBA.
1 ="(R+ Cy)/Cy > 1, KOTOpPOE B CBOIO O4epelb cledyeT H3 MOJo-
MHTeNbHOCTH BesHuvH R n Cy B CHY (DM3HUECKHX COOOpaKeHH.)

CooTHOmIEHHs] A KOCHIX YAaPHBIX BOJMH MOXKHO JIETKO BbIBECTH
U3 COOTHOLIeHHH  1J15 HOPMANILHBIX CKAUYKOB YTIOTHEHHS, HCNOJk-
ays IIO,ZIBH}KHbIe ocu {§ 67). .



§ 15. Bypynot u 6opot 4]

§ 15. Bypynnl u Gopul

Mexay AAHHHBIMH 6e38uxpegoimy TPAaBHTAUHOHHbIMH BOJHAMH
B JKHMIKOCTH MOCTOSIHHOR Majioii rayOuHbI M BOJIHAMM CXKaTHg B
agunabaTHuecKOM rase npH { = 2 cylleCcTByeT 3aMeuare/bHast aHa-
norus. JINHHHBIE TPaBHTALMOHHBIE BOJHBI GECKOHEUHO MaJsoil amn-

JIMTY/Ibi PACIPOCTPAHSIOTCS C MOCTOSIHHOM CKOPOCTbIO € = V gh 6es
H3MeHeHHs cBoell (OopMbl, COBCEM KaK MpH JIHHeapH30BaHHOM NpH-
GaHXKeHHH cBepXx3ByKoBoro teueHst B § 10. [laHHHbIe rPaBHTALHOH-
Hble BOJIHEl KOKEY4HO aMIJIUTYIbl pacnpocTPaHAIOTCS CO CKOPOCTLIO
Vgh, KOTOpasi Bo3pacTaeTr C yBeJHUeHHEM MeCTHOil BbICOTbI BOJIHbI.
CaenoBaTenbHo, rpeGeHb BCSKOH [UIMHHOH BOJIHbI Ha MEJKOBOAbe
HaroHsieT BMNaAHHy TaK, Kak 3To onucaHo B § 13. Hakaon ¢ppouTta
BOJIHBE! TIOCTENIEHHO CTAHOBHTCA BCe Kpyue, MOKa OH He CTaHeT Bep-
THKaJbHBIM, H BOJIHA, HAKOHell, «06pyLIHBaeTCs» Nnoji COOCTBEHHOH
TAXKECTDIO.

Panefi!) wucnosab3oBan 3Ty aHajordio, 4tobnl KauyecTBEHHO
OGBACHHTL NpeBpalleHHe B «6OPbI» NMPHJAHBHBIX BOJIH NMPH HX pac-
npocTpaHeHHH B YCTbsix pek. IlogoGHble «Gophbi» nosyualoTcsi ualle
BCEro B IMOCTENEHHO CYXKAIOUIUXCHA YCTbAX CO CTYNEHUATHIM JAHOM:
OTHOCHTEJNbHAsi BbICOTA INPHUJHBHLIX BOJIH YyBeJHYHBAETCS BCJEA-
CTBHe NOJy4Yamwlledcss KOHUEeHTpaluud BCeH 3HEPrHH BOJIHBI B MeHb-
1meM MOoNmepeyHOM CeueHHH H Ha MeHbllel [JKHHe BOJHbl [paBHOIM

npousBeleHHo (12 uacos) Vgh].

Hosoro maremaTHueckoro ycnexa yaajioch fo6uTbCsi 6aaroaaps
3aMeyanuo PsGymuuckoro (cM. npuM. 1) Ha 3Toil cTp.), KOTOpHIi
ykasaJa, uto ¢opmyaa ¢ =V g(h + y), rae y — JokaabHas BbicoTa
BOJIHH, COOTBeTCTBYeT BHOOPY 7 = 2 B cooTHowenuu (3a). Bckope
nocne storo Jlxkedpodpu (cm. mpum. 1) Ha 3TOH CcTP.) npUMeHHA
HAEI0, aHAJOTHYHYI0 Hiee P3Jjes npH HccaenoBaHMH paspylueHHs
BOJIH Ha OTJIOrHX oTMeasiXx. Ilo Mepe TOro Kak BOJHBI nepexoasT
Ha MEJKOBOAbe, HX CKOPOCTb yMeHbliaercs. M3-3a 3Toro sHeprus
BOJIHBI COCPelOTOYHBAETCS Ha OoJiee KODOTKOM Y4acTKe, 4TO ellle
Goablile yBeNHYHBaeT BBHICOTY BOJIHEI H ee KpyTu3dHy. Ecau otmens
AOCTATOYHO noJora, rpeGeHb BOJNHBEI CHOBA MOMagaeT BO BhajiHHY,
06pasys «6ypyH» npu6os.

Ctokep 2) M ApyrHe aBTOPHI MBITAMHCh O6BACHHTS KOJHUECTBEHHO
o6pasoBaHHe «6GypyHOB» M «60poB» NpPH NMOMOLLH BHILLENPHBeIeH-

') Proc. Roy. Soc., A90 (1914), 324-—398: [7], ctp. 175—177, 182:
g gsay bouchi I!il s lfbﬁ) D, Com;étes Rendus, 195 (1932‘)), 988—989: [6], c:: 3?&%‘?
AbTaTH xe H CM. i i ’
plg 2)15(31—159. p ornish V., Ocean Waves, Cambridge, 1934,
Tokep JMx. Boauu Ha Boage, M., UJI., 19 7 -
Be/lenHas Tam npnrepatypa. A6 M 1998, 7,110, § 7, § 10 mpe
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HbIX coo6paKeHuH. JTO 3HAUMT, YTO OHH NbITANHCH PAacCMATPHBATh
3TH sIBJIeHHsl B paMKax PaluHOHANbHOH THAPOAMHAMHKH Jlarpanxka.
OaHako mpeacTaBAsieTCs COMHHTENbHBIM, YTO ABHXXeHHe XXHIAKOCTH
B JeACTBHTEeAbHOM NpuHGoe W B NMPHIHBHLIX BOJHAaX siBAsiercs Ges-
BHXPEBHIM HACTOJNBKO, YTO6bl TaKas Mofelb O6blla peajHCTHYHOH.
B HacrosueM npuGoe ¥ B HAacTOSIIIHX MPHJAHBHLIX BOJHAaX Bceraa
HMeeTCsl 3HauMTeNbHasi 3aBHXPEHHOCTb HM3-3a OTKAaTbiBaHHA mnpen-
IIECTBYIOLIHX BOJH («MOAMBIB»), H3-3a Te4eHHs BCeH Macchl
MHAKOCTH H T. . H, BOBMOXHO, H3-3a «PaccjloeHHsi» (cTpaTH(HKA-
IHH), BHI3LIBAEMOro HaJHyHeM B3BelleHHOro necka. BcaeactaHe
3TOT0 peajibHble GYPYHH MOTYT «HBIPATbY, «[€PEKaThIBATbCS» HJH
«pacniieCKHBaTbCsi», a peajibHbieé 60pbl MOTYT NMPOABHraTbCs 3 BHIE
H30JIHPOBAHHON CTeHbl BOABl HJAM B BHIe cTymeHek !). Kaxercs Mma-
JIOBEPOSAITHLIM, 4TOGLl Ge3BHXpeBble IPaBHTAaLHOHHbIe BOJHH AaBaJjH
TaKoe pasHoo6pasHe siBJEHHI.

Kpome Ttoro, cneayer BCMOMHHTb, YTO B aOGCTPAaKTHYIO TEOPHIO
BXOAAT 06a mapaMeTpa: OTHoLieHHe h/A TAyOGHHBI K AJIHHE BOJHbI
H oTHouwleHHe A/R ray6HHBI K MHHHMAaJbHOMY paiHyCy KpPHBH3HbI
nosepxnoctH R. Kak nokasan B 1925 r. Ctpoiik 2), npu no6bix Quk-
cuposannbix h ¥ A BOJIHB JAOCTAaTOYHO MaJIo# KOHEYHOH aMMJAHTYAb
MOTYT pacnpocTpaHsaTbcsi 6e3 H3MeHeHHsi cBoeii (OpPMbl; 3TO BHAH-
Moe MpoTHBOpeuHe ¢ BuBoAaMH Panes u Pa6GymiHHCKOro MOXHO Ha-
3BaTh NapajoOKCOM IJHHHOH BOJHH. OOBsCHEHHe 3aK/lO4aercsi B
TOM, 4TO0 mnoctpoenuss Crpofika OTHoOCATCH K cayuyaio, Korga A/R
CpaBHHMO ¢ A/A, B TO BpeMsi Kak BbIBOAb P3jiesi NPHMEHHMB TOJABKO

K caydaio AA <K IR 1.

§ 16. Mapanokc Peppu

lFopasno Gonee HenaBHMA NapajoKC, KOTOPLIM Mbl O6Si3aHbl
®eppu ?), OTHOCHTCS K CBEPX3BYKOBOMY OGTEKaHHIO C «NPHCOEAH-
HEHHOM» yJNapHOH BOJIHOA HaKJOHEHHOTO KPYroBOro KOHyca, OCh
KOTOporo o6pa3yeT yroa «pbiCKaHbsi» 3 C HanpaBJeHHEM TeyYeHHS,
Kak 6yzner nokasaHo B § 88, u3 runotesot (C), § 1, cneayer, uto
TaKoe TeueHHe JOJIKHO 06/anath Konuueckotl cummerpued. Tlosro-

1) Cm. Mason M, Gravity waves, 315—-320, Nat. Bu. Standards Circular
521, 1952, uau ra. 11l u3 paGotu Cornish’a, UHTHPOBaHHOA R npHMeuaHHH 1) Ha

ctp. 41.
?) Struik D. 1, Rendic. Lincei, 1(1925), 522—527. OGcyxaeHne napa-
aoxca aannuof Bosuel cM. B [7]; Ursell F., Proc. Camb. PHil. Soc., 49 (l9g)3),
??g?falBen'amin T. B, Lighthill M. J, Proc. Roy. Soc., A224

3) Ferri A, NACA, Rep., 1045 (1961); cm. Takxe Holt M., Q/IMAM,
7 (1954), 438—445.
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My Mu 6yaeM paccmaTpuBaTh u = U(g, 8) B chepHYeCKHX KOOpIH-
HarTax.

Ecan 0ToXaecTBHTb COOTBETCTBYIOWHE JIMHHH TOKA NpPH UEH-
TPaJIbHOM NPOEKTHPOBAHHH H3 BEPIUHHbI KOHYCA, TO OHH COCTABAT
oJlHOnapaMeTpHuecKoe CEeMeHCTBO, KOTOpoe cxeMaTHYecKH H3o6pa-
XeHO Ha pHC. 5. 3a HCKAIOUEeHHEM JHHHHA TOKa, JeXalnx B NJI0CKo-
CTH CHMMETpHH, AAs KoTopuXx § = 0, w, Bce JHHHH TOKa CTpeMsTCH

Puc. 5. llapagoxc Peppn.

K npejenbHOMy HanpasJeHHIO (a—38, «), T. e. BCe OHH CTpe-
MSATCS BJIHTbCS B NPAMYIO JHHHIO TOKa, HAYLILYIO N0 KOHYCY H COCTa-
BJAAIOULYI0O HaHMEHbIUHA yroa a — 8 ¢ HanpasJjeHueM Teuenus. Ho,
B CHAY ypaBHeHHHA P3HkHHa — TOroHHO, NHHHAM TOKa, nepecekalo-:
IHM «NPHCOEJAHHEHHYIO® YAAPHYIO BOJNHY NOJ Pa3jHYHbIMH YIAaMH,
COOTBETCTBYIOT pa3jiHuHbie 3HauyeHHs 3HTponuH. [lostomy u(g,6)
HMeeT 0cobyo To4Kky B (@ — 8, m), YTO CHOBA HapylLIaeT THUMOTe3y
(E) u3 § 1. 9ra oco6eHHoCTb AenaeT HeNpaBOMEPHBIM Da3JloXKeHHe
u(e, 6) no creneHsaM yrna poickaub § H B psil Pypbe OTHOCHTENb-
Ho 8. CnenosatenbHo, Buuncaenns Konana aas ouenku 3ddekTos
PHICKaHbsl, KOTOPHle OCHOBAaHW Ha TeOPHH BO3MYWEHHH, HCNOJb-
3ylouled TaKHe Pa3noXeHHA '), He ABJSIOTCA CTPOTHMH. A cJjeloBa-
TeJIbHO, CTPOro He o6ocHoBaH M napagokc Konana (§ ti).

') Stone A H., J. Math. Phys. MIT, 27 (1948); 67—8!. [Bue Tomnxoro
Buxpesoro cnos BOAH3H KOHYca paanoxenwe CTtoyna npasuavko. B [11*] owo
AWAAWTHYECKH NPOLOJIKEHO BHYTPb BHXPEBOTO CJ0A, TA€ OHO NEPeXOAHT B pai-
Jhoxexune Buanera [12¢). — [Tpum. ped.)
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§ 17. Napanokc Tpo#HOK YAAPHOHE BOJHB

B § 14 ynomuHamock 0 ToM, 4ro ypaBHeHHs Pankuna — [ore-
HHO BHIBOASITCS H3 3aKOHOB COXpPaHeHHs, DTH YPaBHEHHS [OKa3hi-
BAIOT, 4TO B CJyyae COBEPIIEHHOro ra3a OTHOLIEHHs JaBJeHHH, moT-
Hocrelt u temneparyp p/p’, p/p’, T/T' mo pasHble CTOPOHH OT CTa-
HHOHAPHOH VAApHOH BOJIHBEI 3aBHCAT TOJbKO OT OXHOrO mapaMerpa
(MHTEHCHBHOCTH CKauka uJaH umcaa Maxa —cwm. {15}, ran. IV, § 4).-
Kpome HEKOTOPHIX HCKJIIOUEHuil, OTMeueHHBIX B KoHue § 14, atn
BBIBO/IBI NMOJNTBEPKAAIOTCH IKCNEPUMEHTANBHO, IpPHYEM Ha MPaKTHKE
MOKHO Ha6J/110/]aTh yapHbIe BOJHBLL PA3JHIHON CHJIBL.

- He Tak ofcTont neno ¢ «<KpaTHHIMH» YAapHHMH BOJHAMH. By
qae [BOHHOH, <«Dery/asipHo» -OTpazkeHHofi. ypapHo#i BOJHH (CM.
puc. 6,a4) u TpoilHOH ymapHON BOJHH, WIH Y-BomHbt Maxa (cm.

OmpacenHast Nodarouasd Ompascenyus Nadarowos

Tevernue
CHOMBICEHUS

Nadarowas Ompagicennas Aadaruas

a 6

Ompoiscennas

Puc. 6. Orpaxenue yxapHHX BOJXH.
- perynaproe OTpaxenne; §— Y-00pasnoe oTpaxenune wo Maxy.

puc. 6, 6}, COOTBETCTBYIOIHE MATEMATHIECKHE DACYeThl BO3MOMKHEL,
€CJIH HPEANONOXKHT, UTO B KAXKAOM H3 MOAYYAIOIIHXCH TPH 3TOM
cexktopos (1, 2, 3, 4) ¢u3uuecKue NepeMeHHble NPHHHMAIOT onpe-
HeleHHble Npefe]bHble 3HaueHHs BOMH3M ocOGOH TOUKH B <«BepulH-
He» yaapHoH BosHb. MHOrue #3 TaKMX DAacyeToB TaKKe NOATEEp-
KIA0TCH FKCIEPHMEHTANBHO, TAK YTO 9Ta TEOPHA ABJAAETCH BeCchbMa
npasaonofo6HOH.

Onnako B cayuae «cnalbix» YAapHEIX BOJH PeryJsipHble oTpa-
MEHHs] NMPOUCXOHAT NPH yriax NafeHHs HeCKOJbKO GOJBIIMX, yeM
9TO [ONYCKAETCA TeOPHeH, a noay4yeHHble npu pacqere npedenbusie
BHAueHUn JA8 TPOLRbIX YOAPHbIX BOAH SHAMUTEALHO OTAUMGIOTCA OT
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nabaodaemolx. DTO NPOTHBOPEUHE, KOTOPOE MOXKHO Ha3BaTh napa-
JOKCOM TPOiHOK yaapHOi# BOJHB, Obl10, MO-BUAHMOMY, OTKPBITO
k. pon Heitmanom (1945 r.). .

He paa mbitanuch paspeliuTb 3TOT NaPajoKC, KOTOPbIH, BO3ZMOX-
HO, SIBJISIETCH «NapajoKcoM 0oco60H TOUKH», T. €. MOJYyyaercs H3-3a
ypeaMepHO YMPOLIEHHOH KapTHHBI JIOKAJbHOTO MOBEACHHS BOJIH3H
oco6oi Touku. Ho g0 cuX mop He JaHO HH OJAHOrO YAOBJETBOPHTEJb-
HOTO MCTOJIKOBaHUSA !).

§ 18. 3HayeHue ypaBHeHui IJHsepa

ITpeapiaylile napajoKChl I0OKA3bBAWOT, 4TO 06/MaCTh IPHMEHH-
MOCTH ypaBHeHHH DHjepa HMeeT HEKOTODble OrpaHHueHHs; OLHAKO
STH yDaBHEHHs BCe ellle SBJSIOTCS OCHOBHLIM OpyAMeM IpaKrTHue-
CKOll ruapoMexaHukH. Tak, OHH AAIOT BO3MOXKHOCTbL IPUOGIHKEHHO
BLIUHCJAUTL: 1) pacnpefesneHue AaBJjeHHH Ha JOOGOBOH NMOBEPXHOCTH
NpensTCTBHH; 2) NMOAbBEMHYIO CHJY Kpbljla camoJiera; 3) CHJBI NPH
ABHXKeHHH ¢ «KaButaudeil» (rai. III) um Hanuuun ctpyit; 4) rua-
pOJMHAMHUECKOe TNpPOTHBOJEHCTBHE YCKOPEHHIO TBEpAOro Teja B
XKHJIKOCTH («NpHcOeHHeHHas Maccay,cM.ra. VI); 5) pacnpoctpase-
HHe TPaBUTAUMOHHBIX BOJH, BKJOuas CeHIUH, NPUAHBH M OTJHBLI;
6) pacmpocTpaHeHHe 3BYKa (aKycTHKa); 7) pacnpeiaesieHde gasJe-
HHSl B CKOPOCTH TeuyeHHsi B CBEPX3BYKOBBIX COMJax U 8) CBepx3By-
KOBOe JIOGOBOE COTMPOTHBIEHHUE.

IIpn nomo6HBIX pacuerax 1e0GXOAHMO HMETh B BHAY ONHCAHHbIE
Bblllle MapajioKCchl, a Takxke Gosblroe pasHooGpasHe TeueHHH, yiao-
BJIETBOPAIOLUIHX TEOPHUH HEBSI3KOTO OOTEKAHHA MPH HAJHUHH 3aBHX-
peHHocTH. B Teopernuecko#t ruapoJHHaAMUKe 3TO pa3HOOGpasue HHO-
ria xak Obl OCTaeTcss B TE€HH H3-3a TOrO, YTO CJHIUKOM MHOTO BHH-
MaHHsl YOENAI0T TeopeMaM CYILeCTBOBAHHA H €IHHCTBEHHOCTH
KCTaTH CKaszaTh, NP H0Ka3aTeJbCTBE TAKMX TEOPEM 4aCTO HCXOMAT
U3 HepeaJibHBIX JOMyLIeHHH. DTO noguepKuBaeTcss B GOJNBUIHHCTBE
KHHI' O «COBPEMEHHOH THAPOJAMHAMHKe» (HanmpuMep, B paboTax
[3] u [24]), rme ¢ camoro Hauaza YKa3bIBAIOT, YTO BO3MOKHA HeOJ-
HO3HAUHOCTb pELIeHHH, a TaKKe OTMEeyaloT TaKHe YIHBUTeJbHble
SKCIIEPUMEHTAJIbHBIE sIBJICHUS, KaK MOTPAHHYHEIE CJIOM H TYPOYJIEHT-
HOCTb.

Onnako HajnuMe TakHX OGCTOSTENBCTB BOBCE He AOJIKHO CHHU-
XKATb 3HAYEHUE YHCTO MaTeMaTHUYeCKOH TeOpHM HEBA3KHUX MKHIKO-

) Cum. Bleakney W. and Taub A. H., Revs Mod. Ph s., 21 (1949
587—605; [6], ctp. 342; [15], ctp. 144; Polachek H. and Seeyger R.,( Phy)s'.
Rev., 84 (1951), 922929, a rtakxe [16] ro. 5 Tex xe aBTOPOB W MpHBEAEHHAS
;aM Jutepatypa. Bosiee Hobie paGotl Jahn R. G, J. Fluid Mech., 2 (1957);

3—48 u Sternberg J., Physics of Fluids, 2 (1953), 179-206. '
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ctefi. Teopus B COCTOSIHHM YKa3aTb CYLIeCTBeliHbie BO3MOXIIOCTA,
KOTOpble «3[paBbIM CMbICJOM® ObIIH Obl OTBEPrHYTHI Kak aGCypaHbIe.

Hanpumep, Teopus ykasbiBaeT, 4TO MOTyT GHITb Kpsiisa ¢ npe-
Hebpewumo marvim 20608bim conporusrenuem. XOoTs 3TOT Hiaean
NOKa ellle He AOCTHIHYT, OH SIBUJCA CTHMYJIOM [AJII MHOTHX BaXKHbIX
pa6ot (cM. § 29).

Hakonen, u3 napasokca o6paTHMOCTH CJeAyeT BO3MOXHOCTb
TOro, 4TO 06JIaCTh «MEPTBOrO» BO3AYyXa, HJH «Cjed», Moxer o6pa-
30BaTbca snepedu uuanHapa. Haanune rakoit o6aactu caenano 6ol
BO3MOXHBIM OGTeKaHHe KOHEUHOr0 UWJHHApPA TAaKHM e INOTOKOM,
Kak H H3BecTHoe o6TeKkanHe Teiinopa — Makkona (§ 85) ans KOHH-
yecKoro cHapsaja. Takoe TeueHHe XapaKTepH3yeTCs TeM, yTo Ha 60-
KOBOH NOBEPXHOCTH KOHYCa BCIOAY NMOCTOSIHHOE AaBJjeHHe. COryacHo
TeopHH «caefoBy» (ra. III), TBepablii KOHyc MOXHO 6bl0 6bl, HE
Hapyulas paBHOBECHfl, 3aMeHHTb HAeaJIbHBIM HEeBA3KHM BO34YyXOM
NPH NOCTOAHHOM H36bITOYHOM JaBJeHHH. MaTeMaTHUeCKH 3TO O3Ha-
yaeT, YyTO B HAeaJbHOH MXHIKOCTH BO3MOXHO OOTeKaHHe MNJOCKOro
IHCKAa CBEPX3BYKOBLIM NMOTOKOM, MPH KOTOPOM HEBHAHMBLIH KOHHue-
CKMA BO3AYWHbIH 6Gapbep 3alllHllaeT AHCK OT /JaBJeHHs BO3AyXa,
HaMHOro yMeHbl1asi 1o60BOe CONPOTHBJIEHHE.

3apaBbiii CMBIC/ H HHTYHUHS HeMelJIEHHO OTBEpPraloT BO3MOX-
HOCTb MOJAOGHOrO TeueHHSI KaK A0 HeJeNocTH HeycTOoHuMBoro. JIorH-
yecKasl OCHOBA 3/1eCh TaKafl XKe, KaK H B TOM cJyuae, Koraa oTBep-
raloT BO3MOXHOCTb CyLIeCTBOBAaHHA «cJefla» B 06/acTH BBepX MNO
TeueHHio. KaxeTcs B BeiclIell cTeneHH NpaBAONOAOGHLIM, YTO HaJH-
YHe MPensATCTBHA AaeT ce6s 3HATh JHIb B 06JACTH, PacnoJloXKeHHONH
BHH3 MO TeueHHI0 !).

M Bce xe B naHHOM cayuae, No-BHAHMOMY, CKOpee owIHGaeTcs
3ApaBbiii CMBICJ, 4eM MaTeMaTH4ecKHi BbiBoA! CHHMKH, cleflaHHble
B AGepAHHCKOR HayuyHO-HCC/IeA0BATEbCKOR 6aNHCTHYECKOH J1a60-
paTopuH (cM. PPOHTHCNHC), MOKA3HBAIOT, YTO OYEHb TOHKas HrJja,
noMeuleHHas mnepei AHCKOM, JeHCTBHTeJbHO cnocoGHa co3faThb He-
4TO BpojJe NoAOGHOro «aGCypAHOro» TeyeHHs.

BBHay 3TOro M ApyrHx npHMepoB Mbl CYHTaeM, 4yTo y MaTeMa-
THKOB HeT OCHOBAHH#W AyMaTb, GYATO B THAPOAHHAMHKe CHHXKaeTcA
3HayeHHe JeAYKUHH (NPH COMOCTaBJEHHH ee ¢ «(H3HYECKHMH BbIBO-
AaMH»), eCAU YYHTHBAIOTCA Te THAPOJAHHAMHUECKHe NapafoKCH,
KOTOpH€ BHISIBUIIHCH B 3KCIIEPHMEHTE,

') Te e caMmble HHTYHTHBHHE JAOTafKH GLIIH HCNOMb30BaHW B § 10, uTo6u
BHAENUTL GoJjee NPEANOYTHTENbHOE «MIPOCTOE O6TEKAHHE» TOHKOTO KphLAa.
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§ 19. YpasHenns Hasbe — CtoKca

HecmoTpst na 3HaunTeabHylo 006,1acThb NMPHMEHEHHS ypaBHeHHH
ditnepa — Jlarpauxka, ux, BooGule rosopsi, 6ojblie He CYHTAIOT
npueMJIeMOH OCHOBOH AJsi TeOpeTHYECKOH ruapoAHHaMHKH. Bmecto
3THX ypaBHeHHH HcnoJb3yloTcs ypaBHeHuss Hasbe — CrOKCa, BHIBOL
KOTOPBIX Mbl CeHYac KPaTKO H3JO0XKHM.

Bnepsole 3TH ypaBHeHUst ObliM BbiBedeHbl Habbe (1822 r.) u
[Tyacconom (1829 r.), npUMeHHBWHMY YNPOLUEHHYIO MOJIEKYJsPHYIO
Mojesb AJ5 ra3oB, YTO MPHBEJO K BBEIEHHIO MOJOXHTEJNbHOH 813-
kocti p > 0, KoTopas, Kak npeianosaraJjoch, ONHCHIBAET MOJEKYasp-
HYI0 AHDGY3HIO KOMHYECTBA JBHXEHHS.

OnHako B HacTosillee BpeMmsi OOlLUENpPH3HAHO, YTO MNPOCThle 34-
KOHBI AJIT MEXMOJIEKYJNSPHBIX CHJ, MPHHATble OGOMMH YuYeHbIMH,
6e3HaleXXHO He COOTBETCTBYIOT [EHCTBHTEJbHOCTH, OCOGEHHO B
clyyae peanbHblx kKuAKocTed, [lostoMy npuHuunuaabho OGosee
NpeAnoYTHTEbHBIM B HacTOslllee BPEMSI CUMTAeTcsl KOHTHHYaJbHbIil
noaxoa Cen-Benana (1843 r.) u Crtokca (1845 r.), kortopslii no-
3BOJIsieT H30eXaTb YKAa3aHHLIX MNpeAnosoxeHHil !'). Mbl Haunem ¢
H3JIOXKEHHs1 3TOr0 KOHTHHYa/bHOTO (HJH «MaKpPOCKOMHUECKOro»)
nojaxoxa.

Takoit noxxox ocHoBaH Ha GyHAaMEHTAJbHOI FHIOTE3e, 3aKJI0-
YaIOWEHCA B TOM, UTO K HAMPSKEHHSIM NaBJAEHHsl, KOTOpble paccMa-
TpuBaa Jiisiep, HyXKHO N06aBHTb 6A3KUE HATIPSIKEHUS, AUHELHO 3a-
BUCAIIHe OT cKopocrel degpopmayud. Huxe npUBOAHTCS KpaTKoe
pe3loMe npHMeHseMBbIX NMPH TOM apryMeHTOB.

.3anaua sakmouaetcs B TOM, 4TOGbl HAaATH CBA3b Mexay MatpH-
ueit (BA3kux) Hanpsxenuit P = [|p;;|l u matprueii CKOpOCTeH ne-
bopmaunn || du;/ox; ||. Koww nokasan, uro aas J106oii cpeisl,
€C/IH - CUHTATb HeJOMYCTHMBbIMH GECKOHEuHO 6oJblliHe VIJIOBHIE

1
B “3’) nol-"“ylo 6ubanorpaduo cm. B {7], ctp. 723; uccaenosanus CTokca oM.
» T 1, c1p. 78 u naawwe; ctp. 182 W aaibwe. Xopoluiee cOBPCMEHHOE 11310

Kenwe cm. Serrin J, J 59— - *
(13%]. — Mpum. nepe:,) . Math. Mech., 8 (1959), 459—470. (Cm. takxe [1¥],
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yckopenust (runote3a (E) u3 § 1), marpuila HanpsieHHsi 10JKHa
6bITe CUMMETPHUHOH: pi; = pj;. C APYroit CTOPOHBI, MaTpHua CKO-
J J " A
pocTH neOopMalHH eCcTh CyMMa KOCOCHMMETPHYHOH cocTasJsioutei
| 0wty f0x) — OuyfOxy |
2 ’

COOTBETCTBYIOUIEH BpallleHHI0 a6COMIOTHO TBEPAOro Tesaa, H CHM-
MeTPHYHOH cocTaBastoulei

S— 10w f0x; + Ouifdx, ||

5 .

Tak kak npu BpallleHMH TBepjoro Tena ¢uauueckas aedopma-
uMA OTCYTCTBYET, TO CHMMETDPHYHasi MaTpHua S Belpa)aer HCTHH-
HYI0 €KOpPOCTb JedhopMauHH.

Ilpy HanHYMH H3OTPOMHOCTH raaBHble OCH MarpHu P u S poa-
XKHbBI cOoBMagaTh (Mbl HanmOMHHaeM H3BEeCTHYIO TeopeMy aJare6pb,
COTJIACHO KOTOPOH BCAIKYI0 CHMMETPHUHYIO MAaTPHLY MOXHO CBECTH
K DHaroHalbHOMY BHAYy MNyTeM BpallleHHs, NpHBels ee K COOTBET-
CTBYIOIIMM «TJIaBHbIM» ocAM Koopausar). Jlasee, u3 Hawux npes-
TIOJIOXKEHHH O JIMHEHHOCTH H H30TPOMHOCTH HETPYAHO TMOJYYHTb, 4TO
OTHOCHTEJIbHO TJIABHBIX OCeH CnpaBelJHBO COOTHOLIEHHE

R 210
Py=p—rdivu— f;x:tz (1

NpH HajJeKauMX MoCTOAHHbX A ¥ u. Kpome Toro, ¢ yuetom chm-
MEeTPHH OTHOCHTENIbHO rJIaBHOH [MaroHasd, MOXHO 3amucaTb pa-
BEHCTBO

du, 011] . .
pg]=—07]‘+“m =0, ecan i/,

Bosspamasch k o6uieii cHcTeMe KOOPAHHAT, Mbl MOJNYYHM CJle-
AylolllHe OCHOBHbIE YPaBHEHHS:

. Ou, ou
Py==p8;—hdivu—p (E—i‘ Tx{)' (1*
KOTOpHle 6yJeM NPHMEHATh HUXKE.

Ecnu He BBOAHTH MPENNONOMKEHHS O HECXKHMAEMOCTH, TO OueHb
TPYAHO MOJYYHTb A CHCTeMbl ypaBHenH#i Haebe — CTokca kop-
PEKTHO NOCTaBJIEHHYIO KPaeByi0 3ajady, YCJAOBHA KOTOPOH GblJIH Gbl
¢u3nueckH coctosTeNbHbIMH. [Ipexnae Bcero uacto GbIBaeT HeH3-
BeCTHa BeJHUHHA A (cM. § 33). CTokc nmpo6oBan npeaAnoNOkKHTb, 4TO
«BTOpas BSA3KOCTb» u’ o6pallaercs B HyJb:
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D10 MOXKeT OLITb BbIBeIEHO U3 KHHETHUECKOH Teopuu AMs OAHO-
ATOMHBIX Fa30B!). M0OXHO M OIIHGOYHLIM CIIOCOGOM BBIBECTH yCJIO-
Bre (2), onpedeaus nasienne p B BHAe (Pu + Paa + Pa3)/3. Jlo-
ByLIKA COCTOMT B TOM, 4YTO He H3BECTHO, ONpeJeNser Ju 3T0 «1a-
BJIEHHE» IJIOTHOCTb COIVIAaCHO TEPMOJWHAMHUYECKOMY yPaBHEHHIO CO-
crosnus p=p(p, T), B KotopoM p H p GepyTcs H3 CTATHUECKHX
uaMepenuit. Ecim 3To Tak, TO YycJaoBHe (2) HMeeT MeCTo {7,
ctp. 718); B npoTUBHOM cJyuae, MH He 3HaeM, KaK CBfA3aTb TEPMO-
IHHAMUUECKOe faBleHne ¢ TeHsopoM Hanpsokenusa || pi; ll.

§ 20. PeajipHble ra3bl U XMUIKOCTH

I[ToMHMO CKa3aHHOTO, B PEaJbHBIX KHUAKOCTAX BEJIHUHHBI A U
H3MEHAIOTCS BMecTe ¢ TeMmneparypofi T M [aBleHHeM p; Hanpu-
Mep, H3MeHeHHsl TeMIepaTypsl HMelOT O6oJibllloe 3HAuYEHHE IS
cMaskd. B ayuineM cJayyae MOXKHO HajgeaTbcsd, 4to A(p, T) u
w(p, T) —onnosnaunble ¢ynxuuu. Jas TOro uTo6el 3Ty 3aBHCH-
MOCTh yuecThb MaTeMaTHueckH, ypaBHeHusi HaBbe — Crokca Heo6xo-
JHMO JIOIOJIHHTh 10 MeHblIell Mepe ypaBHEHUEM TelJONPOBOLHOCTH.
310 AesnaeT KPaeByX 3a4auy COBCeM He MNOJAalollelics pelleHHo;
HO JaxKe U JOMNOJIHEHHasi cHucTeMa (U3HYECKH He TOYHA, TaK KaK Mbl
npene6persnn usayuenudeM. (Takoe mpeneGpeskeHHe BechbMa NpaBHO-
nofo6HO B cuay runotessl (B) usz § 1.)

OnHako nBUKeHHe peasbHBIX KHIKOCTEH CBS3aHO H C APYTUMH
¢dusnueckuMu 3¢ deKTamMu, KOTOphle He yuMTHIBaJKch HH HaBbe, uu
Crokcom. Tak, B peaibHBIX razax NpPH THMNEP3BYKOBBIX CKOPOCTSIX
TEUEHHUS1 BAXKHYIO POJIb HIPalOT 3(P(eKT perakcaluuu, MOJEKyasipHas
AHccolMauvsa W HOHM3auus ?2). Dyayuwit coeuuasucr no rugpome-
XaHHWKe, KOTOPOMY NPHAETCS HMEThb JeJO C 3aJauaMM, CBS3aHHBIMH
CO CnyTHMKaMM M HX BO3BpalleHueM, JOMXKeH [JONOJHHUTEJLHO K
YpaBHeHussM Hasbe — CTOKCa XOpOLIO 0O3HAKOMHTBCH C XHMHuYe-
CKOH KHHeTHKOH.

[Togo6ubiM 06pa3oM GHYOM MepPBBIX CBEPX3BYKOBBIX a3poAUHAMHU-
YeCKUX TPy6 ObIM yHapHble BOJIHBI, BO3HUKABIIMe M3-332 KOHIEH-
Cauud BOASIHBIX MapoOB B BO3JyXe — ellle OJHA «CKPbiTas HepeMeH-
Han», KOTOPYI MIHODHUPYIOT MpH TIOCTAHOBKe 3ajau no Hapbe U
Croxey; cm. {16, ra. 5 .

OKCNEePHMEHTANBHO 6blJIO OGHAPYKEHO, YTO 3aTyxaHHe 3ByKa
B XKHIKOCTSIX H rasax — siBJieHHe, KOTOpOe ONpeeNeHHO mnpeacKa-

—

Y Maxwell J. C, Phil. Trans., 157 (1867), 49—88; Uenmen C, Kay-
Aunr T, MaremaTuueckass TeODHs HEOZHOPOAHHX rasos, WUJI, M., 1961, Jliorem
TOKa3an, yro w3 BTOPOro Hauaja TEPMOAHHAMHKHM chemyeT p’ > 0.

% Cu. Lighthill M. I, s «Surveys in Mechanics», Cambridge Univ.
Press, 1956, 250—351; Xe#a Y. Il u lTpo6cruu P, @, Teopus runep-
3BYKOBLIX Teuennit, M., MJI, 1962. :
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3biBaeTcs Jo6oi TOUHOH Teopueil CHHKUMAaeMbIX BI3KHX XKHAKOCTEH,—
B 3HAUYHTEJbHOH Mepe 3aBHCHT OT MOJeKyJasipHbIXx 3¢ dexkToB (pe-
Jakcanuu), cM. § 33.

BBuay ynoMsiHyThix Bbillle TPYAHOCTEH, NMO-BHANMOMY, Pa3yMHO
OrPaHHUHTLCS PACCMOTPEHHEM HeCcHUMAembly BS3KUX XKHUAKOCTEH,
HO H B 3TOM CJiyyae M3BeCTHbl Pa3jJHuyHble aHOMaluH. Tak, MHOrue
XKHAKOCTH, COCTOSILME H3 AJHHHLIX MOJIEKYJISIPHbIX LeNoueK HJH
cojepKalllHe IJIHHHCTHie B3BECH, HA3bIBAIOTCH «HEHBIOTOHOBBIMH» —
TakoB ynotpe6iasieMbiii B HacTosllee BpeMss paboudil TePMHH AJA
KHIKOCTEH, KOTOpble He YLOBJeTBOPAIOT ypaBHeHusim HaBbe — Cro-
kca. CBepXTeKyuecTb XXHAKOTO rejis — elle OLHO sIBJeHHe, KOTO-
poe He coraacyetcs ¢ Teopueii CTokca ).

§ 21. Hecxxumaemble BA3KHE XHIAKOCTH

Beuay tpyaHocteit, onucaHHbix B § 20, 0CHOBHOe BHHMaHHe Ma-
TEMAaTHKOB G6blIO cocpeaoToueHo Ha ypaBHenusx Hasbe — Crokca
JJ151 HECXKMMaeMblX BSI3KHX XXHAKOCTe#l B MpeAnoJIOXEHHH, YTO BeJIH-
YHHBl 4 H p MOXKHO CUHTATb NPHMEPHO NOCTOSIHHBIMH. BOJBIIHHCTBO
CHelHaJUCTOB CUHTAeT, UTO TeopeTu4ecKkas 2u0poduHamura, OCHO-
BbiBalollasicsi Ha ypaBHenusix HaBbe — CrTokca, 1aeT 10BOJBHO TOU-
Hoe npHOJHXKeHHe OHHAMHKH peaabHblx MXHUAKOCTEH, ecJH YHCJIO
Maxa M HacTonbKO MaJio, uTO MOXKHO npeHe6peub 3¢ deKTaMu CxKH-
maeMocTH. OHu yBepeHnl B TOM, uto (nepedpasupys Jlarpanxka)
«ecnd 6bl ypaBHeHHsi HaBbe — Ctokca ObliM HHTErpHpyeMmbl, TO npu
MasbiX yHcaax Maxa MOXHO 6Gbl1o Gbl MOJIHOCTbIO ONpPelesHTb BCe
ABHXKeHHA xuakoctH» (cp. § 1). Hdas toro uto6bl HcesegoBaTh, Ha-
CKOJIbKO 060CHOBAHAa TaKasi yBepeHHOCTb, Mbl ipeo6pa3yeM cHauaJa
3TH YpaBHeHHs K 6oJsiee y106HOMY BHAY.

O61beanHus ypaBHeHds (1*) c ycnoBuem HecxnMmaemoctd (dop-
myaa (1’) u3 ra. I), Mbl mosnyuu™ ypaBHeHHe

dui Ouj
P1/=P8i1“‘!" (737’ -+ TM)

Ecav npH o6bYHOM BHIBOJE YpPAaBHeHHH JBHXEHHS YyueCThb
yieHbl, Cojlepxalllie BeJHUHHY |1, TO NOJYYHM BMECTO YpPaBHEHHSR
Oiinepa (2) B ra. I cnenyiolee ypaBHeHHe:

D 1
_D%_*_.E_gradng—{—vV?u, v:%. 3)

BMecre ¢ ypasHeHHeM
divu=0 4)

'}y Cm. London F., Superfluids, Wiley, 1934, c1p. 6—13; Donnel-
ly R J, Phys. Rev., 109 (1958), 1461—1463 u npuBeleHHYIO Tam auTepatypy.
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ypaBHenue (3) onpejessieT (HbIOTOHOBY) HECHUMAEMYIO BASKYIO
HUAKOCTG.

Jlerko yuectb, Kak AeHCTByeT CHJA TSXKECTH Ha TBepaoe TeJo,
NOrpyXeHHoe B NOAOGHYIO XHAKOCTb, HCMOJNb3YyS CJelyIOLUHi NPHH-
uun't).

Teopewma . [ 843k0i #udkocTu ¢ ROCTOAHHOU NAOTHOCTSIO Py
2pasuTAyUONHbBLL  IPPeKT IKBUBAAEHTEH HANOMEHUIO 2u0pocTa-
TU4eCcK020 dadaenusn poG.

HokasatenbctBo. Ilonaras B ypasHenun (3) g; =
= — dG/0dx;, rie G — rpaBHTAUHOHHBIN MOTEHUHAN, Mbl MOJYYHM
B pe3y/ibTaTe ypaBHEHHe

D+ “pl; grad p=>V2u,,  rae p=p+ p,C. ©

[Tpenoctepexenue. 3aMeruM, uTO npeo6pa3oBaHue Teo-
peMbl 1 He coxpaHsfer O6bLIYHOrO KPaeBOro YCJA0BHS Ha «CBOGOAHON
NOBEPXHOCTH» p = const AAst rpaHullbl ra3—xHuakoctb. ChenoBa-
TeJbHO, OHO GE€CNOJIe3HO NMPH M3YYeHHH BOJNH HA MOBEPXHOCTH M Ka-
BHTaunu (ra. 111).

Hast Toro uTo6bl MoyuuTs M3 ypasHeHuit (3) u (4) KOPDEKTHO
NOCTaBJIeHHYI0 KpaeByio 3ajady, BMeCTo ypaBHeHus (7) ra. | BBe-
AeM KpaeBOe YC/IOBHe MPHJIHMNAHHA?) B caeaylolleM BHJE:

u(x) =0 na mo60# (GuKCHPOBAHHON Tpannile. (6)

(Ha npBrxyuwnxcs rpannmax u(x) = v(X) — CKOpPOCTH [BHXeHUS

TPaHHLbl, B TO BPEMs KaK B HEBA3KOM cJayuae Tpebyercsi, 4To6bl

6bina HenmpepoIBHOH TONLKO HOPMasbHAs COCTABASAIOLIAs CKOPOCTH.)
HanoMHHM Takke OCHOBHOH NMPHHLHN MOA0GHS.

Teopema 2. Tlycrs u=7F(x, £) ydosaersopser ypaswenusm

(3), (4) u (6) npu p=const. Ecau seauqunet V, L, v, V', L', ¥
nocroaunnsie u taxkue, uto VL/v = V'L'}V, 0

, v L LVt
w=gx 0= ()i (Z L7 ()
TaKixce ydosaergopaer ypasnenusm (3), (4) u (6), 20e nposedena
Samena p na p’ u p na p’, nputem
IV 2

C (p— Q). ®

p—pG=

'Y Karman Th, J. Aer. Sci., 8 (1941), 337—356. B neBsi3KOM cayyae 3TOT
Pesyabrar noayuen JanamGepom, Théorie de la résistance des fluides, ctatbn 48,
A 921, H ABanuuun (1807).
O 3Hauenun 3T0r0 yCJIOBHA MB!I CKAMEM B § 3¢
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IpyrumMu cinosamu, moboe H3MeHeHHe Maciutaba (B NPOCTPaH-
CTBE M BPEMEHH), COXpaHsiolee HEH3MeHHBIM 4ucio Pefinoasdca
VLfy = pVL/p = Re, mnepeBoguT HeCHHMaeMble TeueHHs, YyOBJe-
TBOpsIonMe ypaBHenusm Hasbhe — CTOKca, B pellleHHs TeX e ca-
MBIX YDaBHEHHH.

100
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201X
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g 10

!
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04 o6
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‘01 1251 w ot ow o nf

Re=ud/v
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Puc. 7a CD (Re) ana nuanEzpa.
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Puc. 76. C, (Re) naa cheprr.

CnencrBue. Ecin nBa CTALUHOHADHBIX TeueHHs YAOBJIETBO-
pAlOT KpaeBoH 3amaue (3), (4), (6) npx OHOM H TOM XXe 4HCIE
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PeiiHo/bACA I €CJIH 3Ta Kpaesas 3ajauya MATeMaTHYECKH KOPPEKT-
HO MocTaBAeHa, To ob6TekaeMble 3THMH TEUEHHAMH Teda JAOJIXKHDI
uMeTb OAHH H TOT 3Ke Kosdpduinent J060BOro CONPOTHUBJEHHS
Cpo(Re).

KJsaccHyecKkoe 3KCIIepHMEHTalbHOe MNOATBEpXK/JAeHHe [aHHOro
caeacTBHa (1o He o065i3aTe/bHO TeX THIOTE3, KOTOpble NMPH 3TOM
6BIJIH MCIIOJIb30BaHLI!) NMOKa3aHo Ha puc. 7a W 76, rie npHBeaeHb
K03 hHLNEHTL J060BOI0 CONPOTHBJEHHS COOTBETCTBEHHO /s LH-
auHapa ¥ coepsl. Easa an MoxHO 6blL10 NPEANOJNOKHTL CYIIeCTBO-
BaHIIe 3THX 3aMeuaTeNbHbIX KPHBLIX, eC/aH 6bl CBOHCTBa BSA3KOCTH He
6bL14 YKa3aHbl B TOYHOH MateMathnyeckol dopMmynHpoBke!

[pencrasaenus, Jexaliie B 0CHOBe TeopeMbl 2, 6yayT nojapo6HO
npoaHanausuposanel B § 71.

§ 22, Mapanokc HeaHANUTHYHOCTH

JlarpaH» MOCTPOHJ NepBO€ [0Ka3aTeJbCTBO TOrO, YyTO B HEBs3-
KOH 2KHJKOCTH 3aBHXPEHHOCTb YaCTHULBl KUAKOCTH SsIBJASETCs Mep-
MaHenTHoHl. K coxxaJseHulo, JoKa3zatenbcTBo Jlarpanxka, kak moka-
3aa Croke ([13], 1. 1, crp. 106—112), omn6ouno. OHO OAHHAKOBO
NMPUMEHHMO H K 06J1acTsIM B BSI3KOI XKHIKOCTH, I/le 3Ta 3aBHXPEH-
HOCTb HenepmanenTra! OmubKa 3ax/i0uanach B TOM, 4YTO CKOPOCTb
H 3aBHXPEHHOCTb MNpPeAnoJarasiicb QHAAUTUHEeCKUMU PYHKIHIMH
BpeMeHH.

Ecau 310 npunsite (cornacho runotese (E) u3z § 1), To MOXKHO
paccyxnarb caeaywouwnm o6pasoMm. OcHOBHOe ypaBuenHe (3) 3KBH-
BAJEHTHO (€C/M NPHMEHHTb onepaunio rot Kk o6eHM ero 4acTsiM)
ypaBHEHHIO

P —WEAE-Vu ©)

OTHOCHTEJIbHO 3aBHXpPeHHOCTH & = V X u. C nomowblo HE3aBHCH-
MbIX nepeMenHblx Jlarpanxka a u ¢, rie a oTHOCHTCS K ABHXKYILEHCS
YacTdue, tak uro 9/0t (a ¢ukcuponano) ectb D/Df, M MOKeM
npeoGpa3oBaTh YacTHble NPOM3BOLHbIE IO HOPMYJAAM

0 0
prae P NICRE S

[Ipumenss 31y onepawuio ypasHenHto (9), nonyuaeM COOTHO-
lueHue
D5

Dt _*"E & (a, t)Akj (a, t)%:vV2Ei+(5 V) u,. (10

Tlocnenosarensho anddepenupys cootnomenune (10) mo Bpe-

MEHHM { NpH MOCTOSHHOM a, [OJAYUMM IOCJAEI0BATENbHOCTD SBHDIX
2 Vit n

Bbipaxenuit nna D";/Dt". Jlerko mnokasartb, uto KaXJbli ujed B
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KaXXOM TaKOM BbIPa)KEHHH COAEPXHT B KauecTBe MHOXKHTeas JH60
E;, mibo V2E;, 160 OfHY H3 MPOH3BOAHBIX

Dt/Dt, ..., D" %/Dt" " u 1. A

Tlostomy, npeanonaras Bce pyHkunu aupdepeniupyembiMu Gec-
KOHeyHoe 4MCJ0 pa3, HHAYKUHell 10 A noJyvyaem, 4To BCe
DnE;/Din =01).

Hanuuue BA3kocTH MposiBisieTcs B uJeHax ¢ NMPOCTPaHCTBEH-
HbBIMH NPOM3BOAHBIMH OT 3aBUXPEHHOCTH. [l/in HEBA3KOH KHAKOCTH
HauaJbHasi 3aBuXxpeHHocTh &(a, 0) =0 B aw6o# Touke x(a, 0)
obGecneunBaer 1o, uto Bce D"E/Di"(a, 0) = 0 B Tex XKe TOUKax, BTO
BpeMsi Kak B BSI3KOH JKHAKOCTH A/s o6GpauleHust B HYJb NMPOCTPaH-
CTBEHHbIX MPOM3BOAHBIX OT 3aBUXPEHHOCTH TpebyeTcs OTCYTCTBHE
3aBUXPEHHOCTH B HEKOTOPOH OKPECTHOCTH TOUKH X(a, 0).

M B ToM 1 B apyrom cayuae, ecan pyHkuus E(a, {) awasuruze-
ckaa no f, To OHa TOXJAeCTBeHHO ofpallaeTcs B HYJb, TaK KaK BCe
ujJeHbl ee pasyioxeHus B psaa Telsopa (no f) TOXKAeCTBEHHO pPaBHbI
HyJ0. 3To NPHBOAHT K CJeaylolleMy napafokcy 2).

[Tapanokc HeaHaJAUTHUYHOCTH. [asa 1020 urobor 06-
A4CTb HUOKOCTU, HAX00AWAACA BHAHAAe 8 COCTOAHUU nokos (uau
8 Geasuxpesom 0BUINCEHUW), CTAAA 3ABUXPEHHOU, OHA O0AXHA Yice
HMeTb 3ABUXPEHHOCTb, KOTOPAS ABAAETCA HEAHAAUTUHECKOU (DyHk-
yueld sapemenu.

§ 23. CywecTBoBaHHE H €AHHCTBEHHOCTh

Ilpexne ueM BbISICHUTL NpHroaHocTb ypaBHeHHH HaBbe — Crok-
ca 1Jis ONMHCAaHHS MEeXaHHKH peaJsibHbIX (lleC)KHMaeMbiX) XHAKOCTei,
HaM cJeloBajo Gbl y6eauTbCcst B TOM, YTO C HX MOMOIIBIO MOXHO
dopMyaupoBaTh (GH3HUECKM eCTeCTBEHHble KpaeBble 3aJayH, KOTO-
pble MaTeMaTHUeCKH OKa3blBalOTCA KOPPEKTHO MOCTABJEHHBIMH (CM.
Teopemy 2, cneactsue). To ecTb Mbl JOJXKHBI HMETb TEOPEMBbI cyllle-
CTBOBAHWSI M €IWHCTBEHHOCTH, KOTOpDbieé A0 CHX NOP [JOKa3biBaJHCh
TOJIKO NPH BeCbMa OTPaHHUEHHbIX JOMYUIEHHSX.

Uro kacaercs 3agauyd KoiM (3agayH ¢ HAYyaJbHBLIMH YCJOBHS-
MH), TO QA5 Hee CYIeCTBOBaHHe H €AMHCTBEHHOCTb OblJH J10Ka3aHbl
AJs c/lyuaeB MJOCKHX H OCECHMMETPHUHLIX TeueHHH B NpeanoJioxe-
HHH KOHe4lIOCTH NOJHOH 3Hepruu. [IpM [okasaTenbcTBe HCMOJb-

") Ecau nepsonayanwho § = 0. — [Tpum. nepes.
?) Duhem P, Traité d’Energétique, 1. 2, ctp. 121; Truesdell C, Ki-
nematics of vorticity, Indiana Univ. Press, 1954, § 104. :
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—

ayeTcsl ypaBHeHHe (9), KoTopoe M5l MAOCKOTO TeUeHHs liMeeT ympo-
LIeHHbIH BHA:
D¢
Dt

o ,__ Ov ou
= V%, \-—a‘—-jy—- (11)

OjHaKo B MPOCTPAHCTBEHHOM CJydyde [a’ke AJisl KOHeUHOH mnoJ-
Holt 3Hepruu ObLIO J0Ka3aHO TOJMbKO CYLIECTBOBAHHE — K TO JIHIIDL
/151 OCpaHUUEHHbIX HHTEPBasjoB BpeMeHH !'). XoTs npeanoJioKeHHe
0 KOHEYHOCTH MNOJIHOH 3HepruH, BeposiTHO, MoOXeT ObITb ocJjabJe-
HO, — MOXaJyH, AOCTATOYHbIM MOXET OKa3aTbCsl OrpaHHYeHHOCTb
ckopocTi, — E. Xond'?) nokasan, uto 3agaua KowH A/ ypaBHEHHH
Hasbe — CTokca He siBJsieTCsl KOPPEKTHO MOCTaBJEHHON, ecau J0-
NYCTHTh, UTO C yBeJHUEeHHEM PacCTOSIHHSA OT Hayaja KOOPAHHAT CKO-
pOCTb BO3PACTaeT JIHHEHHO, a AaBJIeHHe — KBAJPaTHYHO.

B craunoHapHOM csayuae TeopeMbl CYLUECTBOBAHHS AOKa3aHbl
ans o6TeKkaHWst NpensiTCTBHH MPOHM3BOJbHOH ¢OPMbl Kak B MJIOCKO-
CTH, TaK H B MPOCTPAHCTBe, HO He [0Ka3aHbl TeOpeMbl €JHHCTBEH-
Hoctd. Ecau paccMartpHBaeMble CTAaLlHOHADHBIE TeUEHHS SBJSIOTCS
eJIMHCTBEHHBIMH, TO Npu Goablinx udcaax PeiHonbaca onu ¢Hu3U-
YeCKH Heycrolidussl; 3TO §IBHO CJEAYeT M3 napajfokca TypOyJeHT-
HocTH (§ 25) 3).

§ 24. Teuenne Iyaseiins

YpasHenuss HaBbe — CToKCa, Kak H ypaBHeHHs Jiiniepa Bo Bpe-
MeHa Jlarpas»ka, yaanocb NOKa NPOMHTErPUPOBATH JIHIIbL B HECKOJIb-
KHX cayuasx. IloatoMy cornacoBaHHe ¢ 3KCMepHMEHTOM B 3THX He-
MHOT'HX CJy4yasix HMEeT NMPHHUHMHAJIbHOE 3HAUEHHE,

OnHHM M3 TAKHX CyuaeB fIBJASETCS TeUeHHe XKHAKOCTH B JAJHH-
HOW npsimoit TpyGe, mnonepeyHoe ceyeHHe KOTOPOH €CTb Kpyr
nocrosiHHoro pajauyca c¢. Ilycte x o6o3Hauaer paccrosiuue, H3Me-
psieMoe BROJb TPYObl, a r— paccTosiHHe OT oOcH TPY6ul. B 3THX
UUJIHHIPHUECKHX KOODAMHATAX Uy, U, M Uy NMyCcTh 0603HAYAIOT CO-
OTBETCTBEHHO OCEBYIO, paJiHaJbHYI0 H TPaHCBepPCaJbHYIO COCTaBASIO-
uiHe CKOpPOCTH.

Teopema 3. EQuHCTBEHHO BO3MONHBIMU DelleHUAMU CUCTEMbL
(3), (4), (6), obaadarouumu npednorazaemoti cummerpuzi (cra-

') Leray J, J. de Math,, 12 (1933), 1—82; Tam »xe 13 (1934), 331—418;
Acta Math., 63 (1934), 193—248; Hop f E., Math. Nachr., 4 (1951), 213—931,
Cwm. rakse Jonunse . E., IIMM, 12 (1948), 165—180 u 19 (1955), 764.

’) Hopf E, J. Rat. Mech. Anal., 1 (1952), 107.

¥) 3uaunTeNbHEle Pe3yNBTATH OTHOCHTEBLHO CYIIECTBOBAHHS H YCTOHUHBOCTH
Pelllenuii cTauMOHAapHBIX M HECTAUMOHAPHBIX KpaeBBIX 3a1ay s YPaBHeHHH
Hasre — Crokca nonyuenn B paze paGor O. A. JlagniaeHckoil u ee COTPYAHH-
KoB. Cm. Jlaawwenckasn O. A, MaremaTuyeckne BONPOCH AHHAMUKH BA3KOH
HeC:xumaemolt xunkoctd, Puamatrus, M., 1961. — [pum. nepes,
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YUOHAapPHble TedeHusn 8A3KOU HUIKOCTU 8 Kpy2.aol Tpybe), ABAAOTCA
Teqennun [lya3edan, onpedensemore popmyranu

Uy=a(@—r),  w,=u=0. (12)

HJokaszarteabcTBo. IlpeanosioxkeHHe O CTAaLHOHAPHOCTH Te-
yeHHq o3HauyaeT, uTO QYHKUHS u = u(x, r, ) He 3aBHCHT OT Bpe-
MenH {. KpoMe TOro, ycioBusi 3ajlaydH HHBAPDHAHTHbI OTHOCHTENBLHO
oTpaxkeHHss B JIOO0OH NJOCKOCTH, MpoxoAsiulel uyepes och TPyObi;
TeyeHHe HMeeT 3Ty CHMMETPHIO TOra H TOJbKO TOrAa, KOria
Uy=0, uy=[(x, r), ur = g(x, r). CornacHo HaUIHM YCJOBHAM, I0JI-
JKHa ObITb TakXe HHBADHAHTHOCTb OTHOCHTENbHO INPOH3BOJBHOLO
nepeHoca BAOJbL OCH TPyOGbl. A TaK KaK v mpeanosiaraeTrcs e 3aBH-
CILUHM OT [aBJIE€HHS, TO 3TO e OTHOCHTCS H K ypaBHeHHsM (3) H
(4). CuMMeTpUS OTHOCHTEJNILHO NMEepeHOCa 3KBUBAJIEHTHA COOTHOLIE-
HUAM ux = [(r), u, = g(r). 3 3THX COOTHOWEHHH M H3 YCJOBHSA
(6) caenyet, uto divu =drg(r)]/dr =0, otkyna g(r) = C/r =0,
Tak Kak Ha ocu g(r) = 0.

Tenepn, nonaras g = 0, cornacHo TeopeMe 1, Mbl HCHOJb3yeM
ypaBuenue (3). ITockoabky u; = u3 = 0, uMeeMm p = p(x). Paccma-
TpHBas cayyah [ =1 (c ogHOH KOOpAMHATOH X), MOJAyyaeM COOTHO-
1UeHHe

P (X)=pVlu,=p[f"(r)+r ().
Tak Kak sneBasi yacTb He 3aBHCHT OT f, TO MPaBas yacTb TAKXKe
He JoJKHa 3aBuceTb oT r. Takum obpasoM, (rf') =rf’" + [ = kr
JJ151 HEKOTOPOro NOCTOSIHHOTO &, U rf’ =5 kr? + K. 910 NaeT KoHeu-
HOe 3HaueHHe U, = f(r) npu r =0, Toabko ecan K = 0; caepnona-
TeabHo, [’ = krf2 u f(r) = 7 kr? +b. Qs toro uto6ul ynosJaerso-

psaJoch yc/noBHe npuJAHnaHus (6) Ha rpaHuLe, AOMKHO GbITh
Uy = a(c?— r?), uTo 3aBeplUAET JOKA3ATEIbCTBO TEOPEMBI,

[ToactaBasiss mosyueHHble BbIpa)KeHHs B ypaBHeHHe (3), Mul no-
JyuyaeM KJaCCHYeCKH# pe3yJbTaT, 4To TPAAHEeHT AaBJeHHs paBeH
dp 8uQ

wct

rie Q = wac*/2 ectb 06bEM KHAKOCTH, NMPOTEKAIOWHHA 32 €IHHHIY
BPEMeHH yepe3 nonepeuyHoe ceueHHe TPyGbl.

§ 25. MMapanokc Typ6YyNEeHTHOCTH

OKcnepHMeHTabHbie JaHHble B 9TOM CJyuae B BbICIUEH CTeleHH
samevarenbHul. Xora dopmyna (13) (3akon Ilyaseiins — Xarena)
MOATBEPXKAAETCA NPU ABHIKEHHH XHAKOCTH B KaNHANAPHBEIX TPYG-
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o

Kax, OHa MNOJIIOCTbIO TepsieT CHAY A OOGLIYHBIX THAPABJHYECKHX
1py6. Tounee, Mbl MoXeM chopMyJHPOBATh C/eAylOWHH o6Luil na-
pajoKc.

Mapanokec Typ6yneHTHOCTH. [Jaa Tewenud 8 npambix
Tpybax eunoresa cummerpuu (C) u3 § 1 svinosnsercs, ecau wucao
Pednosvdca Re < 1700, u obviuno He evinoansercs npu Re > 104
Kozda Re > 10, nabarodaemoe na onvite Tewenue He obaadaer Hu

nPOCTPAHCTBEHHOM, HU BPEMEHNOU cummeTpuel u A8aseTca TYpOy-
ACHTHOIM.

0,007 —
Nosepzxrocmuoe mpenue ns 6odor u 6030yTa
[+
G006 + o Bada ¢ mpyde
+ o + Bosdyx 6 mpybe
0005 |- + e
~ + o + + +e +
N $ + o~ 4
§ 0009 - e o4 * sy
= + * ® 4
0,003 * i
[ ] ° o
g002 |- v/ T
!
2500 10000 25000 100700
0’ 00] 1 ! [ I l . ! F L l
30 32 34 36 38 40 42 44 46 48 50
Log vD/v

Puc. 8. Tlono6ue Teuennii posnyxa u BoaW B Tpy6ax mo umcay Re.

OroBopka «0GLYHO» B NpeAbAVILEM YTBepXKJAEHHH OTHOCHTCA
K TOMY, 4TO MOXHO H36eXaTb MNOsSIBJEHHA TYypOYJEeHTHOCTH, AOGH-
Basgch no/HOi 06TeKaeMOCTH BXOJAINOrO OTBEPCTHS, MOJNHPYS CTEHKH
H oGecneynBas Ha BXofe TPYGul JJaMHHapHoe Teuenue. [Ipn upe3BI-
4afiHOR TLIATENLHOCTH MOXKHO GblIO TaKHM NyTeM H36eXaTb nOsB-
JIEHHsA TYPGYNEHTHOCTH MpH 3HaueHHsX Re Bmaots o 40000. Ho
€C/IH He NPHHMUMAaTh CNeLHaJbHBIX Mep, TO TeyeHHe B TPyOKax NpH
Re > 2000 6yner Typ6ynenTHbIM.

STO XOpOWO HAMOCTPHPYIOT KJacCHUECKHE 3KCIEePHMEHTaJbHbIE
Ranneie CtanTona u [13Hens '), KOTOpble BOCIPOH3BEAEHH Ha PHC. 8.

') Stanton, Pannell, Phil. Trans, A214 (1914), 119—I24; Gosee
MoapoGHOe ncciienopanne TYpOYJeHTHOTO TeueHHA B TPY6ax cM. B [3], ra. VIII,
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Ouu cBoeo6pa3Ho noaTBepxkaalT ypaBHenHs Hasbe — Ctokca, no-
Ka3blBas, YTo Kputuieckoe 4ucao Pedroavdca Rey,, npu KotopoM
HMeeT MeCTO nepexol K TYpOyJeHTHOCTH, OLHO H TO e AJs BO3-
AyXa H BOAbl H paBHO npHO6aH3uTeabHo 1700. TeopeTHuecku 3TOT
BbIBOJ MOXHO O6biJIo 6bl MOJYUHTh H3 TeopeMbl 2. BoabwuHCTBO
COBPEMEHHBIX CMEUHAJHCTOB CUHTAIOT, yTO TeueHHe [lyaseiins aB-
Asetcs npocto Heycroduuevim npu Re > Reyp, a Typ6ynentHoe Te-
ueHHe BCe-TAKH yjaoBJeTBopsieT ypaBHeHusiM Hasbe — Ctokca. Xors
M3 npuHuUMna noaoGua (7) Teopemsl 2 He cledyeT crnpaBealHBOCTb
ypasHenuit Hasbe — CTOKCa, HX NMPHFOAHOCTH B cayuae Typ6yJenT-
HOrO TEYEHHs MOATBEPKAaeTC ONbITHBIMH H3MEPEeHHSIMH CKOPOCTH
3aTyXxaHHsl OJHOPORHOH TypOyJeHTHOCTH !).

Kpome Ttoro, runotesa (C) u3a § 1 sce-raku BHIMONHRETCH CTd-
Tuctudecku. O603Hayas YepPTOUKAMH CpeHHe 3HAUEHHS, Mbi MOXKEM
BbIPa3HTb CHMMETPHIO MOCPEACTBOM CJIEAYIOWHX HOPMYJ:

u,=F(r), w,=u,=0, w=G(r), w=H(r)

H T. A. Takum o6pa3oM, pacCMOTpPeHHE 3KCMEePHMEHTAJbHbIX AaHHBIX
NOACKAa3biBaeT HaM KOHUENUUIO CTATUCTUHECK!I OnpedenelHbIX
pelleHHi] ypaBHeHHH B 4YaCTHbIX MPOH3BOAHBLIX KaK HOBYIO H
yBJI€KaTeNbHYyl0 06/MacTb A MaTeMaTHUECKHX HccaefoBaHuil. M3y-
yeHHe TaKHX  «CTOXACTHYECKHX JH¢depeHuUHaNbHBIX ypaBHe-
HHA» OTKpbiBaeT TelMepb HOBble TOPH3OHTH B MaTeMaTHUYECKOM
aHaJsH3e.

HecmoTpa na noGnecTHble ycHIMS MareMaTHKOB?), Ha6niopae-
Mast HeyCcToiuuBOCTb Teyehns [lyaseiins He nonyuyaercs B peaynbrate
HCCIe0BaHHi CPeCTBAMH MaTeMaTHuYeCKoro adaausa. [lpeanona-
rann®) paxe, 4tTo B HA€aNbHO IMANKHX KDPyrabix Tpy6ax TeueHHe
[Myazefinsa aBasercs ycrod4uBsim OTHOCHTENBHO GECKOHEYHO MaJblx
Bo3MyuwieHHd. OflHAKO B HacToslllee BpeMsl Ja)ke AJsl cayuas ABY-
MepHBIX BO3MYLUEHHH COBepLIeHHO J[OCTOBEPHO YCTAHOBJIEHA He-
YCTOHYHBOCTb MNJlockoro Teuenust [lyaseiinss Mexay aByMs napan-
JeNbHbIMH NacTHHKaMu nipH Re > 5300. INMostoMy noso6uoe npep-
MOJIOKEeHHe NPeACTaBJseTCs MaJOBEPOATHBIM.

'} Stewart R. W, Proc. Camb. Phil. Soc., 47 (1951), 146—157. (Otno-
CHTeNbHO H30TPOMHOK TYpOynentHocTH oM. [14*], [9*] n npueenennyio Tam aute-
patypy. — llpum. ped.)

?) Cm. Synge J. L., Hydrodynamical stability, Semicentennial publ. Am.
Math. Soc., 1938, 1. 2, cTp. 227—269; [36], ocoGenno § 3.2.

%) Ca. [H), 1. 2, c7p. 32—33; Comolet R, Comptes Rendus, 226 (1948),
2049 (vakxe La Houille Blanche, numéro special B (1949), 673). Teopetnue-
ckne apryMedtn cM. Pekeris C. L., Proc. Nat. Acad. Sci, USA, 34 (1948),
285—295.
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§ 26. lpyrue mapaaokcbhl CHMMETpPHH

BecbMa JIIOGOMBITHO, UTO CKJOHHOCTb K CUMMETPHH MPOsIBASETCS
JULDb B orpaHuueHnoit o6nactu Re < 1700. Jlro6onbiTHO, 4TO M Npex-
nojaraeMoe CTpeMJeHHe K HaHMeHbLIeMY AEHCTBHIO, MO-BUAKNMOMY,
HMEeT NMPHMEPHO Te XKe IPaHHIlbl, NTOCKOJNbKY pacxoj 3HePrHH B Te-
yennu [lyaseiiis MeHblue, ueM B TYPOYJEHTHOM TeueHHH ').

Hdas toro uto6nl X0Tb HEMHOTO pa3zobpaTbecs B 3THX dakrax, pac-
CMOTPHM IpYyrHe NpHMepbl H3 THAPOAHHAMHMKH, B KOTOpPHIX Heoboc-
HoBaHHoe nmpuMeHenue runotesbl (C) u3 § | TakKe NPUBOIAHT K He-
IpaBUJAbHBIM pe3yJbTaTaM.

OnvH M3 UHTEPECHBIX NpHMepoB INpeacTasaser coboil Teuenue
B Tpy6ax ¢ HeKpyroBLIM nornepeunbiM ceyeHHeM. Ilpu Manbix Re B
3TOM cJyuae OnsiTb-TaKW HabJIOA4€TCsl napaJjesbHoe TeueHHe, AJs
KOTOPOTO MOXKHO BbIYHCJAHTb Npoduab ckopocteidt ({7], § 332) u B
KOTOPOM NPHHIMN HaUMeHblIero AeHCTBHs ocTaercst B cHJe. [lpu
6oJblIMX Re TeueHHe CHOBA CTAHOBHTCA TypOyJEHTHBIM M JaxKe CTa-
THCTHYECKH He SIBJISIeTCsl NMapajjie/bHbIM: CYLLECTBYIOT 3HAUHTEJb-
Hble «BTOPDHYHBIE TeueHHsi» 2) B yrjax TpyO6hl.

Hpyroit cayuaii 6ei1 usyuen Jx. Telisopom B ero kaaccuuecko
pabote 3). PaccMOTpPHM BSI3KYIO KMAKOCTb, HAXOLSILUYIOCS MeEXAy
IABYMsI [JIHHHBIMH COOCHBIMH LIUJHHAPAaMH, KOTOpble BpaliaioTcs B
NPOTHUBONOJIOKHBIX HaNpaBJEHHSIX C NMOCTOSTHHBIMH YIJIOBBIMH CKO-
poCTAMH ® M &' cooTBeTcTBeHHO. ONHCaHHOe TeueHHe SBJSETCS
(npuOMHKEHHO) CHMMETPHUHBIM OTHOCHTEJNBHO MEPEHOCOB BIHOJL H
BPalieHUsa BOKPYT OCH LIMJIMHAPOB, 8 TAKXKe He 3aBUCHT OT BPEMEHH.
HMeeTcs B TOUYHOCTH OnHO pelueHue cucteMbl (3), (4), (6), obaa-
jawoulee TakoH CHUMMeTpHell; OHO HOCHT Ha3BaHHe «TeueHus Ky-
3TTaY.

IIpu Manbix o, 0’ Takoe TeueHHe KysTTa HaGaiogaeTcs skcnepu-
MeHTadbHO. [lpu Gosbliux uuciax PeiiHoabica BMecTo TeueHud
KysTTa nosiBnsiercsi HeCHMMeTPHUHOE, OJHAKO HeTYPOYJEHTHOe Te-
yenue. I'py6o roBopsi, cOXpaHsieTCsl CUMMETPHsI BO BPEMEHH, HO He
B NIPOCTPAHCTBE.

Ilanee, paccMOTpUM MaJieHbKHH Ny3blpeK BO3NYXa, MOAHHMAIO-
WKics B CTosYell BoZe mON JeficTBUEM COGCTBEHHONR mMiaByuecTH.
Baarosaps noBepxHOCTHOMY HATSXKEHMIO OH TNPHHHMAET dopmy,
6JH3KYI0 K CepuuecKoll, W, BO BCAKOM cJyuyae, Ha Hero He aeii-
CTBYET HHM OJHA CHMJIA, KOTOpas He Obi1a Gbl CUMMETPUUYHOH OTHOCH-
TeIbHO BEPTHKAJbHOH OCH, MNPOXOAsiMleH uepe3 WLEHTDP My3bIPbKa.
CrenoBatenbho, B cuay CUMMETDHH, MNy3blpeK JOJ/KeH Oblin Obl

') Tlo nosoay cnenua’bibiX TEOPEM OTHOCHIEALHO MUHHMYMa pacxoga 3Hep-
ran oM. [7], § 344.
:) [3],. n. 161, rae npuBoastcs pesynnTathl Hnkypaase.
Phil. Trans., A223 (1922), 289--293; cnm. TaKiKe [36), ra. 2.



60 Ta. 11, Mapadokcer 883K020 Tewenus

noJHHMaTbcsl BepTHKaldbHOo. OAHAKO, H 3TO NOpa3uTeNbHbIH (aKT,
npu Re > 50 Takoil ny3wipek npokaajibiBaer ceGe nyTh BBepX MO
BepTHKaJbHO# crnupanu! !)

AnasoruyHoe siBJleHHe HMeeT MeCTO B cJjele 3a KPYroBbiM LH-
JHHAPOM, KOTODPbIfi JBHXKeTCS B MOTOKe napaJiienbHo cBoeidl o6pa-
ayloueil. B nuanasone uncen PeiiHoabaca 50 < Re < 500 3ra 30Ha
COJEPXKHUT uepelyloliHecss BHXPH INPOTHBONOJIOXKHBIX 3HAKOB (BHX-
peBas gopoxka Benapa — KapMmana); 3to siBneHHe GygeT npoaHa-
Ju3upoBaHo B § 56.

Ha nepsbiif B3rasg MoxeT nokasarbCsi, YTO NOAOOHbIE NpPUMepHI
NpoTHBOpeyaT MeTadu3uueckoMy npuHuuny Jlefi6uuua pocraTouy-
HOTrO OCHOBaHH# ?), a UMeHHO Hallell runoreze (C). Bojee ray6okHii
NOJXOML COCTOHT B TOM, UTO, XOTA CUMMETPU4HbLE nPULUHbL 06YCAO-
BAUBAIOT CUMMETPUUHbLLE SIBACHUA, NOYTU CUMMETPUYHbLIE NPUYUHbL
He 0643aTenbHO NPUBOOAT K NOUTU CUMMETPUYHBIM ABAEHUAM: CHM-
MeTpHYHasl 3aJaya MOXeT He HMeTb HH ONHOIO YCTOH4UB020 CHM-
MeTpHyHoro peuleHusi. Takass BO3MOXHOCTb M sBJAsieTcsl OeHCTBH-
TEJIbHBIM HCTOYHHKOM «NapajoOKCOB CHMMETPHH» (Ha6Ji0JaeMbiX
Hapyumenuit runoressl (C) u3 § 1).

Ilanee oTMeTHM, YTO NPOAHAJNH3HPOBATH YCTOUYUBOCTL PEILEHUS
ropasgo TpyAHee, YeM IOJNYYHTb CaMO pelleHHe, I[103TOMY
NOYTH HaBepHsiKa pelleHdss OyAyT TNo0JyyaTbCs 3a40J4r0 [0
TOrO, KaK 6yJeT yCTaHOrJeHa HX HeyCcTOHuHBOCTb, B cuay 3toro Mo-
XKHO TpedBHIETh, YyTO 4 s OyldylleM NMOTOK NapafoKCOB CHMMETPHH
He NpeKpaTHTCS.

§ 27. TeopHs MOrpaHHYHOTO CJ0S

®dynaaMeHTaNbHBIH BONPOC MEXaHHKH XKHAKOCTEH COCTOHT B TOM,
uTOGbl HAATH B3aHMOCBA3b MeX]Y pelleHHsMH ypaBHeHHii Diiiepa
A5 IBHIKEHHS HeBSI3KOH XKHIAKOCTH M pelleHUAMH ypaBHeHHuii Ha-
Bbe — CTOKca AJ1s1 XKHAKOCTelf ¢ Hcue3alolle MaJoil BA3KocTbio. Ma-
TEeMAaTHYECKH peub HJeT 06 aCHMITOTHYECKOM NOBEAEHHH pelleHHi
cucreMnl (3), (4) npu p—0 (r. e. npu Re— + o). TTockoabky
O6blYHO JJs1 KopaGJaell M camoJjeToB uHcia PelHosbaca Jexar
B HHTepBaje 108 — 10° To ans Toro e HHTEpBaJla OrPOMHOE MpaK-
THYECKOe 3HaueHHe uMeeT 3ajaya pacyera Jo6GOBOrO CONpPOTH-
BJIEHHUS.

) Cm. Nisi H. and Porter A. W, Phil. Mag., 48 (1923), 754; [17],
ctp. 294; Saltman P. J, J. Fluid Mech., 1 (1956), 249—275.

?) COBPEMEHH)}O q)opmynupom(y 3TOrO npuHuuna nan Birkhoff G. D,
Rice Institute Pamphlet, 28 (1941), Ne 24--50; Collected Papers, 1. 3,
cTp. 778—804. Jlio6onbiTHO, YTO cpopma.nbuue CHCTEMBI MaTEMATHUECKOM JIOTHKH
UFHOPHPYIOT 3TOT TPHHUHN, NPUMEHHMOCTh KOTOpPOro K ¢H3HKe 6HNa 3ameuena
B 1894 r. Tlvepom Kiopu («QOeuvres Scientifiques», Paris, 1908, oco6enuo
erp. 119—215).
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Jlerko BHAEeTh, UTO OGbluHAs TEOPHA BO3MYIUEHHi K 3TOH 3alaue
He MPHMEHHMa, TaK Kak yjed, yYuTbiBalolKi BA3kocts V24, Bypa-
BHeHHH (3) uMeeT caMblii 6osbuloi NMOPSIAOK H, CJe10BaTeNbHO, BO3-
MYIlleHHe BSI3KOCTH v OTHOCHTEJbHO 3HauyeHds v = 0 ectb cuneyaap-
Hoe 803myujerue'). Tun ypaBHeHHA B YacTHBIX NPOH3BOAHBIX
06bIyHO OnpejensieTcs 4ieHaMH HaHBbicilero nopsiaxa. Takum o6pa-
30M, npeHe6GpexeHHe uJeHaMH BBICIUEr0 MOPSAKA BeleT K CTHPaHHIO
pasnHuHil Mex1y THnaMH ypaBHeHnH. Jlaxe 115 oGbIKHOBEHIIBIX AH (-
(epeHUHANLHBIX yPaBHEHHH Takoro BHAA, Kak ey” + y =0, ¢ Kpae-
BBIMH ycioBHsIMH y(0) == a, y(l) = b, Mbl noiyyaeMm B npejesne co-
BepILEHHO Pa3NHyHLIEe KAPTHHBI B 3aBHCHMOCTH OT TOI'O, TOJIOXKHTB JIH
e~ +0mmes>—0.

CoBpeMeHlible HCCI€OBAHHA YKA3aHHOrO Bbillie CHHIYJSPHOrO
BO3MYLUeHHS B GOJbIUHHCTBE HCXoAAT W3 uaed IIpanatas o Tom,
YTO 3aBHXPEHHOCTb HMEeT MeCTO JIHILIb B TOHKOM NOZPAHUYHOM CAa0e
KHUAKOCTH Yy Mo60# TBepAoil rpasHibl, B KOTOPOM NMPOHCXOIHT pes-
KHil nepenaj KacaTeJIbHbIX HamnpsixeHH#, U B ciele (vyacto 6Ju3-
KOr0 K BHXPEBOMY CJIOW) Mo3ajgu Tesa. BHe 3Toro nmorpaHHyHoro
CJIOAl M cJleJla TeueHHe sIBJSeTCS MOYTH Ge3BHXPEBbIM, H K HEMY NpPH-
MeHHMBI YpaBHeHHsl Dilnepa.

Jasa cobcrBeHHo morpanuunoro cjos Ilpanatnb?) noctpoua
MOJleJib, COIJIaCHO KOTOPOiHl HEKOTOphle uJleHbl B ypaBHEHHAX oT6pa-
ceiBatloTcs. [lns ABYyMepHOro moToKa OH NOJAyyHa (nmpeHeGperas cH-
JI0f TAXECTH) ypaBHeHHe

d 0 0 1, 0?
—(#--i—u%—i-v—d—;—f-yp(x):VT;%' p=p(x) (14)

naoc o6GblYHOe YC/IOBHE HeCXKHMaeMocTH (4) OJu/dx + dv/dy = 0.
YpaBHeHnne (14) — ypaBHeHHe napaboau4eckozo Tuna, U ero MoX-
HO HHTErpHpOBaTh 4YHCJeHHO, Moka u >0, ¢ yuetoM KpaeBHX
yeaoBuir u(x, 0) =v(x, 0) =0 Ha HeNnoABHXKHOH CTEeHKe H
U(x, 00) = Ux(X) BHe NMOrPAaHHYHOr'O CJIOS, IPHYEM NpeAnosaaraercs,
YTO U.(X) BbIpaXKEHO yepe3 AaBJeHHe NO ypaBHeHHIO BepHyanu:
pu? [2+ p(x) =const. Tlpeanonaraercs Takxke, 4yTo B NMEPBON XKe
TOYKe, B KoTopoit u(x, y) <0 npu noJloXKHTENbHOM Yy, NPOHCXOMUT
OTPbi6 MOTOKa 3).

BblM npeAnpHHATH pa3iuuyHble NMOMBITKH cAenatbh Gojee CTpoO-
rHM HECKOJIbKO HHTYHTHBHbIH BpiBoA IlpaHatnem ypaBuenus (14);
BEpPOATHO, Gojiee BCero 3acay)XHBaeT BHHMAHHS TO, 4TO CHAEJNaHO

2‘) 310 noauepkusaan Oseen ({9), ctp. 211) w ap.

) Proc. Third Int. Math. Congress Heidelberg (1904), crp. 484—491,
niepeneyarano B [37].

*) Bouee noapo6io cv. B (3], ra. IV wau s [43), crp. 94—99 u 222—224.
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Muaecom ). Onnako MHOrHe pe3yabTaTbl TEOPHH elle AAJEKO He
sicibl. KpoMe Hepa3bsCHEHHORH CHHLYJSIPHOCTH Y MepenHeil KPOMKHY,
K HUM OTHOCHTCHl TaKXe cJeyloIHH napamokc.

[Tapagokc norpauHuyunoro caos. Teoperuwecku npu
aoi800e ypasunenus (14) npednoaacaercsa, 410 oTHOWEHUE B[x TO.1-
WUHbL NO2PAHUHHO20 CA0A § K OAlHe X CTPeMUTCA K HYyato. IKkcne-
pumeHTaabHo sce nokadaro, 4ro ecau 3/x < 0,01, 1o noepanuunbLi
ca0l cTano8urca TypbyaeHTHoM u ypasueHue (14) ne ydosaerso-
paerca?).

Hanpumep, norpaHuuHbiii c¢J0fl ocTaercs JaMHHapHbBIM BAOJb
Kopnyca kopalJis H BAOJb KPblIbeB camMoJjera BO BpeMs MoJera
BCero Ha pAacCTOSIHHU HECKOJbKHX caHTHMeTpoB! IT1y TypOyJeHT-
HOCTb NOTPAHHUHOTO CJIOSI MOXHO CBs13aTb, KaK Mbl ceHuac YBH-
AHM, ¢ TypOYJIEHTHOCTbIO B TPpy6ax.

§ 28. Napanokcw Jiidens u Mwobya

[MpeacTaBieHne 0 TOM, 4TO COMPOTHBJAEHHe cuapaga D A0MKHO
6uiTh NJaBHO Bo3pacTaloueil pyHKUHeH CKOPOCTH CHAapsifa v, BechMa
crapo. Tak, BO MHOrMX yyeGHHKAx MOXHO HAHTH «A0Ka3aTelb-
cTBa» (C MOMOILBIO aHasaW3a pa3MepHocteil, cM. § 61) roro, uTo co-
npotuBieHHe D [0/KHO ObITh TPONOPUHOHANBHO U MPH MadbiX
CKOPOCTSIX H MPONOPUHOHAJbHO % npy GoJablux ckopocTtsx. [TosTo-
MYy B BBICIUEH CTeNeHH YAHBHTEJIbHBLIM MOKa3aJcs OTKpbiThil B 1912,
KoHcranuu u ditdenem 3) caeayiouii napaaoxc.

ITapanokc Diidens. [Tpu uwucrax PednoavOca, 6auskux
K Kpurtuseckomy sucay Re,p =~ 150000, conporusaenue cehepoi
¢pakTudecku ybuigaer ¢ 803pACTAHUEM CKOPOCTU.

HABa ropa cnycts IlpaHatas nmokasaj, uto 3TO0 najaeHdHe conpo-
THBJIEHHS] 33BHCHT OT BO3HHKHOBEHUS TYPOYAEHTHOCTU B «MOrpa-
HUUYHOM CJIoe» OKOJIO cdepbl U 3Ta TYypOYJEHTHOCTh MOXKeT OblTb
Bbi3BaHAa NYyTeM YBeJHUEeHHs! LIePOXOBATOCTH Cepnl uau xKe npH
NOMOILM JOMOJHHTENbHOH TypOyausaiuy nortoka. [leHcTBUTENBLHO,

)y ZAMM, 7 (1927), 425—A427. DBpHCTHYECKOE HCC.]EXOBAHHE CHHTYASPHOCTH
ANS Tedyenus B6an3H nepenHed KPOMKH nJocKofi nnactunku cM. Carrier G. F,,
Lin C. C, Quar. Appl. Math., 8 (1948), 63—68.

2) Cp. [43), ctp. 32—33. [ipyrue TPYyAHOCTH, BO3HHKAIOLIHE NpPH HAHBHOM
NpHMEHEeHHy TEeCPHH, yNnoMaHyTu Tam Ha ctp. 110—112. To nomoav nanabueimnx
3;;pyimeh.uﬁ cMm. Takke Stewartson K, J. Math. Phys, MIT, 36 (1957),
173—191.

% Eiffel G., Comptes Rendus, 155 (1921), 1597—1599. OG6bscuenne
ggamlz;gn cM. B [I1), . 2, n. 63, war Gott. Nachr, Math.-Phys. KL (1914),
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MOXKHO CB#3aTh uucao Reyu ~= 150000 napagoxca iidena c
Re,p == 1700 aast typ6yientiocti B 1py6ax nocpeiacTBoM comocta-
BJIEHHA TOJILUMHDLI JAaMIHAPHOIVO IOTPAHHYHOrO CJ10sl 3 AHaMeTpy Tpy-
6bl d. Ecan Re = uox/v ectb uncao PeliHonbAca OCHOBHOro Teye-
HHA HA PACCTOSIHMH X OT MepejlHed KPOMKH, TO H3 ypaBHeuus (14)
caenyer d(x)~4 ]/vx/uw, H Toraa uHcao PefiHoabaca anas morpa-
HHYHOTO CJ10s1 onpejessieTcs BbipaxeHneM Re;=un 3v =4 Vu_x.
Orciona ¢/x==4/VRe, a umcao PeilHoabaca w3 napajaokca Jii-
dena Reup. == 150000 npubanKeHHO COOTBETCTBYET uMcay Re;~
~4 VRe,‘p, =~ 1600, uTo BnosiHe coraacyetrcs ¢ Re,p. Ana Typ6y-
JEHTHOCTH B TPy6ax. 2TO OTKPBITHE OOGBACHAET TaKKe CJeAyIOLHH
6oJiee CTapblii mapajokc.

[Tapanokc Hio6ya. Conporussenue narku, Koropyro yoep-
HUBAIOT HENnoOBUNCHO 8 NOTOKe, UMelouwem CKOPOCTb U, O0OBbIYHO
MeHbule, wem conpoTusaeniie Tol e nasKku, KOTopyro TARYT ¢ Tol
Jce CKOPOCToI0 v 8 cToauel 800e.

DTOT napaiokc O0cOGeHHO HHTEpeceH MOTOMY, YTO Ha NepBblit
B3MMIfA Kaxercs, OyATO OH NPOTHBOPEYHT OCHOBHOMY NPHHLHMY
MexaHHKH HbloTOHa — HIHBaPHAHTHOCTH BCceX 3aKOHOB NpPH nepexoae
K DaBHOMEPHO H MOCTYNaTeNbHO ABHXKYIUHMCH OCAM KOOPAMHAT.
BeposaTtHo, notomy uto Jleonapmo na BuHuu!) npusHaBaa 3TOT
NPHHLHKN, OH YTBEPKAak DABHOCHABHOCTb ABYX YKAa3aHHHIX BBHIllE
CJ1yyaeB — X0TA 3TO Cpa3y onpoBepraercs HabJoeHueM.

B Hacrosluee BpeMsi o6bscHeHHe mapamokca [io6ya cuutaercs
u3BecTHbIM. [loToKM XHAKOCTH Bceria Gosee uau MeHee TypOy-
JIEHTHBI; 3TO NPHBOAHT K MOHHXKEHHIO COMPOTHBJIEHHS MO TOH e
(He OOBACHEHHOW MaTeMaTHYeCKH) NPHUHHE, MO KOTOPOfi MNOHH-
J)KaeTcsl CONPOTUBJEHHE NPH 06TeKaHHH cdepsl, KaK GbIO MOKa3aHo
[Ipanaraem. Bripaxkasice coBpeMeHHBIM 53bIKOM, cBOGOAHAs TypOy-
JIEHTHOCTb NMOTOKA BLI3LIBAET NMepexoA K TYpPOYJEHTHOMY ABHKEHHIO
B NMOrPalHYHOM CJ0e. 3TO B CBOIO OuepeAb 3aJAEPKHBAET OTPHIB NO-
TOKa, CyXasi TAKHM 06pa3oM «CJIeA» W YMEHbUIasl CBA3aHHOE ¢ 3THM
n1060BoOE CONPOTHRJEHHE.

§ 29. PeryaupoBanne norpasn4soro cjaos

[lepBonauanbHo (cM. npum. 1) Ha crp. 61) Ilpanaras cunran
CBOIO TEOPHIO MOTPAHHYLOTO CJOS MOCTOM, CBSI3LIBAIOILHM KJACCH-
YECKYI0 TEOPETHUECKYI0 THAPOAHHAMHKY (I AHHAMMKY peabHBIX

') MacCurdy E., The Notebooks of Leonardo da Vinci, New York,
1941.6gp. 503. Jleonapio TaKke 3aMETHA NOAoOGHE BO3AVXa W BOAK (tam ke,
cTp. ).
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xuakocrei. CornacHo TeopHH, nNpH HEOrpaHHYEHHOM BO3pacTaHili
yucna PefiHonbaca Re norpaHHuYHBIA COM 10JXKEH CTPEMHTBCS CTaTh
GeckoneyHo TOHKHM, OTcloga cjaeayeT, 4TO nNpH AOCTATOYHOR
M306peTaTeNILHOCTH MBl B COCTOSIHHH Pe2yAauposars 3TOT norpaHud-
HBI IO NPOM3BONIBHO Ma/lbiM YCHIHEM TakK, YTOGH annpoKCHMHPO-
BaTb TeyeHHs JKYKOBCKOro ¢ Hyaessim conporussenuem u 60a6woll
nodsemnod cunrod. Jlna NOCTHKEHMS 3TOH ueanm OLIIO NPOBEIEHO
OrPOMHOE YHMCJIO TIMATeNbHBIX HCCNENOBAHHH H 3KCNEPHMEHTOB; He-
KOTODbIE U3 HHX MBI cefiyac BKpPaTiie paccCMOTPHM ).

HauGonee n3secTHoiM ABAseTCS TO COOGpaXKeHHe, YTO CONMPOTH-
BJleHHe MOXHO YMEHbLIUHTb NMPH NOMOILK YyAYYUIEHHS O6TexaemocTu.
Mo sTum Mb nosumaem noa6op aas KphIa caMosieTa TaAKOro ouep-
TaHHA, KOTOPO€ CBOIHT K MHHHMYMY TPaJMeHT NPOTHBOXABJIEHHS.
3710 noMKHO 6bIN0 6Ll 3a4epXKaTh OTPHLIB NOTOKA K TAKHM 06pa3oM
YMEHbUIHTL J1060BOE CONMPOTHBJEHHE, NO3BOJAA H36eXaTh 3aCTONHOM
o6sacTH y nepeaHei KPOMKH NHG0 oTpuiBa B6au3u Hee. Ha npak-
THKe 3TO AOCTHraeTcs TeM, YTO MnepeaHsisT KPOMKa OKpYrJsercs,
2 0CTajbHafA YacTb TeJa NMOCTENEeHHO CYXKHBAeTcd A0 OCTPOH 3anHeil
KPOMKH.

OnacHocTh nosBAEHHs 3aCTOWHOM 06]1aCTH, KOTOPa# yMEHbIIAeT
NMOABLEMHYIO CHJY, PaBHO Kak yBeJHuHBaer J060BOe CONpPOTHBJe-
HHEe, MNpexile BCero BO3HMKAeT npH OGOJbWUX yraAax araku.
Jas Toro uTOGH 3ajfepIKaTh NOsABJAEHHe 3aCTONHON 06JacTH, BeCbMa
NOJIe3HO TAKXKEe CJIerKa MCKPHBUThL NPOo¢HAbL Kpuisia KHH3y. B npe-
AeNbHOM chyuae npodHas B BHAE AYTH OKPYXHOCTH Jerko yGe-
OHTBCA B TOM, YTO 3TOT NMpHeM no3BoJseT H3bexaTh GecKOHeYyHoro
3HayeHHs1 CKOPOCTH HA nepeaHeil KPOMKe; B OGILEM cJyyae TeueHHi
JKYKOBCKOro 3TO NPHBOAHT K 3HAYMTEJILHOMY YMEHBUIEHHIO TPajH-
€HTa NPOTHBOAABJIEHHS HAa BepXHel (IOACOCHOM) CTOpOHe.

IFnaBxoit 3apaved HaUMOHANBLHBLIX NaGoOPaToOpHili B TeyeHHe
1910—1930 rr. Gmino coanaHue ONTHMAJbHO O6TeKaeMhIX ouep-
TaHWH [NA CaMOJIETOB, JeTaBUIHX CO CKOPOCTAMH He Gojee
400 xkm/uac (xorma MOXHO ObLIO npesebpeun IpdeKTaMu CxKH-
M3eMOCTH).

ns anaau3a 3KcuepHMEHTaNbHBIX QaHHBIX M NPOEKTHPOBaHHS
HOBLIX OMBITHBIX KOHCTPYKUHi GosblWwHM noacnopneMm 6bia pacuer
pacnpenefieHHs QaBjeHus corjacHo Teopuu )KyKOBCKOro, a caemo-
BaTe]bHO, NO ypaBHeHusM Jitnepa. OQHaKO LEHHOCTL TakHX pac-
YEeTOB He B ONpele/eHHH 3HaYyeHHH NOABLEMHOR CHJAH, J06GOBOTO CO-
NPOTHBJEHHA MK MoMeHTa (cp. § 8), a B TOM, 4TO OHH NO3BOJHJIH
yKasaTb Ha nepexoi K TYPOYJEHTHOCTH H Ha OTPHB NOTOKa B MNO-

') Cwm. [3), ra. 12 u [43), ra. 13, rae coaepxutca 6Gonee noaHoe BBegeHue
B ggccg;"rpu;laeuggk Bonpoc. OtHocutenbho uged [lpawaras com, [11), 1. 2,
m — ] —93,
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rpanuyioM cjoe. Kak 3to majexko oT nepBoHayajbHOH KOHUENUHH
Jlarpanxal

Ilpu Goabwux yriax aTaku MOXKHO H36exaTh MOTEpPU CKOPOCTH
H NOJIYYHTh GOJILIUYIO MOABEMHYIO CHJY NPH IOMOIUH TaK Ha3biBae-
MBIX paspe3ubix Kpoiaves. TakHe KpPbIIbSi 3HAKOMBI Macca)kupam
CaMOJIETOB H MOryT GBITb MOJIyueHbl MPH IIOMOIIH NPeIKpPHIJIKA H 3a-
kpbiika. K coxaneHnunio, paspesHble KpblJIbs yBeJHYHBAIOT Jo6GoBoe
CONPOTHBJ/EHHE, MO3TOMY HX HCIOJb3YIOT JHIUIL Ha B3Jete H MpH
nocajke, Korja B nepBylo ouepelb BaXKHO MOJYYHTb GOJBIIYIO NOLD-
eMHYI0 CHJY NpH YMeHbIIEHHOH cKopocTH. XOTs TPYAHO NpejcKa-
3aTb MaTeMaTHYeCKH, Kak paboTaloT pa3pe3Hble KPBUIbs, Xapak-
TEp BJHMSIHHSA 1lesedl Ha TeUeHHs BJOJb BeDXHeH CTOPOHBI KPbIJIbEB,
O4YeBHAHO, MojpoGen HeHCTBHIO CTPYH, KOTOPble CHMIKAIOT TEHMEH-
IIMIO K OTPbIBY NOTOKA IOCPEACTBOM YCKODEHHSI MOrPaHHYHOrQ CJIOL.
H3o06perarenbHbie TEXHHKH NPOBGOBaM TaKXKe HCIONb30BaTh CTPYH
LIS TeX XKe leJed.

I pyroe MHorooGellaouiee npHcnocobneHte OCHOBAHO Ha CO3-
[NaHHU NpPUHYAUTeNbHOrO nodcoca nu6o uepe3 uienu, au6o uepes
PaBHOMEDHO pa3MelleHHble KPYrJjble OTBEPCTHA HAa TeX YyacTKax,
rie #Haye mpousowes Gbl OTPHIB NMOrpaHHUHOro cjos. B sTom cay-
yae MOrpaHHuYHLIR CJOH OTXHUMaeTCs K CTEHKE, U MBI ONATH MOJY-
yaeM Jyumee npuGaHkKeHne K Teuenu1o YKykosckoro. Ecan ucrnons-
3yl0TCS 1LleJIH, TO, HCXOAsl M3 TeopHH YKYKOBCKOro, HYXXHO CO3JaTh
MOBLILIEHHOe JaBJIeHHe KaK pas Bhmepeid Lienelt !). MoXKHO Takxe
MOMBITATbCS HCMOJb30BATh MOACOC AJSl TOro, 4ToOBl COXPaHHThH I0-
rDAHHYHBIH CJIOH AQMUHAPHbIM, TEM CAMBIM ONSATb-TAKH yMeHbLUas
Jo6oBoe compoTHBJeHHe. K coxaJsieHHIO, OueHb TPYAHO, MO-BHIH-
MOMy, INOJIyYyHTb TaKoe JaMHHapkoe TeueHue. [laxe Jjersiiue B
BO3/JyXe HaceKoMble MOTYT BbI3BaTb TYPOYJeHTHOCTb NPH 06TEKaHHH
caMo#t rViaikoH MOBEPXHOCTH Kphlaa.

ITocnennsis unes Ilpangrns 3akmaouanace B TOM, 4TOGBI moMme-
HIaTb YMEHbIIEHHIO CKOPOCTH B MOTPAaHHYHOM CJI0€, a CJIEA0BAaTENbHO,
U OTPBIBY, HCNOJB3YSl O8uxcyujuecs epanuysbl. Xota B 1a60PaTOPHBIX
YCJIOBHSIX M MOXHO NPOJEMOHCTPHPOBATb NPaBHJbHOCTb paciMa-
TpHBaeMol Haen2?), HO O CHX TMOpP ee NPUMEHeHHe MMeeT JHIb
SMIIHPHUYECKYI0 OCHOBY, TaK YTO B JajibHelueM Mul Gojblie He Gy-
IeM BO3BPaHlaThCs K 3TOMY BONpoCY.

'Y Cm. Goldstein S, J. Aer. Sci, 15 (1948), 189—220; Pfennin-
ger W, Tam xe, 16 (1949); 227—236; Doehnhoff A. E, Lofton L. K,
Jr., tam ke, 729—740; Lachmann G. V, J. Roy. Aer. Soc, 59 (1955),
163—198.

2) Cm. [I1], n. 51—52; Ackeret J, Das Rotorschiff.., Goettingen, 1925;
Favre A, Comptes Rendus, 202 (1936), 434—436. Ilo noeoRy upeir [lpauxras
cM. Takxke § 9.
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TexnuyeckHe TPYAHOCTH, BCTPEYAIOLIHECS NPH peasnH3alHH yno-
MSIHYTHIX Bbillle cOOGpa)ceHHH, He MOMKHH 3aC/HOHATH JeXallylo
B HX OCHOBE HJEI0 — aNnNnpOKCHMALHIO HleaNbHOro teyeHHs JKyKos-
CKoro, onucaHHoro B § 8.

§ 30. Mapanokc Croxca

B § 25—29 mn paccMoTpenH TPyAHOCTH, CBSI3aHHHe C TeOPeTH-
9€CKHMH pacyeTaMH TeueHHA npH GoabuiHx uucaax Re. Tenepp mm
nepefileM K MPOTHBOMOJNOXHOMY c€Aayuawo, Korga Re—0. B 3toM
cny4yae pasjioXXeHHe NnO cTeneHAM Re yxe He cBA3aHO ¢ «CHHryasp-
HHIM BO3MYylIeHHeM» B cMHc/e § 24; HeaHHefAHBIi KOHBEKTHBHHIN
uied u- Vi He GyaeT uJIeHOM CaMOTro BLICOKOIO MOPAAKA, W C Ma-
TEMaTHYeCKOA TOYKH 3PeHHS NMPEACTaB/seTCH BMOJHE Liesecoo6pas-
HHM €ero nonpocty OnyCTHTb.

d10 6uno caenano CTOKCOM, KOTOpHLI BBes, TaKUM o6pa3oM,
HOBHA KJacC HeaNbHHIX TeueHHA, OOGLYHO HA3bIBAEMBIX <«NOM3Y-
mumu». B rakom npu6anxkenuu CTokc BHBen popMmyiy

D = 6mpcv (15)

ANl CONPOTHBJIEHHS, HCMBITHBAEMOro TBepAOA cdepolt paiuyca ¢
NPH MeNJIeHHOM [BHXEHHH CO CKOPOCTBIO U B XHIKOCTH C BSI3KO-
ctbio p. [1pu BHBOZe cyllecTBeHHO HCMOMb3yeTcs runotesa (C) npH-
MEHHTeJIbHO K oceBOR cHMMeTpud. OKoHyaTenbHas ¢opmysaa (15)
XOpOLIO NOATBEPKAAeTCs 3KcnepHMeHTadnHO!) npu Re < 0,2.

Kasanoce 6u, BNOJHE €CTECTBEHHO NPHMEHHTb TOT XKe CAMMIL
METOA K KPYrOBbIM LH/IHHAPAM, ABHKYIUHMCA NEPIEHARKYNSTPHO OCH.
OnHako B 3TOM cilyuae MW HMeeM CJEYIOLLHI napajdoKe.

ITapanokc Crtokca. Crayuonapuoe «noasywees obrexa-
Hue KpYy208020 LUAUROPA HeBO3MONHO.

Hoxaszateancrtso. [IpH na0cKOM cTanHoHapHOM noasyuiem
TeueHHH ypaBHeHHss Hasbe — Crokca (11) cBomsaTcst K ypaBHeHwmio
VX =0. Ecan V— dynkuus Toka, To nocnennee yDaBHEHHe 3KBH-
BaNeHTHO ypaBHeHHI0 V4V =0, 1. e. V — 6uzapmonuveckas ¢dyHkK-
uxs. Orciona caeayer, yro V — anasutuseckas Pynkyua?), Jlei-
CTBHTE/IEHO, BO BCAKOM KPYroBOM KoJbue ¢yHKUHIO V MOXHO pas-
JIOXKHTD B psag Pypse

V="23a,(r)cosnd 4 b, (r)sinns, (16)

') [3], n. 2i5. Mo nomony dopuynrt (15) cm. [7], n. 337—338.
") OTHOCHTENLHO cBOfiCTR HCNOAb3yeMbX G6HrapMOHHUeCKHX GYHKIUKA oM.
Nicolescu M, Les fonctions polyharmoniques, Hermann, 1936, oco6euno

crp. 13—16 n crp. 32. O6muHO BMeEcTO CTPOroro J0Ka3aTe/bCTBA CCLIMAIOTCH Ha
runoresy (E).
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rae an(r) u b,(r) yaoBJeTBOPAIOT COOTHOLWEHUSM
1 i 2 d? r-ld
Eyan=Enb, =0, E =7;I+T_“ﬂ2r2- (16%)

Ecau sexktop ckopoctu (0V/0y, — 6V/0x) B npAMOyronbsmnx Ko-
OpJAMHATAaX OrpaHHuYeH Ha OEeCKOHEYHOCTH, TO MPOCTOe BHLIYUCJIEHHE
14 _ ”
paer cooTHouleHne a,(r) = A+ afr, v a (r)=al/r"2+a’/r"
npu n >2. Ortciona caenyer gopmyna
a,cos 6 b, sinb

; +

w0 4 a b, by
+22:{<;T-5+7>cosn6+<r,.—_2—+r—,,>smn6}. (17)

V=oy+ Vo+aslnr+

C apyroit cropousl, ecin V4V =0, To 43 TeopeMul 0 AMBEPreHUHH
cjeyeT ypaBHeHUe

ff(Vzv)de)’ = f{VQV%— V})‘—),;(VzV)}ds,
A ¢

rae C — kpuBas, orpaHuyHBapwas obaacts A.

[Tycts Teneps A -—o06JacTh MeXAY UHJHHAPOM M GOJBLIOH
OKpYXHOCTbIO paguyca r. Tak kak Ha uuyunape V = 0V/on = 0, un-
Terpajl B NPaBOA 4acTH NPEAbAYLULErc YpaBHeHHH, B3ATHIH IO 3TOH
yacte C, poyixeH obpawatbcss B Hys b, Ha Gosbuwiolt okpyxHOCTH,
MIOCKOJIbKY

V2V=0(r"?, V=0(r), WW=0(1) # V(V?V)=0(r9),
CnipaBseJIKBO COOTHOUIEHHE

f{vzv‘;_‘;_ VF‘)’T(WV)}ds:O(r") - 0(r)—>0
c

npu r—>oo. Tak xax (V2V)2> 0, 1o orciona cileayer, uTo

V2V =0, 1. e. V nonxHo 6uIiTh TapMoHuueckoi Gyuxuuei. Crnego-
’ !

BatensHo, B ¢opmyae (17) a,=b,=0. HakoHen, u3 ycaosus

0V/0r = 0 —ycnoBust TPUIMNAHMS HA MOBEPXHOCTH UHJAMHApA —

cnenyet, uto V= Vo u v =0, a 370 3aBepwaer gokasaTenncTso!).

1) IMoxpoGtoe u3:uoxenne Bonpoco § 30 u § 31 cm, 8 [1*], — Tpum, peod,
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§ 31. Ypasunenus Ozeena

Oseen') u JlaM6 BBean napagokc CTokca B paMku TEOPHH, MNO-
Ka3aB, YTO KOHBEKTHBHHE uJleHN Npeo6aafaloT Haf BA3KHM YJICHOM
TNpH OueHb GOMbUINX 3HAYEHHAX 7, KaK Gbl HH GbIJIO Mado uuciao Re.
Mepeonpenenennoctn MoxHO H36exaThb, GoJlee aKKypaTHO nepexoas
K ABOHHOMY npepeny npu Re—0, r - + oo,

Hro6nl  moJyuHThb pa3pemiMMyl0 KpaeBylo 3ajauy, OaseeH
NpeAJIOKHA BBecTH B omnepatop D/D{ BMeCTO TOYHBIX UJEHOB

> uyd/dxy JHHEaPH30BaHHBE KORBEKTHBHbIE YJIEHB O uy (00) 8/3x.
Bnaronaps BBeleHHIO TaKHX cJlaraeMelx B ypaBHenus Ctokca O3eeH
CMOr MOJYYHTb TeOPeTHUeCKylo GopMyay aJs J1060BOro CONpoTHBIE-
HHSl B Cllyyae Me[JIEHHO ABHXKYINErocs UMAHHApA. [1puGaHMKeHHOE
- 3KCepHMEHTa/JbHOEe TMOATBEpKAeHHe 3TOH (GOPMYJB BO3MOXKHO,
XOTS H OKa3blBaercs A0BOJbHO TpyAHbIM ([3], rar. IX).

Ito paspemenue napagokca CToKca B CBOIO Ouepelb NMPHBEJO
K ApyroMy mapajokcy, oTkpbitoMy QPaiinonom ?). B napagokce Paii-
JIOHa yTBepXAaaercs, 4To ypaBHenuss OaseeHa, B3siTble GYKBaJbHO,
RAIOT GECKOHedHbld MOMEHT LSl 3JJHNTHYECKOTO LHJHHAPA, KOCO
NOCTaBJIEHHOrO OTHOCHTE/IbHO NMOTOKA. ITOT napalokc 6uiJl HEAaBHO
paspeutes MiMau npu nomoun nepexoaa K 6oJiee BLICOKHM NpPHGIH-
KEHUAM.

IMpu6nuxennsie ypaBHenns O3eeHa MOMXHO TaKkKe HCIONbL30BAThH
Ans HcnpasieHHs ¢opMyant (15), yToGbl yuecTb BJAHSIHHe MaJoro,
HO KOHEYHOro uHcia Re Ha 060BOe conpoTHB/eHHe cdephl; mompa-
BOYHBIl MHOXHTelb OKasaics paBuuM (1 + 3Re/8). dtor nompa-
BOUHBIH MHOXHTe/b OBl TIMATENBHO HccaenoBaH IosbawTefiHOM ),
KOTODHIH MOJYYHJ CTeNeHHOA PsA A KO3(hQHILHEHTa cOnpOTHBJe-
Hust Cp(Re), cxopsiwuiics, BeposiTHo, npu Re < 2. DkcnepHMeHTa b-
Hble HM3MepeHWs, NOo-BHAHMOMY, MalOT MeHbillee CONPOTHBJEHHE;
KpOMe TOro, BBHIAY aCHMATOTHYECKOrO XapakTepa HccJeloBaHHil
OseeHa BO3HHKaeT BONpOC, He GyNeT JH OKOHuaTelbHas tdopmyaa
BePHa TOJILKO aCHMIITOTHYECKH 4).

OG63op pewenuit ApPYrux KpaeBbix 3aJa¥, K KOTOPHIM TPHBOASIT
ypaBHehuss Oszeena, aan B paGore [9), vacts III. Onnako anmpok-
CHMAlLHs KOHBEKTHBHBIX YJ€HOB BecbhMa HETOUYHA BOJHM3H mpensT-

) 9], crp. 162; [7], ctp. 769; cm. Takxke [12), 1. VI, crp. 29—40.

?) Filon L., Proc. Roy. Soc., A113 (1926), 7—27. Tlo NoBOAY O6bACHEHHS
ng;;anoxca ®afirona, namworo HMmam (Imai), cm. Tam ke, A208 (1951),
487—516.

) Goldstein S, Proc. Roy. Soc., A123 (1929), 225—235; wan [3],
§ 2f5. Cp. Weyssenhoff J, Annalen der Physik, 62 (1920), 1—45.

‘) Ce. Kaplun S, Lagerstrom P. A, I. Math. Mech., 8 (1957),
5233—3231 Proudman |, Pearson J. R. A. J. Fluid Mech., 2 (1957),



§ 32. MMapadokc nyssipba 69

CTBHI H CTEHOK. B CBsiau ¢ 9THM TeopHs norpasuuHcro cnos Ilpauna-
tast npu Goabluux uucnax Pefinonbica 3HauuTesnbHO Gosee IJIOA0-
TBOpHA.

§ 32. Mapanoxc ny3mipeka

B TeopHu MOZBOAHOrO B3DbIBA Mbl BCTPEUAEMCH C TOJOXEHHEM,
ananorvunbiM napazoxcy Crokca. XoTsi cylecTByeT npocras M
ype3BblYaHO MNOJe3Hass TeOpUsi CHEepHYECKUX My3LIPLKOB, BO3HH-
KaIOLIMX NpU MOABOAHLIX B3PLIBAaX!), Jlerko moxkas3aTh, yTO B JABY-
MepHOH THIPOAMHAMHKE [JIf BCAKOTO DpACIIHPEHHS] HJIK CKATHA
ny3bipbKa B HECXKMMaeMOR KHAKOCTH TpeGyercsi GeCKOHeuHOe 3Ha-
yeHHe KHHETHYECKOH SHEepPruH

%ff(pVU- VU)dxdy.

[Ipy KOHEUHHIX CHJaX CXKHMAeMOCTb BCerja AOJKHA Hrparb
OCHOBHYIO POJIb HA AOCTATOYHO 6OJbUIMX PACCTOSHHUSAX.

HMetoTcs emle ABa JHOGONBITHBIX NapajfoKca, NPOMCXOXKEHHe
KOTOPHIX CKOpee (HM3HUYEcKoe, HeXeJM MaTeMaTHUecKoe, H KOTOphle
NOKa3LIBalOT ys3BUMOCTb runoresnl (A) us § 1. [lycTh ManeHbKHH
BO3AYLIHLIA My3bIpEK MOAHMUMAETCS B XKHAKOCTH MOA LeACTBHEM
NAaByuecTH, NPHYEM OH HACTOJNbKO MaJ, 4TO BCJEACTBHE MOBEPX-
HOCTHOT'O HATSXKEHHSI COXPaHsleT MOUTH cdepHuecKyo ¢GopMy U ero
IBHIKEHHE — «IoJi3ylee». Tak Kak Iy3bIpeK COCTOHT M3 rasa, To
BMecTo ycsoBusi (6) Hafo BasiTh €ro Jordyeckoe o6obuieHue: u(x)
J0JIXKHA ObITh HelpephbIBHA NMPH Nepexojle Yepes rpaHuuy.

[TocTaBnennass TakuM 06pasoM MaTemMaTuyeckas 3ajgaua Oblina
pewena Pui6uyunckaM ¥ AfamapoM npd Ao0aBOYHOM NPEANOJNOXKe-
HHM HenpepHBHOCTH TaHreHUMaJpHOro Hanpsixkenus?). Teoperuue-
CKH JiIODOBOE CONPOTHBJIEHHE ONpejensieTca no gpopmyJe

2 3’
D = 6rcop (H) ~4rcpv, ecan P L p, (18)

rie W — BSI3KOCTh XHJAKOCTH, @ W' — BSI3KOCTb MKMIKOCTH IOAHH-
MaIoIerocs nysbipbKa.

Bce ato otHocuTcs K TeopHu. Ha mpakTtHke xe JJs CONPOTH-
BJIEHUS, NO-BUAMMOMY, o6bluHo BepHa ¢opmyna (15), a He (18).
DTO 3HaYMT, OYEBUJHO, YTO Ny3hIpeK Bener ce6s Tak, Kak ecqau Obl

) Cm. [7], n. 91—Bla, uau [17], ra. XI, § 13

?) Rybczynski W, Bull Acad. Sci. Cracovie (1911), 40; Had a-
mard J, Comptes Rendus, 152 (1911), 1735. OTHOCHTE/NLHO 3KCMEPHMEHTA/b-
Hoix manHmx oM. Barr G, A manual of viscometry, Oxford, 1931, ctp. 190
s nanbwe; Bryn T, Forschung Ing., 4 (1933), 27~ 30; {I1}, t. 2, n. 74,
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OH Obl1 TBepAbiM TesoM. Takoe MpOTHBOpeuHe MexAy TeopHeR H
9KCMEPHMEHTOM MOXeT OHhTbh Ha3BaHO MapaAOKCOM MOAHHMAlOLLe-
rocst ny3nlpbKa.

Kak npennonarans Boun') u Apyrue aBTOpHI, Kaxyuiascs TBep-
ROCTb, BO3MOXHO, 00bsCHAETCA 06pa3oBaHUeM TOHKOH (MOHOMoJe-
KYJSIDHOH) N/I€HKH Ha MOBePXHOCTH NYy3bIPbKA H3 PA3JHMYHLIX NPH-
Mecell, W 3Ta TJEHKa OKa3biBaeT CONMpPOTHBJeHHe AedopMauuH?).
Onnako noJiHasi KapTHHA Bce enie He 5ICHA.

Ewe Gonee addexrHbiM sABASeTCH CAEAYIOWHA NapaaoKc.

[Tapanokc manawwmero nyswpoka. [Ipu sepruxans-
HOM 2paduenTe Temneparypol. 8 HKuUOKOCTU UIMEHEHUS NOBEPXHOCT-
HO20 HATANCEHUS MO2YT NpUBecTu K TOMY, 4TO ny3eipex Gyder ony-
CKATbCA, @ HEe NOOHUMATLCA3).

CrsirnBanHe MOBEPXHOCTH MY3biPbKa MO HANpPaBJeHHIO K CTOPOHE
C GG/MbUIMM [OBEDXHOCTHBIM HATSXKEHHEM 3aCTaBASET ny3hpeK B
BA3KOH XXHIKOCTH MBHIaThCl B HamnpaBJieHHH YObIBAHHUS MNOBepX-
HOCTHOTO HATsXKEHHs, T. €. B HallpaBJeHHH BO3DPaCTaHHs TeMnepa-
TYpbi. TO ABJEHHEe KaXeTcsl NapaloOKCaJbHBIM TOJLKO MOTOMY, YTO
OHO T4K HEO6LIYHO, H TMOTOMY, YTO B MeXaHHKe MHIAKOCTeH MOYTH
BCerja YCJNOBHO MPHHHMAlOT MOBEPXHOCTHOE HATsAXKeHHe (KaK H
BS3KOCTh) MOCTOSIHHBIM. '

§ 33. «Bropas» Bs3kocts

Kak ykasuBanoce B § 19, npu o6biuHOM BmBoje ypaBHenuii Ha-
Bbe — CTokca (1¥) MH HMeeM fles10 ¢ ABYMs K03 dHIHEHTaMH Bsi3-
KOCTH A H p. MOXHO NpHHATB, YTO KOI(Q(HUHEHT BS3KOCTH p MpH
CABHre H3MepsieTcss A TeueHud [lyasefins; Torpa ocraercs samaua
H3MEPHTb KO3(QQHUHEHT A ¥ NPOBEPUTL CNEACTBHS ypaBHenuit (1*)
AN 3TOro Ko3d¢HuHeHTa A, KOTOPLIH, BEpOSITIIO, 3aBHCHT OT TeM-
nepatypnl T H KaBjeHHs p.

Kak 6b1o ckasano B § 19, CTokc mpocTo npeamosarad, uro
A = —2p/3. OfHaKo fCHO, 4TO HajleXKHee BBECTH B PACCMOTPeHHe Be-
JHYHHY ' = A + 2u/3 K HCCIe40BaTh ee 3KCIEPHMEHTaNbHO. C ¢u-
3HYECKOH TOYKH 3PEHHSt A H «BTOPasi» BSI3BKOCTb |’ He HMEIOT CMbI-
CJ1a, MOKa OHH He ONpejie/IeHbl U He H3MepeHbl IKCNEePHMEHTAJNbHO.

!'Bond W. N, Phil. Mag., 4 (1927), 889—898. OTauunmii o630p Bonpoca
eM. McNown J. S, La Houille Blanche, 6 (1951), 701—722.

?) ConpotusneHne MoxKeT GLITh BA3KHM HaM ynpyram; cM. Criddle D.W.
and Meader A. L, Jr, J. Appl. Physics, 26 (1955), 838—842 u NPHBEACHHYIO
TaM nureFarypy.

%) Block M. ], Young N. O, Goldstein J. S, J. Fluid Mech.,
6 (1959), 350—356; cm. [17], cTp. 319.
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A 370 caenaTth He Jerko. Tak, B MOrpaHHYHBIX CJOAX CKHMaeMoit
KHAKOCTH 3HaueHHe p’ He Hrpaer GOMBIUOA POJIH, TaK KaK BeJH-
yuHa AepopMalHK CABHra HaMHOrO MpeBLILIAET BEJHYHHY CXKATHH.
OrtyacTH Mo 3TOH MPHYHHE B TEOPHH TEUeHHil ¢ GOJBUIHMH CKOPOC-
TAMH «BTOPOH» BA3KOCTbIO OGLIYHO mpeHeGperawT!) H HauGoaee
J06pOCOBECTHBIE aBTOPB! OCTABJISIIOT OTKPHLITHIM BONMPOC O COOTHOILIE-
uun [Tyaccona — Crokca p’ = 0.

DkcnepHMeHTalbHble onpeaedeHiss u’ o6bIYHO OCHOBBIBAJHChL Ha
H3MepPeHHH 3aTyXaHHA 3BYKa, HO TeOpeTHYECKOe HCTOJKOBaHHe Ta-
KHX H3MepeHHH Aajeko He npocto. Tak, CTOkc B cBoefl TeopHH 3a-
TYXaHHsl 3ByKa He TOJbKO mpeanonaraer, uto pu’ = 0, HO Bce BHH-
MaHHe Yy[eJfieT TOJbKO BeJHYHHe | H, KpOMe TOro, He yYMTHIBaeT
paccesiHHe, Bbi3blBaeMoe TeMJIONPOBOAHOCThIO (TemaoBas Auddy-
sus). IMocnennee 6biy0 yureHo Kupxrogpom, KoTophlil Takxe BHYHC-
JAHA (¢ 6OMBUIMM 3aBBIIIEHHEM) 3aTyXaHHe, 06yc/IOBJEHHOE TPeHUeM
B MOrpaHHYHOM CJIOE NpPH pPacnpocTPaHeHHH 3Byka B Tpy6ax?),
npHYeM YYHTBIBaJach TOJNbKO BesHyHHa p. Ho, mo-Buaumomy, 06a
9TH aBTOpa He paccMaTpPHBaJH 3aTyXaHHe 3BYKa KakK CPeACTBO A1
H3MepeHHS BeJIHYHHBI p'.

XoTa uHTepnperauHs 3KCMepHMEHTAJbHHX NAHHBIX BCe elle AB-
NA€TCA A0 HEKOTOPOH CTeMmeHH MPOTHBOPEUHBOH, cleayloulHe GpakThl,
MO-BHAMMOMY, BMOJIHEe pa3bicHeHbl. [l HEKOTOPBIX ra3os, Taklix,
Kak He, Ar u Np, onmIT coraacyercs ¢ npeanosioxenvem p’ = 03).
Ho apyrue rasul, Takue, kak Op u CO;, fatot ropasio Gonee peskoe
3aTyxaHHe 3ByKa B onpefleIeHHbIX n010cax 4acTor 4).

B Bosayxe nenponopunoHanbHO Godiblide 3GPEKTH MOLYT GMTH
BBI3BaHEI HE3HAYHTENILHOH OTHOCHTEJIbHOI BJaXKHOCTbIO HAH HEGOJb-
ot npuMecsio COg, paBHO KaK M MbLJIBIO, @ TaKXKe IEPOXOBATOCTHIO
CTeHOK (B Tpy6ax). [ns GOJbLIHHCTBA XHMAKOCTel NOrJOLLeHHE
CHJIbHO 33BHCHT OT 4acCTOTHl; KpOMe TOro, HeoGXOAHMO TLLATEeJbHO
CACHTb 32 COLEPKHMBIM NMy3bipbKa. TakK, MpH OTHOCHTENbHOM ofbe-
Me nysweipbka, pasioM 0,17%, ckopocTb pacnpocTpalieHHss 3BykKa

1) Cwm. [15), crp. 36—38, u [10], ra. 11, [To moBoay saMeuaunfi oTHOCHTEALIO
Npeanonoxenus W' =0 cum. {7), n. 325, 328; [10], crp. 185, u {11], 1. I, cTp. 260,
npuMevaHue, ’

*) Cm. 7}, n. 359—360; Kirchhoff G, Pogg. Ann., 177 (1868), 177—193.
OTHOCHTENLHO TPEHHS B MOTPAHHYHOM CJOE CM, § 115,

%) STo MokHO cBA3aTH C HoOKa3aTeaneTBoM Maxcmenna (npn nomowmwu mose-
xx.vmpuux coobpaxennfl, cM. § 34) Toro, uTo AN HAEaNbHOrO OAHOATOMHOrO rasa
3A + 24 =0; cMm. Takke Rocard Y, Hydrodynamique et théorie cinetique
des ‘gaf), A}a ezRilx I. P

) Du . W, Phys. Rev., 6 (1898), 120—139 u 11 1900), 65—74;
van Itterbeck A, Mariens P, Physica, 4 (1937)(, 20)7_215 "
609—616;, Markham J. J, Beyer R. T, Lindsay R. B, Revs. Mod.

Phys., ——611: i
12,11%5-13318.“95])' 353--611; Marvin R, S. u ap, J. Appl. Phys., 25 (1954),
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yMeHblUaercss B 5 pa3') W COOTBETCTBEHHO YBEJHYMBAeTCH 3aTyXa-
HHe 3BYKa.

Jlerue Bcero 06bACHATL 3aBUCHMOCTb 3aTYXaHHSA 3BYyKa (y/bTpa-
8BYKa) OT YacTOTH, BBOAA 6pema pesaxcayuu?) (rHcTepesucHHI
3(p¢eKT) npH nepexole MOJIEKYJSPHOH 3HEPrHH OT OAHOH COGCTBEH-
HOM yacToThl K Apyroll. OfHaKo pas/iHuHble aBTOPH NHTaJNHCh CO-
rJlacoBaTb JAaHHble HAGJIIOJEHHH C COOTBETCTBYIOLUIMMH HHTEpIpe-
TallHAMHM «BTOPOH» BA3KOCTH p’3), a C/lefOBAaTeNbHO, H BEJIHYHHBI A
B ypaBHeHHH (1%) 4).

§ 34. Moaekyasiprne s PexkTH

MounekyaspHoe cTpoeHHe MXHAKOCTeH o6bAcHAeT MHOrHMe siBJe-
HHA B JIHHAMHKe peaJsibHBIX JXHIKOCTeH — He TOJbKO HaJIHuHe 0CO-
ObIX NMOJIOC YACTOT NPH MOIJIOIEHHH YAbTPa3BYKOBLIX BOJIH, YKa3aH-
Hoe B § 33. HacuabcTBeHHBIM H HEECTECTBEHHBIM G6blJIO Gbl HCCJEHO0-
BaHHe MHOTHX TaKHX fIBJIeHMH B pPaMKax OPTONOKCaJbHON MeXaHHKH
KOHTHHYyMa.

HanpuMep, npu oueHke TOJNUHHK (POHTA yaapHO# BOJHH HEOG-
XOQHMO YUYHTHIBaTb BPeMsi DejlakcallMi B TeX JHIAKOCTHAX, B KOTO-
pHX mnofoOHBle MOJIEKYJsiDHBIe SBJEHHA THNA T[HCTEpPe3Hca OKa-
3bIBAIOT BJHSIHHE Ha BEJHYHHY «BTOPOH®» BA3KOCTH (CM. nmpHM. 2)
Ha 3ToR cTp.). (B KNaccHueckodl TEODHH MeXaHHKH KOHTHHYY-
Ma TonmHHA (poHTA yHapHOH BOJHBI nNpeanosaraerca paBHOM
HYJI10.)

B BepxHux cjosix atMocepH, rae oueHb MaJja MJOTHOCTHL (na-
BJIeHHe), BpeMs pejakcauuu nmpH M > 2 cylllecTBeHHO BJiMfeT HA
BeJIHYHHY 0TXx00a ydaprod 604HbL OT ABHIKYLierocs Tena’),

') Wood A. B, A texthook of sound, crp. 362. Mo nosozy yaxsuTeds-
Bex sbdextoB nasneHns eM. Litovitz T. A, Carnevale E. H, J. Appl.
Phys., 26 (1955), 816—820.

%) Kneser H. O., Annalen der Physik, 11 (1931), 761—776; Eckart C.,
Revs. Mod. Phys., 20 (1948), 232235, Liebermann L. N., Phys. Rev.,
75 (1949), 1415—1422; Lighthill M. J. B padore [20], pa3aa. 4 (oTHOcHTenbHO
TOJMILUHRK yaapHOR BoaHm cM. pa3n. 6); Herzfeld K. F, Litovitz T. A,
Absorption and dispersion of ultrasonic waves, 1959.

%) Tisza L., Phys. Rev, 61 (1942), 631—536; Fypesnu C. 5., Hoxa.
AH CCCP, 55 (1947), 17—19; Karim S, Rosenhead L., Revs. Mod.
Phys., 24 (1952), 108—116; Truesdell C, J. Rat. Mech. Analysis, 4 (1953),
643—721.

4) Mo noBoly H3/MOXeHHHX B 3TOM naparpade cooGpaxensd cM. Caeas-
kHR H. A, JlnnaMuka Ba3kofi HecxxuMaeMOA xuakoct, M., I'TTH, 1955, ra. |
H Jlanpgay JI. I, JIudmuy E. M, MexaHuka cnjolHHX cpea, u3g. 2-e,
M, I'TTH, 1954, ra. 11 u § 78 B r. VIII. — Mpum. nepes.

) Cwm., Hanpumep, Schwartz R N, Eckerman J, /. Appl. Phys.,
27 (1956), 169—174. Ecan 6l 5TO 6HJO pe3y.bTaTOM MFHOBEHHOH AUCCOILHALHH,
TO BeJIHUHHA 3TOr0 paccTOSHHA He 3aBHcena Gb OT naoTHocth (§ 73).
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KpoMe TOro, MojieKynaspHass AHCCOLHALHs, PeKOMOGHHalHs Mo-
JIeKYJl H MOHH3alHsl BAHSIOT Ha TOJIUMHY YAapHOH BOJIHbBI B rHmep-
3BYKOBOM IOTOKe'); HeACTBHTENbHO, OHH B 3HAUMTENbHON Mepe
BJAMSIIOT Ha JBHXXEHHe XHAKOCTH B CJydyae, KOrZa NPH OGBIYHBIX
aTMoc(epHBIX ycaoBHaX uucno Maxa M > 10. Tak, Bo3ayx conep-
#uT 1% NO npu 2000°K u 10% NO npu 3000° K. [1pu temnepary-
pax cBbille 11000°K craHOBHTCA OLUyTHMOH HOHH3aLUMS.

Tlo 3TOH MNpHuMHe NpPH PEANHCTHYECKOM MNOAXOfe K H3YUEHHIO
rHNep3BYKOBHIX YAADHBIX BOJMH Bce B Oosbluei Mepe Hajgo YUHTHI-
BaTb XHMHUECKYIO QH3HKY 2).

OprofoKkcalbHasi MeXaHHKa KOHTHHYyMa He B CHJIaX TaKXe
06BbACHHUTb (H3HUecKoe siBJeHHe Ju@@py3uu u oGpaTHoe eMy — pas-
JeneHue COCTaBHOH HAKOCTH HJIH Ta3a Ha CBOH KOMIIOHEHTH!, Ha-
npaMep OTHAeJIeHHe CJHBOK OT MOJIOKa. B HleanbHOM KOHTHHYyme
OTAeJIeHHe H30TOMOB He GblJI0 Gbl BO3MOXHO HH C AOMOLIbIO Tra3o-
Bofi Auddy3nH, HH B LeHTPHPYrax, HH B comaax3).

CxoabxeHune ¥uaKocTu CoBceM HHaue HCNONB3YIOTCSA
MOJIEKYJISIpHBle TNpPEACTaBJAeHHs NpH OOBSCHEHHH HapylleHHs rpa-
HHYHOTO YCJIOBHS (MpUJAMNaHHsA Xuukoctu) (6), Korma cpeausas
IJKHa cBOGOAHOrO npo6Gera MOJIEKYJbl CPaBHHMa C MaKpOCKOMHuye-
CKHMHM pazMepaMH. MOXHO OTMETHTb NPH 3TOM TPH BaXHHIX yacT-
HBIX cJyuasi: TeueHHe uepe3 IleJH, CBOGOAHOe NafeHHe Mesbyai-
IWux Kaneap (onnT MHJJIMKeHa ¢ Kamjedl Macsa) M TOpDMOXeHHe
cnyTHHKa. Bo Bcex 3THX ciyuasx BecbMa 3aMETHO OTKJOHEHHE OT
33KOHOB MeXaHHKH KOHTHHYYMa%): HabGniogaeMble YCHJIHS CABHra
3HAayMTeJbHO MeHbllle, yeM mpeacKa3biBaeMble dopmynamu (13)
u (15).

Jlerue Bcero MCTONKOBaThb yKa3aHHble fIBAEHHS KaK BbI3BaHHbIE
YaCTHYHbIM HapylueHHeM ycsoBHs (6). B npemenbHoM cayuae «3ep-
KaJbHOrO OTPaXKeHHsi» BCeX MOJIeKyJa (yros mnajeHHus paBeH yray
OTpaxeHHs) HanpsiXXeHHe CABHra Ha TpaHHLE, OYEBHOHO, AOJIKHO
PaBHATLCS HyJo. TakAM oGpa3oM, ycaoBHe (6) JOrHYHO 3aMEHHTb
YCJIOBHEM HENpEepLIBHOCTH HOPMAJIBLHOH COCTABASIOIEH CKOPOCTH
(ra. 1, (7)), cBOACTBEeHHHIM HEBA3KOMY TeueHHI0. Tak Kak

; Cu. Lighthill M. J, J. Fluid Mech., 2 (1957), 1—32, a Ttakxe [14).
CwM. Nature, 178 (1956), 343—345; Deal W. E, J. Appl. Phys., 28
(1957),'782.}_( Lennuii odsopp nccneuos&nnﬁ, NPOBEeHHHX B TeueHHe BTOPOI
MHDOBOH BOAHH, cleiand Penne . G, Pik . H. M, i
Physics, 13 (1950), 46—82, y tke H M. Progress in
%) ITo noBomy a’poAHHAMMYECKHX METONOB OTHENCHME H3OTONOB (c noMomsio
conaa) cu. Leroy M, Nucleonics, April, 1960, ctp. 68.
‘) Knudsen M., Annalen der Physik, 34 (1911), 593—656. O wenaBuux
&Qslopaxlgcsstmwm‘c;rpaq;»umn cMé Phatt?rs on G. N, Molecular flow of gases
iley, , TV, a Takxke Schaaf S, ra. 9—10 B Heat transf ive
of Michigar: Press, 1953; [16], ra. 8. rensler, Univ.
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V2u; = @(V2U)/0x; = 0 nas M060Oro 6e3BHXPEBOro HECKHMAEMOro
noTOKa, JoGoe pewenne sanaun Heiimana (reuenuwe JKykoBckoro
HJH D#Nepa) JONKHO YAOBNETBOPATh ypaBHeHHsIM Hasbe — CTokca
(5). TakuM 06pa3oM, y4yeT 3epKajNbHOrO OTPAMKEHHS AOKEH GhlJ
6bl BRI3BATh MOJIHBIH NMEPECMOTP TEOPHH BS3KHX TeueHHH.

Ins 06bACHEHHs 3KCNEPHMEHTAJbHEX (AaKTOB BMECTO MOHATHS
3€PKaJIbHOr0 OTPAXKEHHSI BBOAAT KBA3HIMIHPHYECKHH «KOIPDHIHEHT
akKoMoJauuH». ITo/b3ysick TaKUM KO3Q(PHUHEHTOM M YYHTHIBAS NO-
CTyJiUpDyeMOe B KHHETHYeCKOH TEOPDHM [Fa30B KOHEYHOe 3HauEHHe
cpellHefi LMHH CBOGOAHOro npo6era, GblM MOJMY4YEHHl pPe3y.abTaThl,
B O0LUEM COTJIACYIOLIHECS ¢ JaHHBIMH 3KCIEPHMEHTA.

«CKOJIb)XKeHHe» B TEYEHHH PA3PEKEHHOrO rasa HeJb3s CMELIH-
BaTb C MNpEACTaBJIEHHSMH [eBSITHALLATOrO CTOJEeTHg 06 O6iueM
CKOJIbXX€HHH Ha IPaHHLUE BECbMa rJlaiIkKHX TBePALIX Tesl (HanpHMep,
Hg no crekny). Tak, CTokc!) cynTtas, yTo «CKOJNbKEHHE» AOMIKHO
HaCTynate HauyHHas C ONpEeJeNIeHHOH CKOPOCTH, TOrjla Kak MHOrHe
Ipyrie BbJAIOUIHECS Y4yeHble BO3JEePXKHBAJHCb OT BLICKA3hIBAHHH
no stomy Bompocy. Beuay MHOrHx ocoGeHHOCTed (H3HKH moBepx-
HOCTe#l TaKoe MOJIOXKeHHe He CJIHIIKOM yAHBHTeAbHo. [ToaTBepxie-
HHeM B3rasaoB CTokca Morsa GhiTh H NpeAnosaraeMas aHaJOTHS
C TPEHHEM TBEPABIX TeJ, IPH KOTOPOM HanpsiKeHHe CABHra t orpa-
HHYEHO NMpPOHM3BeleHHEM MOCTOAHHOH p < | Ha HOpMaJsbHOe AaBJe-
nne. Jlaxe B HacTosillee BpeMsi, HECMOTPSI Ha TO YTO MOAABJSIOLLee
YHCJIO (PAaKTOB CBHAETE/NBLCTBYET MPOTHB AHAJNIOTHH C MOHSITHEM OG-
IIEro CKOJIbXKeHHs %), Bceo6lled B aGCOMIOTHON yBePEHHOCTH B 3TOM
BOMpOCe 110Ka He LOCTHTHYTO.

§ 35. BuBoaw

Kpatko u3noxeHHbe Bbllle ¢akThl ABASIOTCS Cepbe3HHM A0BO-
JOM B noJb3y NPHrogHOCTH ypaBHeHHH HaBbe — Ctokca gas moto-
KOB HECHUM@EMbLX BSI3KHX XHIKOCTeH, K KOTOPHIM OTHOCSTCS Teue-
HHsl OGBIYHBIX ra30B H XKHAKOCTEH NPH CKOPOCTAX, 3HAYHTENBLHO
MEHBLUHX CKOPOCTH pacmpocTpaHeHHs 3Byka (T. e. ecnn M < 0,2).
Onnako aas GOJMBIUMHCTBA NPHJOKEHHH HeJb3s MOJaraThbCs Ha
npaBAONOJo6Hble FHIOTE3bl, NepeyHC/AeHHble B § |, X0Ts 9TH rHmo-
Te3bl B [PYrHX YC/IOBHAIX MOryT OKa3aTbCs MOJe3HBIMH. Ilostomy
OCOGEHHO NPH PacCMOTPEHHH TYpOyAEeHTHOCTu TpebyeTca BecbMa

) [13), . 1, crp. 96—99. Cm. Tam ke n crp. 186,

%) CucteMaTH3HPOBaHHHI 0630p (AKTOB OTHOCHTENRHO O6LIErO CKOJIbXKEeHHUS
cM. B pa6ote [3], 1. 2, ctp. 356—361. INocnennne nasHbe cM. Brock man M. R,
Nat. Bu. Standards Rep., 4673 (1956); Schnell E.. /. Appl. Phys., 27 (1956),
1149—1152; Debye P. and Cleland R. L., tam xe, 30 (1959), 843—s49,
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aKKypaTHoe NpHMEeHEHHe CTAaTHCTHYECKOTO aHajH3a Ha BBICOKOM
MaTeMaTHYecKOM YPOBHe.

Tak, BMecTo Hcnosb3oBaHus ypasBHennii Hasbe — Ctokca npu
GopMynHPOBKE OYEBHIHbIX KpaeBblX 3ajfay (Hanmpumep, 3ajgauHcra-
IJHOHAPHOTO TeYyeHHs1) HYXKHO 06pamarsc HENnocpeJCTBEHHO K ¢u-
3uyeckoli OelcTBUTEAbHOCTU AN TIOCTAHOBKH COOTBETCTBYIOUIHX
KpaeBbIX 3a1a4.

ITono6Hoe monoxeHne HUKOUM 06pa3oM He sIBJASETCH YeM-TO HO-
BbIM B aHanau3e, xors o6 3TOM uwacTto 3a6uiBaloT. Tak, OTKphlBad
Ilepeuiii MexAYHapooHBI MaTteMaTHueckuil kourpecc, IlyaHkape
ckaszan: «Kakum 6m1 GoraTtbiM HH O6bUIo BooGpaeHue YeJIOBEKa,
npuposna eue Goraue B THICAUY pas», u Aajee: «Kaxnaas ¢uanue-
CKasl TEOpHH... MO-HOBOMY OCBeEIUdeT YPaBHEHHUS (B YacTHbLIX NMpPOH3-
BOAHBIX)... Be3 3Tux Teopuit Mbl He 3HaAM Gbl, YTO TaKoe ypaBHe-
HUS B YaCTHBLIX NMPOH3BOAHBLIX» !). C Tex nMop 3TH OCHOBHLIE HCTHUHbBI
NOATBEPXKAAJUCh M NPYTHMH BBHIJAIOLIUMHCS MaTeMaTHKaMM, H HX
BCerjaa cjeayeT NMOMHHUTb.

MeHee sCHO, Kakue CBOMCTBA MOXKHO 3aKOHHBIM 006pa3oM mnpH-
IACATh CHUMALMbIM BI3KHUM KUAKOCTAM. XOTH MOXHO HanesiThCd,
YTO Kakoe-TO BHAOH3MeHeHHe ypaBHenut Haewe — Ctoxca Gyner
XOPOLIO COOTBETCTBOBATb (PM3HYECKHM (AKTAM, OCTAETCH HESICHLIM,
KaK yBA3aTb 3TO BHIOM3MeHEHHe C TepMOAHHAMHKOH.

Hna nonno#t CTPOrOCTH HYXKHO Y4YHTHLIBATH KAaK TENJIONPOBOJ-
HOCTb M H3JlyueHHe, TAK U HarpeB 3a CUET TPEHHR H M3MEHEHHe Bf3-
KOCTH M IJIOTHOCTH C H3MeHeHHeM TeMmnepaTypbl. CTporoe peuiexue
BO3HHMKAWOLMX MPH 3TOM KpaeBbIX 3aJay M [0KAa3aTeNbCTBO TOTO,
YTO 3aJa4YH KOPPEKTHO NOCTaBJEHB, MO-BHIAHMOMY, OUTH Ge3HadexX-
Has npoGnema. Cronb ke, ecau He GoJsee, TPYAHLIM [AeJOM TNpen-
CTaBJISIETCA CTPOroe NpHMeHEeHHe MeTOJOB TeOPHH BO3MYylUeHHS, 060-
CHOBbIBAIOIlee MNpeHe6pexeHHe OTAEJIbHBIMH NepeMeHHbIMH. Jlo-
CTHXXEHHe ycreXxa B 3TOM cJayyae 6ydeT 3aBUCETb OT MCIOJb30BAHHSA
runoTes (Q)—(F) u3 § 1 ¥ 1pyrux nonoGHbIX 3BPUCTHYECKHX Npes-
NOJIOXeHUH.

Onnaxo nosonbHo o6o6uwenunit! Teneps, He cBs3blRas cebs CTPo-
roft mporpaMMoO#, Mbl MepedfeM K H3yyeHHIO TPexX Pas3JUYyHBIX KOH-
UenuHit rHAPOAHHAMHUKH, uTOOH NOJAYyuHTL Gonee ray6okoe mpesn-
CTaBJienHe O TOM, Kaxoro poja coolGpaxKeHHs XapaKTepusylor cy-

wecTBO Bonmpoca. Mbl MMeeM B BHAY TEOPHIO CTPyit, momoGue u
NpHcOoeJHHEHHbIE MacCChl.

') Poincaré H, Proc. First Int. Math Congress, Ziirich, 1897, crp. 81—
90. [lloaTsepxjaenus 3704 TOukH 3peuna cM. Hadamard J, Lectures on
Cauchy's prcblem, Yale Univ. Press, 1923, e¢tp 23 u Courant R, Proc
Eleventh Int. Math. Congress, Cambridge (USA), 1930, 1. 2, c1p. 278,
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CTPYH, CNEADI H KABHTALUA

§ 36. Pa3pbiBHbBIe TeYeHHs

[Tpu aBHXKEHUH peasbHBIX XKHAKOCTEH ¢ MaJjoli BA3KOCTbIO OObiy-
HO MOXXHO 32METHTb, YTO MOTOK CTPEMHTCS OTOEAUTHCA OT TBEPAHIX
CTEHOK, OCOGEHHO y OCTPHIX YIVIOB. JTO 6blIO yxe oTMeueHo B § §,
rae Ha pHuc. 2, 8 H306paXxkeHO Takoe TeueHue, a Takxe B § 29,

Nonosuascs rcudrocme === ==
[
T T T T e —  Teepoeii Monoswrics
=Yl MIVA== qumung cned
[ s
lowosuyascs scudiocmo ===/
a ]

Puc. 9. a—nmnpamas cTpys HAeanbHOH MKHAKOCTH, O — CAea WO3agH Moay-
UHJAHHAPA B HA€aJAbHOH XKHAKOCTH.

MaremaTHUecKHe MOAe/NH NMOZOGHBIX TeYEHHA C OTPHIBOM MOXKHO
AOBOJIBHO JIETKO MOCTPOHTb, HCNOJb3ysl YpaBHEHHsl NBHXKeHHs JH-
Jepa Anas He8a3Kkol HAKOCTH. OCHOBHAsI HAesi COCTOHT B TOM, YTO
JlonycKaercsi CKaukooOpasHoe H3MeHeHHe CKOPOCTH NpH mepexoje
yepe3 JHHHIO TOKa, 4TO fBJAETCS TrPyObiM HapylIeHHEM THIOTe3bl
(E) n3 § 1. IIpocTele npHMepbl TaKHX TeueHHA CXeMaTHYECKH H30-
6paxeHs Ha puc. 9. B 3THX TeueHHsIX Bce JHHHHM TOKa napaj-
JesNbHbl APYr APYry, a o6JacTH pPaBHOMEDHOTO TeueHHsl OTHAEJeHbI
oT obaactefl cTosiuefi BOAB AUKUAMU TOKAQ, NPH liepexoje yepes
KOTophle CKOpOCTb H3MeHsietcsi ckaukom. Ha puc. 9,a usobpaxena
HOeaJH3UpOBaHHAsi GeCcKOHeuHAs CTpysA; NOcTynawuwas B o6aactb
HeMOABHKHOA BOABl H3 TPYOH NMPOH3BOJNBHOTO MONEPEYHOro CeueHHs,
a Ha pHc. 9, 6 u3obpakeH paBHOMEpHBI! MOTOK, OTPBIBAIOLIHKFCA OT
MOJNYUHAHHAPA CO CTOPOHH cpe3a M obTekaloluit 3acTOHHbIA cred
no3ajfn 3TOro NOJyuHAHHApPA. B obGoux cnyuasx nasjeHHE MOXKHO
CYMTATb THAPOCTATHYECKHM.

[To onpenenenuio, B HAeaNbHOM HEBsi3KOH KHAKOCTH yCHJIHE
CABMra PaBHO HYJIO; CJ/leJ0BaTe/bHO, HeOOXOLAHMOe H A0CTAaTOYHOE
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ycJoplie PaBHOBECHS Ha JIHHWH TOKa, siBAAOULeHCa NHIHeR pa3pbl-
Ba, — 9TO HENpPepLIBHOCT, OasaeHus NMPH nepexole uyepes Hee.

Ec/M AHHHA TOKa OrPaHHuKBaeT HAEANH3HPOBAHHLIA CNed HAd
KaKyio-1H60 APYrylo 061acTb, 3aNOJNHEHHYIO HEMOABHXHOH XKHIKO-
CThIO («MEpTBas BOAa»), a CHJA TAXKECTH yuTeHa corjlacHo Teopeme 1
u3 § 21, T0 yc0BHe HENpepbLIBHOCTH RaBJIEHHS PAaBHOCHALHO YCJO-
BHIO TIOCTOSHCTBA AaBJeHHs B paccmaTpuBaeMoit o6aactu. ITostomy
BBHAY HENpephiBHOCTH AaBJeHH Ha JIMHHAX TOKa, OrpanxuHBalo-
UIMX CJ1ed, AaBieHHe AOMXHO ObiTb MOCTOSAHHBIM. JIMHMH TOKa, Ha
KOTOPHIX CKOPOCTb H3IMEHAETCA CKAuKoM, a [aBJieHHe NOCTOAHHO, Ha-
3LIBAIOTCA CBO6OCHbIMIL AUHUAMU TOKA.

4 HOR oo
6 i

' Pasdensiouascs
o0
| Autns moxa
— -t -~
L]
a 6 o

Puc. 10. a — kpyraaa c1pys; 6 — caen NO3aiH AHCKaE,

B cuny ypasuenus Bepuynau (8*) ra. I, ecan Bce euwte npene-
6peraTb CHJIOH TSXKECTH, CKOPOCTb OCTAETCAA NOCTOAHHOH BAOJDL JIIO-
60# cBOGOAHOMN JMHHH TOKA NpH CTAallHOHaPHOM TeueHHH, H Hao6o-
potr: vduv = —dp/p = 0. D10 AaeT YHCTO KHHEMATHYeCKOe Kpaesoe
ycjioBHe AJsi CTAllHOHAPHHIX TeYeHHil, OrpaHHYeHHbIX CBOGOAHLIMH
JHHUAMH. BMecTe ¢ popMynaMu § 5 oHo onpeaensier ciaeayioLlyio
KpaeBYyIO 3afayy TEOPDHH NMOTeHLHaJa,

3apnava F'eabMroabua. JIas 3aganHoro npensatctBHa R
HaATH NOTeHLHaN CKOPOCTeH, yaoBJaeTBopsowuil 1) ypaBHeHHIO
V2U = 0 BHe npenATcTBHA R M BHe 06]aCTH «MepTBO{i BOALI» Ri;
2) ycnosuio dU/dn = 0 na rpaHduax npenatcTBus R u o6aacth R,
u 3) ycaosuio | VU |2 = const Ha rpaunue o6nactu R;.

3aMeTHM, 4TO nocjedHee KPaeBoe YC/OBHe HeAunelno. 3aMeTHM
TaKxKe, YTO TOMOJIOTHSA TeYeHHS OCTANAcCh HeonpeaeNeHHON; Ha npak-
THKe €e 3a4al0T HCXOAS H3 HHTYHTHBHLIX NMPEACTaBAEHHH HJH 3Kche-
PHMEHTaNbHBIX AaHHLIX (runotesa (D) u3 § 1). IBe Takue Tomodao-
FHH TeYeHHS CXEMaTHYeCcKH H3o6paxenni Ha puc. 10. Ha stux
PHCYHKAX MOKa3aHbl «CTPYs», BbiTeKalOWasi H3 KPYFOro OTBEPCTHS
B MNIOCKOH CTeHe, U «Cjell» 32 JHCKOM.

Teuenns, ynoBneTBOpPAIOLUHE YKA3aHHLIM yCNOBHAM 1)—3), T.e.
PeweHHs 3ajaud TenbMrosbua, B nocienyiomeM Mol GyfeM Hasbl-
BaTb Tewenuamu lenomeorsya.
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B nefcTBHTENBHOCTH e HHKTO elle He CyMeJ AaTh TOYHYK Ma-
TeMaTHYECKYI0 TPAKTOBKY YKa3aHHBIX BhHIlIe JABYX TeueHWii [enpM-
roabna, cM, § 49. OagHako aHaJOrHYHble TEUEHWs [Jsi NJAOCKOTo
cjayyasi, T. €. CTPYysl, BHITEKAIOWasi U3 LIEJMH, U cjej] Mo3alH MIAOCKOoR
NJaCTHHKH, MOXHO MOCTPOMTb HOBOJIbHO Jierko. TeopHs 3THX mJo-

CKHX TeueHH#t [enbmrosibnia OyAeT npeaMeTOM HCCJ€AOBaHHA B
§ 37—391).

§ 37. Tonorpadu B BHAEe moayKpyra

B of6uieM cayuae JoKaJbHO Oe3BHXpeBble HeCKHMaeMbie NJio-
CKHEe TeYeHHsl XapaKTepPH3YIOTCH CYLUECTBOBAHHEM KOMNAEKCHbIX no-
renyuaros W = U + iV. 3pecp U — notenuuan ckopocreit, a V —
dynkuus toka, KomnuekcHbuiit notenuuan W ecTb aHaJHTHYECKas
(GYHKIHA KOMIJIEKCHOR mepeMeHHOW 2 = x - iy, xapakTepHaywlie#
1oJioXKeHHe TOYKH, a ee MPOH3BOAHAS

dw s
—H=C=u—w (1)

NpeACTaBJAseT COGOH cOnpANeHHOe 3HAYeHue KOMIJIEKCHOH CKOpO-
. dx dy
2 = ¥ = — _— —,
cth?) u+iv=1_% e u=—;, i
Ecan u3pecten morenunan W = f({) Kak KoMmnJekcHas aHajH-
THYecKass QyHKLUHs [, TO, CJedOBaTeJbHO, MOXHO ONpelesiuTh Z B
BH/le aHaJIHTHYEeCKOH QYHKLHUH OT {, T. e.

z=fc“f' (t)dc=fc“dw. ©

H C/lefloBaTeJNbHO, MOXKHO (B NMPHHLHIE), HCKJIOUHB {, Hailth W (2).
Hrtak, ans onpeneseHHsi CTaLHOHAPHOro IJOCKOro TeueHHsi [esbM-
roJiblla J0CTaTO4YHO 3HaThb (QYHKUHOHaJbHOe cooTHoweHHe W =f(§).
KakoB BuA 3To#t GYHKUMH B C/lyyae IJIOCKHX TeUeHHi, nPHBEAEHHHX
Ha puc, 10, MOXXHO aorafathcs no rojgorpadaM paccMaTpHBaeMuIX
TeyeHHil.

T'odozpagom naocKoro TeyeHNs) HA3bIBAETCS FeOMETPHYECKOE Me-
CTO TexX 3HaueHH#H [, KOTOpHie AeACTBUTENbHO AOCTHralOTCS B 3TOM
reyennd. M3 puc. 10 nerko Buuerts, uto rogorpadsl cOOTBETCTBYIO-
LUHX MJOCKHX TeuyeHHH (ecJH OHH CYLIECTBYIOT) JOJIKHB GHTh
noaykpyzamu. 310 caeayeT M3 TOTO, uTO argl (HanpaBJieHHe Teue-
HH#) — BEJIHYHHA, MOCTOSAHHAS HA TVIOCKHX NJAACTHHKax ((HKCHpO-

') B pycckofi anTepaType NPHHAT TEpPMHH <€TeOpHs CTpyfi», B STy TeOpHIO
BXOIUT H3y4eHHe BCeX TedyeHHA CO CBOGOAHHMH NOBEPXHOCTSMH, Ha KOTOPHIX
HaBJACAHE NOCTOAHHO. — [Tpum. ped.

?) B pycckofi JuTepaType KOMMJIEKCHOM CKODOCTHIO Ha3LiBaeTCs CaMa BesH-
Wuna dw/dzs = u — iv, — [Tpun, ped,
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BaHHBIX FPaHHLax), B TO BpeMs Kak [|f| (cKOpOCTb TeueHHs) MOCTO-
siHHA BJOJIb CBOGOJHbIX rPaHUl, Kak nmokasado B § 36.

C npyro#t cropoHbl, o6aacts W, HJIH reoMeTpHuecKoe MeCTO
3HaueHHH, NPUHUMAEMKIX B JaHHOM TeueHHH Beqnunuoi W, orpanu-
yeHa JHHHSAMH V = const (JHHMH TOKa), MapaJ/iiefibHbIMH AeHCTBH-
reqbHot ocu U. Ha pue. 10,a — 3T0 GeckoHeunas nosoca. Jas cay-
yas Ha pHc. 10,6 — 3TO MOJYMJIOCKOCTb, pa3pe3aHHasi BAOJbL MOJO-
xuteabHoll ocu U (ecsnm BbIGpaTh NOCTOSTHHYIO HHTETDHPOBaHHSA B

W:dez TaK, yToGbl B KpHUTHUecKo# Touke Obio W =0).

Annapat koHbopMHOTro oto6paxenus Ilycto Te-
nepb @ — J06oe TeueHHe, HMemOllee rogorpagom noaykpyr (ciaeno-
BaTeJbHO, OrpaHHYeHHOe CBOGOJAHBIMH JIHHHAMH TOKa H TIPSAMOJH-
HeAHBIMH CTeHKaMH). Mbl MOXeM Tak BbIGPAaTb OCH KOOPAHMHAT, YTO
BeqMuMHa § OGyZeT NMpUHHMATb AefCTBHTesbHble 3HAYEHHS HaA Hemo-
JBHXHOH FpaHule, H TaK BHIGPaTb eAHHHIIbI H3MEPEHHs, 4TO Ha CBO-
6onHoil rpanuue Gyzer |¢| = 1. 3atemM ¢ noMolbio npeoGpa3oBaHus
o= (¢ + ¢')/2 oto6pa3um o6nactb rogorpada Ha HHXKHIOK NOJY-
naockocts Im {6} < 0. KontpopMmHoe npeo6pasoBaHHe HauGosee 06-
wero Buja, orobpaxawouiee objactb rogorpada Ha HHXHIOI NOJY-
IVIOCKOCTb, 3ajaetca GopMyJoi

as+ b a4 1)+ 26¢
T=ca+d=c(c2+l)+2dC' ad > be, (3)
rae a, b, ¢, d — pelicTBUTENbHBIE YHCJIA.

C npyro#t cropoHn, oGaacte W n1060ro 0JHOCBS3HOrO Teue-
HHUS, OTPAHUUEHHOI'O JIKHUSIMH TOKA, eCThb 060G6ILEHIIbIH «MHOTOYrOJb-
HHK», OfIHA HJIH 6O.blliee YHCJO BEPUIHH KOTOPOrO PacmoJioXKeHbl Ha
6EeCKOHEUHOCTH M BCe CTOPOHBI KOTOPOro mnapaJJesbHb AeHCTBH-
TesqbHoH ocH. CiiefoBartesbHO, MOXHO 0TOOpasuTh obaacte 7, onpe-
nenseMylo cooTHouwleHneMm (3), Ha o6nacte W nmpu momouu moaxo-
asutero (koHgpopmHoro) npeo6pasoBanus [1IBapua — Kpucropdens:

w o | KGE:7)
e =R(MN= =L —— 4
P>
rie C u Bj, Tp— deiicreuteasnsie napamerpel ([4], cTp. 370). Mul
BUIUM, uTO AJs Ji060ro ogHocBsi3HOro TeveHuss @, y Koroporo oG-
JacTp rojporpada ecTb NOJAYKPYr, MOXHO 3anucate W B Buze

fA(C) dt, ucnoabsys dopmyan (3) n (4), rae A(f) — payuonasre-
Haa pynkyua.

PaccMoTpeHHBIt BbIlle METOL MOXKHO Jerko o60GIUMTh Ha
¢Jayyail, koraa o6aacte roforpada ectb KpyroBoi cexTop C yraom,
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npu BepliuHe paBHuM w/n ([17]), ra. 1I). B 3ToM cayyae npeo6pa3so-
BaHue ™ orofpaxaer obsactp roforpada Ha NOJAYKpPyr M, cjeno-
BaTeJbHO, COOTHOIIEHHE
T a@ 41420
T T@F 240

npeacrasaser cofoit oro6paxenHe o6aacty rogorpada Ha moaynio-
CKOCTb. A nanblie MH OeHCTByeM, KaK B NpeabaylleM cayuae,

§ 38. HcreueHne cTpyH H3 mean

lenbMroasu [27] nepeuit npuMenun B 1868 r. onucanHbiii BolLIE
annapat K CAy4Yal IJIOCKOA CTpPYyH, BHTEKalollefl H3 LIeNH, CM.
puc. 11, a. B 3toMm cayuae, BH6paB eqHHHUY AAHHH TakK, YTOGH CKa-
yok V npu nepexone uepes oTBepcTHe OblN1 paBeH w, MH MOXeM B
¢dopmynax § 37 noaoxurs W= InT, T =e%W, dW/dT = 1/T.

0
5 5
d
5\ /S s
0 co
e
oo S
a 8

Puc. 11 llaockas cTpys, BHTEKaowas u3 UEAH.

Hns Bu6Gopa BenHuHH a, b, ¢, d pacCMOTPHM 3aBHCHMOCTb MEXAY
T u W B ¢usnueckodt nnockoctH. OueBHaHO, uto mpefea { =0 B
obaactd ronorpada Ha puc. 11,6 moctHraercs torma, koraa W =
= — oo B o6nacth W Ha puc. 11,68 HAH, YTO IKBHBAJIEHTHO, KOrAa
T = 0. Ha storo caeayer a =0 B ¢opMyse (3). C TOuHOCTBIO [0
noAo6GHs Mol MOXEM Tenepb HalHCaTb PaBEHCTBA

4
T=m, W=InT, C:=—dje. )]

Touxa ctpyn, nexaiuas na GeckoneuHoctn, rae W = + oo, oue-
BHAHO, COOTBETCTByeT 3HayeHHI0 (=e%, ((+(')2=0=C=
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= cos a. CJaejtoBaTenbHO, ypaBHeHUs (2) W (5) ompeapensiioT crpyro,
eviTeKarowyro u3 weau B GeCKOHeYHOH mJacTHHKe H 06pasyiollylo
¢ 3TOi nyacTHHKON yroa a. Tak Kak NMOAHHTErpajbHOE BHIpaXKeHHE
B dopmyJe (2) npeacrasiasier co6oil panHOHAABHYI0 (YHKIHIO, MBI
MOXXEM NPOH3BECTH HHTErpHPOBAHHE B 3aMKHYTOM BHIE H NMOJYUHM,
YUHTHIBasi paBeHcTBa (5), caedyloliiee COOTHOUEHHE:

W=In{—In@@—2CC+1); 6)

JeTanH BHYHCJAEHHA Mubl 3flecb onyckaeM. Cayuait sepruxassrodl
CTpyH, paccMoTpeHHHH [eabMrodbueM, cootBercTByer C = cosa = 0.

§ 39. Cxema o6rexkanus Kupxroda

B 1869 r. Kupxrod {31] BeinosHHA aHaJOrHyHble pacuerb AJs
cnefa no3aaM nJaacTHHKH. B atom cayuae npeo6pasoBanne W =
= T2 oTo6paxaeT HHXKHIOIO MOJYMJIOCKOCTb HAa MVIOCKOCTb C paspe-
3oM, siBagiomylocs obaactbio W, takum o6pasom, R(T) = 2T B
dopmyse (4), ecniu HanpaBHTb HNeACTBHTENBHYI0 OCb BAOJbL MJa-
CTHHKH.

Has Toro uto6b! onpeaeaHTh NOCTOSIHHEE 4, b, ¢, d B dopMmyae
(3), Mbl CHOBa pPacCMOTPHM 3aBHCHMOCTb MeXRy W B [ B ¢u3Hue-
ckoit nyockoctu. Touka W = 0, B KoTOpofi HauHHaercs paspes, Co-
OTBETCTBYeT KPHTHuUECKOH TOuKe TeueHHs, B KoTopoit { = 0. Orcioaa
a=0, H Mbl CHOBa MOXeM HamHcaTb paBeHCcTBa (5), NMOMHS npH
3ToM, uTo C = COS @ onpejensieT HanpaBjJeHHe TEYEHHS Ha GEcKo-
HEYHOCTH.

HauG6onee nnrtepecen ciyuafi o6TeKkaHHsl IVIACTHHKH MOA fpAMbIM
yrJioM; OH mpeicTasJjsieT co60i NMJIOCKOe TeueHHe, aHaJIOTHYHOe H30-
GpaxkeHHoMy Ha pHuc. 10,6. B stoM cayuae paBeHcTBa (5) cBoasTtes
K BHAY

v (). 2

Buinonuss uHTerpHpoBaHHe, yKazaHHoe B ¢opMmyne (2), Mb Ha
3TOT pa3 nmoJjiyyaeM cJjelyioiiiee COOTHOLIEHHE:

z=(c’+1)’+7{cﬂ+1‘“7'"1—q_—i}+const @)

AN Bcex 3HaueHHA § = § + in.
Baoabr nnacTHHKH BesHyHHA { npuHuMaeT JefiCTBHTebHBE 3HA-
YeHusl U cooTHouweHHe (8) CBOMHTCA K BHAY

g 1 4 '
z=(cz_+_1)z +7{ c2+1+arCtgﬁ}' (8a)
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rae, oueBusiHo, 2(0) = 0, H, TakuM 06Pa3oM, NOCTOSIHHAs HHTErpH-
poBaHHa paBHa Hyalo. B npaso# Touke otpuiBa S§ = I, caenoBa-
TeJILHO,

2O=¢+r{r 3= &)

JaBnenne Jsierue Bcero BLIYHCI/IHTB, NOJIOXHB § = E = tg8 Bpoan
NJacTHHKH, TaK uto §/(E2 + 1) = sinf-cos@ = 1/2sin 26. Caenosa-
TeJNbHO, B CHJy TeopeMn DepHyaaun!) u ¢opmyan (8a), naBaeunue
Ha MJIACTHHKY PaBHO HHTerpany

1 n/4

f(l—&’)a’x: f%d[%sin"’?&]: [ 2cos28a8 =
E=0 E=0 020

T

4

OrHollleHHe 3TOH BeJHUHHB! K TOJIOBHHE MJIHHb! MJIACTHHKH, oye-
BH/IHO, Npe/cTaBJisier CO60H KO3 (PHUHEHT J060BOr0 CONMPOTHBJAE-
HHsl, KOTOPLIH, TaKHM 06pa3oM, paBeH BelHuHHe

2
Co= 74 =088, )

AHanorununble, Ho 6Gojlee CJIOXKHble MOACYETHl AJA cayuas o6Te-
T
KaHHs NJIaCTHHKH MOJ OCTPHIM YIVIOM @ # 7 NMO3BOJSIOT MOJAY4YHTh
cnenyouise GopMyJibi 2):

__ 2=msin%a . ®msin2a ,
CD—4+r:sma' CL~_4+nsina' )

§ 40. BansiHHe creHox

Meroa rogorpada3) MOXKHO TaKKe NPHMEHHTb C UeJbi0 noay-
yeHHs] HH(GOPMALHH OTHOCHTEJNbHO BJHAHHA CTEHOK Ha CTPYIO NpH
MCTeYeHHH M3 COomJa.

PaccMotpum, no esbMroabiy, o6TekaHHe NJacTHHbL, NONOBHHA
IIMPHHBl KOTOPOA paBHa b H KOTOpasi ylepKHBaeTCs B CHMMeTPHY-
HOM MNOJIOXKEHHH B CTpye H3 COMJa, Kak NOKa3aHo Ha pHc. 12,a.
Tak e xak u panbwte, ¢pyHkuun W(2) u {(2) xondbopMHo orobpa-
XKaloT TeueHHe Ha GECKOHEYHYIO MOJIOCY € pa3pe3oM H Ha MOJYKpyr
COQTBETCTBEHHO.

') AsTop npexnosnaraet, 4TO NAOTHOCTL KHAKOCTH paBHA eXHHMIE. —
Hpun. ped.

?) Uepea CL o6o3naued KoIpOhHUHEHT NOABEMHON CHAH. — [Tpun, peo,

) Cu. [17), ra. 11, § 7, 8; a Takxke ra. I, § 1L
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3710 onsiTL-TaKH CJAEAYeT U3 TOro, uto obaactb W orpasuyeHa
JHHHSAMHA TOKa, Ha KOTOpHIX V = const, BKAOuan JiHWIO TOKa, pas-
JAeNSIOUyIocss B KPHTHUeCKOil
toyke. O6aacts rogorpada or- -~
panuueHa CBOGOAHBIMH JHHHAMH —/
TOKa, Ha KOTOPbIX BeJHYHHA { ~
NOoCTOSIHHA, W HEeNOABHIKHOM nJa-

CTHHKOH, BHOJbL KOTOPOH BeJH-
ydHa { HanpaBsJeHa BepTH-

KaJbHO.
C MaTeMaTHYeCKOH TOUKH ——— "~
3penus yaoOHO Tak BbIOpATH HA- (7

YyajJo KOODAMHAT H eIHWHHLBI U3-
mepeHusi, 4yto6el o6aacte W
npeacrasasia coboi  mosocy
—a<V < &, pa3pe3anHyio B10Jb
noNoXHUTEeAbHO mnoayocu W =

= U >0, a ob6aactb ronorpa- ___/_
¢a — noaykpyr gl <1, ~% <
<argt< %

Yno6uo Takke paccMaTpu- =0

BaTbh TOJBKO HIKHIOI NOOBURY
TeueHHs.

IIpn stux ycjaoBusx obaactb
3HaveHuli T = eW coBnajaer c
nojaymiaockoctblo. Tak kak mpe-
o6pa3oBaHue {? oro6paxaer no- __/
JOBHHY o6JacTd rojgorpada Ha :___/
eAMHHYHBIA nonykpyr 0<arg (<
<m, |§| <1, T0  dYHKWHS
(&2 + g—z)/z otobpaxaer ee Ha
NOJYMJAOCKOCTb. B cuay ocHoBHOH
TeOpeMBl 0 €IUHCTBEHHOCTH KOH- 8
¢dopMHOro oTOOpaKeHus, oTCIO-
lla caeAyIOT COOTHOIIEHNS:

We=inT Puc. 12. IlpuMepn naockux TeqeHui.
— »
_ @~ NJaCTHHKA B CTpye, BHTEKaloWeR M3 conaa;
a ((2 +¢ 2) + 24 6 —nAacTHHKA B KaHARE; 8 — IJACTHAKA B CBO-
= (10) 6oanoft cTpye.

c(P+t9)424"

rie BequuHHH a, b, ¢, d — peficTBHTEeNbHHeE uucaa. DTu xeHcTBH-
TeJIbHble NOCTOSIHHbIE MOXKHO CBA3aTb C reOMETPHYECKHMHU CBOHCTBA-
Mu TeyeHus. Ecan ¢ < 1 — ckopocTh Teuenus B comsie (npeamnona-
raeMasi NOCTOSIHHOW) M e~ /"— CKOPOCTb B HUXKHe# cTpye, TO [ = v,
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korga W= —oo u T = eW =0, B TO BpeMa kak { = e’*, koraa
W = T = oo. Takum 06pa3oM, oT6pachiBas NOCTOSAHHHE ClaraeMue,
NOJYYHM cjieflyioliee BhIpaXKeHHe:

W= In|((2 — e2e) (2 — e-2%)] — In | (@ — v?) (2} — v~ )] ==
= In [} — 2C0—+ 1] — In [0 — (v*+ v~ P+ 1], (1

rae C = cos 2a. ITockoabky H3 dopMmyan (2) z=f ™' dW, aro

Bhpa)keHHe MOXHO NPOHHTErPHPOBATb 3JIEMEHTaPHBLIM CHOCOGOM H
MoJayuHTb 2({) B 3aMKHYTOM BHAe!).

Oco6ufi HHTEpec npeacTaBasior ciyyal C = 1 —naacTHHa B
saxpbuitom xanase (puc. 12,6), ans KOTOPOro MOXHO NOJAYHYHTh CO-
OTHOLIEHHE

z=4arcth(—2'uarcthvt—%arcthz—. (12a)

M caydal v = 1—nnacTHEa IHPHHH w B CcE80600KOd CTpYe,
(puc. 12, 8), ana KOTOPOro MOXHO MOJY4YHTh COOTHOLIEHHe

TH8 e 1€ ey, 1+
z=2In ¢ In T ¢ In gyt (126)

Ucnoabays ¢dopmyan (12a), (126), MoxHO noka3aTh, yTo mo-
npaBKa Ha BJHAHHe cTeHOK aas xosdduuuenta Cp Mana, ecau He-
XOIHTb H3 CKOPOCTH Ha cBOGOAHOM JIHHHA TOKAa, HO OHa OYeHb Be-
JIHKa, ec/iH HCXOAHTb M3 CKOPOCTH BBepX no TedeHHI0. Tak, oHa co-
crasaser 30%, ecain (aByMepHuift) TyHHesb HMeer WHPHHY B 100
auamerpoB. B cayvae csofoxmoft cTpyH 3Ta nonpaBka Mana, H
paccMOTpeHHas Bhie npoGieMa He BO3HHKAET.

§ 41. Heycrofiunsoctp TevennRh leabmroanna

K coxanennio, cBo6oaAHNE IPaHANN CTPYR H CJI€ROB, paccMOT-
pennnie FeasMronbuem u Kupxrodowm, seycrod«uest. Ito Guino Hs-
BecTHO yxe [easMroabuy ([27], crp. 222), KOTOpH 3aMeTHs, uTO
TPaHHUB CTPYH, BHTEKalOIHX H3 AYXOBHX TPY6, 3aKPydHBAIOTCH
B BHJE NEpPHOLHYECKHX cHpaJjed.

KpoMme Toro, HaG/IOAEHHA NOKa3HBAIOT, 94TO NMpPK uyHcaax Ped-
Hoabaca Re > 10* JHHMH TOKa, KOTOpHe OTAENSIOTCH OT MJOCKOA
NIAaCTHHKH (HJIH JPYroro MNpensiTCTBHA) B ABHXKYIEMCS NOTOKe,
BCKOpe NpeKpaillaloT CBOe CYIeCTBOBAHHE B TYpOyJeHTHOX <30He
cMenrenHs». BeaeacTBHe 9TOrO peaibHbHift ciei HHKOHM 06pasoM
He mpencTaBiasieT cOGOR HEMOABHMKHYIO MOJOCY «MEpTBOR BOAMY,
npocTHpawloumyiocs B GecKOHewHOCTb, Kak nojaaran Kupxrog.
PeasbHble caean 3anofHeHH BHXPSAMH, KOTOpbie HaHGo/ee aKTHBHH

) 3anasn, paccMoTpennie 8 § 40, snepewe Ohau pemen .
H. E. )Xyxosckum nsffp— Mpun. peg. P d Ms 180
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B 30He CMeLleHHsl, H 3TH BHXPH HENPEePHBHO BBLIHOCAT MXHAKOCTH
BHH3 NO TeYeHHIO 32 npeaenbi crena.

Yro6u o6beM MHAKOCTH, o6pasylomted ciaefl, ocTaBajcs OZHHM
A TeM Xe, Heo6xoAHMO, uToOH B UEHTpe clela MNOAAepKHBaNOCh
o6paTHOoe TeueHHe. B pesysbTaTe 3TOro B NOTOKe MOABASIOTCH ABA
BHXpSl, KaK 3TO H306paxeHo Ha cxeMe pHe. 13. ATtu Buxpu nommep-
JKHBAIOTCA 3HAYHTEJNbHHIM TpPafHEHTOM [aBJEeHHA, OHH HaMHOro
yMeHbllaloT AaBA€HHE P, B KHJAbBATEPHOH 30He MO3afAH NJNACTHHKH.

BBuay takoi Kpa#Heil HeyCTORYHBOCTH B peaJibHbiX cJaefax Mmo-
Jyyaercsi 3HayHTebHOe MOHH)XEeHHEe [JABJEHHS: AaBJieHHe B HHX Pu

o

o Jona
D i et

g P g
O CMEWCHUI
e e P

Puc. 13. O6patHoe TeweHHe B peaAbHOM
caene.

ropasgo MeHbllle JaBNAEHHA p, B CMeXHbix obaactax. Kak caen-
cTBHe 3TOro HafifeHHn#t Kupxrodpom TteopeTHueckH KO3QHUHEHT
conpotuBaeHus Cp = 0,88 MeHblle, yeM NONOBHHA AefiICTBHTE/NbHOTO
sHaueHHs Cp, KoTopoe NpHOAH3HTENbHO PaBHO ABYM. JlAs HaK/OH-
HBIX IJIACTHHOK 3HaueHHe moAneMHoil cHan Cp B Mogenn Kupxrogda
SAHHXKEHO Jaxe B Goabiuefi Mepe, 0COGEHHO NMPH Yraax, MeHbUIHX
CKpHTHYecKoro yraas (oxoao 15°).

Ecan Ob 370 6HAO He Tak, TO NoJeT camonera 6ua Gb Kpafine
satpyaned. 3dto 3aMetun Paned ([12], 1. I, ctp. 287, u 1. III,
cTp. 491) yxe B 1876 r. K cuactbio, Momenp JKykoBckoro u3 § 8
fiBAsieTC ropasno JyymlHM NPHOMHXKeHHeM aeficTBHTeNAbHONM Kap-
THHH NPH Manbix yraax atakd. (KpoMe Toro, oTpHB NoTOKa MOXHO
HaMHOrO 3a/ePXKaTb NPH MOMOLLH COOTBETCTBYIOLIEi KOHCTPYKUHH
KpHia, KaK yxe 6ha0 o6bsacHeHo B § 29.)

STH dakTH GblH xopowo H3BecTHH KeabBHHY !), KOTOpH# mo-
Ayuua GoJjiee BaXKHbI Pe3yAbTaT: OH MOKa3aj, KaK MOXHO KoJuue-
CTBEeHHO HCCJIefl0OBATb YCTOHYHBOCTb NPAMOJHHEAHHX JHHHA TOKa
B NJIOCKONapaJlJie/IbHOM TeYeHHH.

Ouenb 60abIIOA HHTEpPeC NPeACTaBAseT CAydyail rOPH3OHTANbLHOR
FpaHHIbl B BEPTHKAJbHOM mnoje CHJAW TaxecTH. 'pannuna pasge-
JsieT ABe XHAKOCTH C NJOTHOCTAMH p H p/, KOTOpHe ABHXYTCH CO-
OTBETCTBEHHO CO CKOPOCTAMH 4 H u/, KaK yKa3aHO Ha pHc, 14.
KesnbBHH nokasas, yTo B 3THX yCJIOBHAX CHHYCOHAAJbHOE BO3Mylle-

':)SgNature, 50 (1894), ctp. 524, 549, 573; cM. takxe Psneh (38}, 1. 6,
cTp.
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HHe TPaHHYHOH MOBEPXHOCTH C AJNHHOR BOMHE A = 2m/k ROJKHO
BO3PACTaTh MO IKCMNOHEHUHANbHOMY 3aKkony exp {/(A)f}, rae
9 _po'R? PRV S Tl SO W (.

[F ™ ety (" —u) p+e’ gh—rpy - (19
npHyeM Y ecTb HaTsXKeHHe Ha rPAHHYHOA NOBEPXHOCTH, 8 g — yCKO-
peHHe Ccuabl TsxecTH. Ero nokasaTenbcTBO RpHBe#eHO B paGore
{7], n. 266—267.

B cayuae cnepos, koraa p=p’ u 1=0, oueBHAHO, Mb HMeeM
I(A) = klu’ — u|/2 > 0. 'pannyHas NOBEPXHOCTbL B BHICLUEH CTENeHH
HEYCTOMUHBA, CKOPOCTb HapacTaHHs BO3MYLIEHHHA ¢ OueHb KOPOTKOA
HAMHOH BOJHBI He o2panudena. Tak, HanpuMep, Ha PacCTOSIHHH
B n JJHH BOJHH, |’ — ult = nk = 2xn/k, cKOPOCTb HapacTaHus onpe-
JensieTcs MHOXHTeJeM e2%" B OTHOCHTE/JbHOM HBHXKEHHH!),

U'—-—

T e —

g A

Puc. 14. Heycrofituusocts no Feasnronsuy kB Kenbsuuy.

BoaHn, Bi3biBaeMbe BeTpoM. KeabBHHy Ml 06sizanbl
KJacCHYeCKHM npuMeHenHeMm ero ¢opmyan (13) ana pacuera mu-
HHMaJbHOH CKOPOCTH BeTpa, Tpelylolllefici J15% BO3SHHKHOBEHHSA psibu
Ha NMOBEPXHOCTH CNOKOAHOR BOAHW. BepoaTHO, KaXA0My AOBOAHIOCH
Ha6MmoAaTh, YTO NPH AOCTATOYHO JierkoM GOpH3e NMOBEPXHOCTb MNMpy-
JOB OCTaeTcs 3epKajabHO raagKof. TeopeTHueCKH MOXHO NOKa3aTh,
YTO ANAH paBHOMEPHO AylOIIero BeTpa NpH OGHYHOM OTHOUIEHHH
NJOTHOCTH BO3AyXa K MJIOTHOCTH BOAM, paBHOM p’/p = 0,00126, ua
¢opmyan (13) caeayer, uTo BO3MYLLEHHS BCEX AAHH BOJAH OynayT
6e3pa3/IHyHO YCTORYHBW TOrZa W TOJABKO TOrAa, Korja |u’ — u| <
< 646 cm/cex. B neficTBHTENLHOCTH BOJHH BO3HHKAIOT NPH BeTpax
CO cpeaHed CKOPOCTbIO, MeHbLuel ueM !/s 3TOA BeJMUMHLL, NMPOCTOe H
yGennTesabHoe o6bicCHEHHe 3TOTO NapajoKCa ellle NpeCTOHT HallTH 2).

§ 42. KaButaumsa

Korzga teepnoe Teso ABHXKeTCA B XHAKOCTH ¢ Gosbmofi ckopo-
CTbIO, ero cJjei OGLYHO 3anoJdHAETCs ra3oM. Tako# 3anoaHeHHLA

') Mnorre crpyfiuHe Tevenns nps.p’ = 0 o6napaior cnemﬂanmon ycroftun-
Boctbio», cN,. Fox J. L, Morgan G. W, Quart. Appl. Math., 11, 4, 1954 —
llpum. peod.

%) Ursell F. nenasno nan o6sop stoft sapaye B padore [20], crp. 216—
249; pesioMe HEKOTOPHX SKCIIEPHMEHTANLHHX AAHAHX CM. TaM Xe Ha cTp. 240.
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rasoM cnef Has3HBalOT xagepuod, W peiueHHs 3anayn [eabMroanua
OMHCHBAIOT 06TeKaHHe KaBepHH ropasfo Jyuile, YeM OHH OMHCH-
BAIOT caMbifl caen.

EcrtectBennniM 06pa3soM KaBepHH BO3HHKAIOT NPH PAa3NHYHHX YC-
nosusx. Tak, MoxHo cpotorpadmpoBats (38) sanonnenHue Bosay-
XOM KaBepHH No3ajd cep, MajaiollHX B BOAY C BHCOTH ABYX MeT-
pos B Gonpme. 3anoNHeHHHeE MapoM KaBepHH 06pa3yloTcs Nosafu
NMOABOAHHX CHAapANOB, CKOPOCTb KOTOPHX NpEBHUIAET, CKaXeM,
30 m/cex. TonoGHHe KaBepHH TaKXe 06HUYHO 06pa3yloTCa Ha Jonac-
TAX CYAOBBIX BHHTOB NDH NaBJEHHH HA NMOBEPXHOCTH BHHTA, NMpPEBH-
waioimeM npHMepHo 1,5 x2/cu?, H B TaKHX cAyyasx onmacaloTcs pas-
PYLUEHHS] MaJleHbKHX MYy3HPbKOB, CONMYTCTBYIOMHX €BO3HHKHOBEHHIO
KaBHTALHH» KaK NMPHYHHH 3PO3HH BHHTA. [Tono6Has spo3us (W mo
TOR Xe NMPHYHHE) MOXKeT MPOHCXOAHTL NpPH Meperpyske rHAPOTYp-
6un. TTapagokcanbHo, 4TO «CymepKaBHTAaLHOHHHIE» BHHTH, paGoTaio-
LHe NMPH ropasfgo GOAbLWIHX RaBAEHHAX H NPHTOM B GOABLIHX KaBep-
Hax, MOXHO CKOHCTPYHPOBaThb TakK, YToOH H36exaThb 3Tofi SPO3HH.

BnepBnie npaxkTHYeckoe 3HAayeHHe KABHTAUHH GHJIO OTMeYeHO
npumepHo B 1900 r. MaTeMaTHUeCKHR aHANH3 3THX ABAEHHA OCHO-
BaH Ha NpaBAONOAOGHOM MPEANONONKEeHHH, YTO 3aNOJHEHHHe MapoM
KaBepHH o0pa3yloTca 6naroflaps HCMapPeHHIO, KaK TONbKO AaBReRHe
B XXHAKOCTH NMAafaeT HHXe BNOJIHEe onpefesIeHHOro 3Ha4eHHs — «aa-
BJIEHHE HUCMAPEHHS» P,. MaTeMaTHUECKH 3TO SKBHBAJNEHTHO YC/IOBHIO

P=p, B KaBepHe; P> p, B KHIKOCTH. (14)

(B kaBepHaX, 3aMOAHEHHHX BOSIYXOM, KOHEUHO, BO3MOXHO p>p,.)

PykosonctBysce stoft uaeet, Toma sBen') B 1924 r. wmupoko
NpHMEHAEMHA B HACTosilliee BPEMsl napameTp Kasurayuu (KaBHTa-
LLHOHHOE YHCJO0)

Q,=Zs=Fs (152)
7 p

The po.— NaBleHHe BO BHeWHeR o6nactH. Bckope mocne storo
Axkeper W apyrHe aBTOpH?) noka3anaH, u4ro TEOpHA TedyeHHRA
FenbMroabua npHMeHHMa K KaBepHaM Goablunx MacwTa6oB Nosaau
TBepAHX npenarcreui. Ho B nepsyio ouepens passathio Teopun Ka-
BHTALHH, KaKOA OHa siBAseTCA B HACTOsLEe BpPeMs, cnoco6CTBOBAMH
PaGoTel MO NPHMEHEHHIO MOABOAHKX CHAPAZOB BO BpeMs BTOPON
MHPOBO#N BOAHHI.

') Thoma D., Trans. First World Power Conf. (1924), 1. 2, 536—551;
cv. Taxxe Taylor H B, Moody L. F, Mech. Engineering, 44 (1922),
633—640; cm. § 72.

') Ackeret J, Tech. Mech. und Thermodynamik, 1 (1930), 1—2] u
63—72. B 1932 r. Weinig snepssie npumenna moaens Pa6ywnncxoro ns §7
X KaBHTAUHOHHHIM TEYEHHAM.
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§ 43. Mapamerpsl p’/p 1 Q

OnpenesieHHbe Bhillle SMMHPHYECKHM MyTeM napamertpu p’/p H
Q. BpeMs OT BpeMeHH YNOMHHAJHCb B HHXXEHEPHOHA JAHTEpaType, HO
B YyuYeGHHKaX TeopeTHYecKofi THAPOAHHAMHKH'!) OTCYTCTBOBAJH
BmiioTh A0 1945 r. B nacrosiulee BpeMs 3TH napaMeTpH [aloOT KJiod
KO MHOFOMY NpH HccjaefoBaHHR TeueHHfi eabMrosbua. Hanpumep,
npH NOMOILH napaMeTpa p’/p MOXHO OGBACHHTb, MOYEMY CTaIlHOHAp-
Hble KaBHTAlUHOHHHE TeYeHHS H CTPYH XKHAKOCTed B Bosayxe (T. e.
dsyxpasnsie TeueHns) onuchBalTca no leabMroabiy ropasao Jayu-
11e, 4eM CJe[bl HJIH, CKaxeM, ra3oBhe CTPYH.

B cayuae CKOPOCTHHIX TOpNeH 4JeHH, cofepxaiulne g H 1 B ¢op-
myae (13), otHocuTenbHo Maan. CaenoBatenbHo, echn p’ < p, T0 B

nepBOM NPHGAHKEHHH NoAyuHM paBeHcTo/ (A)==(k|u’—ul/2) Ve'le
3T0 NPHBOAHT K BWBOAY, YTO paccrosnue |u’—u|t or TOuKE OT-
pHBa [0 30HH MNepeMellHBaHHs, Fe Moxeab [enbMrosbua Tepser
CHJIy MPH AaHHOA MJIHHe BOJHH A, Gyaer nponqg(;x ouaasho Vpfp'.
Ins KaBepH, 3anoJHEHHHX BO3AyXoM, p/p’== 750, a AN KaBepH,
3anosHeHHHX napoM, p/p’ =30 000; caexmoBarenbHo, B OGOHX CJay-
yasix, coraacHo aHaaudy KenbBHHA, Haflo OXHAATb, YTO HEYCTOH-
YHBOCTb CBOGOAHHX NHHHA OydeT HeBeJHKa.

JTHM TeOpeTHUeCKH OGDBACHAETCA SMIHPHYECKOe YTBepiKAeRHe
Berua u Ilerepcona?), uro reopus cTpyd npumenuma, ecau
p'/lp< 1. 3TH aBTOpPH OCHOBHBaJHCbL Ha paGore Axkepera
H Ha G6osnee paHHHX paGotax Museca, npoBepsBIIEro TEOPETH-
yecKHe pacueTh Aaa cTpy#t Boauw B Bo3ayxe. Hanpumep, xora Baus-
HHe CTEHOK, onHcaHHoe B § 40, He CKa3nBaeTCs B peasibHHX cleaax,
A/ KOTOPHIX OHO NEPBOHAYaNbHO OHJO PacCUHTaHO %), OHO BecbMa
CYLIECTBEHHO NPH HAJIHYHH PEabHBIX KaBepH.

[MpakTHueckoe mNpHMeHeHHe TEOPHH CTPYA SaBHCHT TaKXe OT
BTOPOro mapameTpa, KOTOPHil coBnaaan 6u ¢ BHpaxenHem (15a),
ecin 6 ycaoBus (14) 6uaw TounniMH. EcaH  mpeanosoxuTh,
uto ycaoBHa (14) H ypaBHendwe Bepuyaau sHnoansiorcs ans
TeopeTHYECKOro AByX¢asHoro TeueHHs IeabMrosibua, TO BHpa-
wenHe (15a) npunuMaer BHA Q.= (Us/vs)?—1, rme uv;—
CKOpOCTb Ha CBOGOAHOM JIHHHH TOKa, a Ug — CKOPOCTb BO BHelIHed

1) Cm. {7), n. 73—80 & ra. XII nepsoro ns3nauus [8]. Kontpact ¢ nanHHME
xunre [2), ra. 11, nopasmrenen; cM. takke Proc. Seventh Int. Congress Appl.
Mech., London, 1948, 1. 2, ctp. 7—16.

%) Ingenieur Archiv, 2 (1931), 190—211. OrnocutenbRo aaHHHX Mngeca,
noATRepXKAAOILAX GopMyaAM, BuBeldeHnnle B § 40, cm. Zeifs. VDI, 81 (1917),
447—452, 467—473 u 493—497.

%) Volcovici V., Inaugural dissertation, Goettingen, 1913. OtHocurensHo
npaaoxennfi Kk kaprtauuu cM. Birkhoff G, PlessetM.andSimmonsN,,

uar. Appl. Math., 8 (1950), 161—168 n 9 (1952), 413—421,
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ob6aacti («ckopocTh cBo6oAHOro notokas). [loatoMy Teoperuseckud
napaMeTp KaBHTAUHH AAs TeueHHs [enbMroablla Mu onpeaenHM
BbipaXKeHHeM

v, \2
Q=(Z) —1. (156)
a
SlcHo, uTo AAs WaeanbHOR KHAKOCTH H3 ycaoBuHA (14) caeayer
Q > 0. Ins kaBepH, 3anOJHEHHHX BO3AYXOM, IMITHPHUECKHA KO3¢-
$HUHEHT najeHHs AaBJEHHA TaKKe BCeraa NOJOXHTENEeH H omnpe-
aAenserca ¢opmynont
p —
Q.= i, (158)

spo?

rae p.— nasieHHe B kaBepHe. HakoHew, aMnHpHYecKH HafaeHo, 4To
nadenue dasrenus 8 caede (pa — pPv), ynomsinyroe B § 41 1 Bupa-
xeHnhoe B Ge3paimepHoh ¢opme uepes Ko3pHUHEHT majeHHs Aa-
BJIEHHS B caefle
Pa— P
Qu =", (15r)

1y po?

3aKJI04eH0 MeXAy HyaeM H eanHuuedt. Takum o6pa3oM, 3a MJIOCKOI
naacTuHKoR 3HaueHus Q, GAH3KH K eHHHLUE.

[TpunuMas BesHYHHY Q, B KayecTBe IMIHPHYECKOro MapamerTpa,
TEOpHIO CTPYA MOXKHO NJAOZOTBOPHO NPHMEHHTbL faxe K caeda.
Taxk, ecnd BBeCTH NONPaBOYHHA uHCAOBOA MHOXKHTEAL (1 + Q..).
RJS  TOro 4rTo6n ydectb Halawgaemoe naaeHHe  A8BJICHHSA
B CJefe 338 HAKJOHHOR NJOCKOA nJAacTHHKOA, TO (QopMmyan
tTeopud Kupxroda xopomo cornacyloTcs ¢ 1nony4aeMbiMH Ha npak-
THKe QYHKUHAMH pacnpelefieHHs NaBNeHHH Ha nepelHed NOBEPXHO-
cti ([17), cTp. 28, puc. 3) —no kpaftHed mepe ecan a > 15° T. e.
Gosblue KPHTHYECKOrO yraa.

Ycaosue Q > 0, oyeBHAHO, Nerko OTOXKAECTBHTb B Cjyuae He-
BA3KOR XXHIAKOCTH CO CAERYIOIHM YHCTO KHHEMATHYECKHM YCJIOBHEM,
seenenunM B 1911 r. M. Bpuanosuom [19] B cBA3H ¢ HccnenoBaHueM
caenoB!).

YcnoBue Bpuaniwsna. CxkopocTb NPHHHMaeT MaKCHManb-
HOe 3HaueHHe Ha CBOGOAHOR JHHHH TOKa.

XoTa BO BCcex H3BECTHHX HAM MPaKTHYECKHX MPHJOKEHHAX Bhi-
nonneHo ycnoBHe Q > 0, 6ua0 6n HEeNPaRHABHWM NpPeANOaaraTth,
yto ycnosHe (14) crporo BunoaHsercs npH A0GHX 06GCTOATENL-
crBax. (Cm. pa6orty [17], ra. XV.)

!) Yro ycnoswe Bpraniosna swBogntca H3 Gopmyn (14), yxaszawo s pabore
(2], cTp. 51; cM. Takxke § 45.
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§ 44. Monean rteuennit npu Q-+ 0

B cayuae ofTekanHa NNAacTHHKH B KaHanke, ¢opmyna (12a),
MOXHO CUHTaTh Q NMOJMIOXKHTENbHOR BENHYHHON, BBOAA B paccMoTpe-
HHEe CKOPOCTh BBePX IO TeueHHI0 (PaBHYIO elMHHLE, 4TO JOCTHraer-
csi BHOODOM efHHMII H3MepeHHf) B KayeCcTBe CKOPOCTH ¢BOGOLHOro
noroka. [Ipn takoM ycnoBun Q=v2—1>0u 1 + Q = v2 Ta-
KHM 06pa3oM, NpeAnooXeHHe O TOM, YTO NpPH ONpeleseHHH Koad-
¢uunenta Cp HYXKHO HCNOJb30OBAaTh CKOPOCTH HA CBOGOAHON JHHHH

Pasdensmoupnscs Poadensonasics
nuRUS MoK TUHUS Mo

CaoBodnas munus moxe
Touna mopmosrcenust

Pasdensimyance Kasumayus
Aunus moxo - 0Cb cummempui
\mmy
d

Pne. 15 a— tevenne Pabymunckoro; & — posspaTnas CTpys.

TOKa, U = Uy 3KBHBAJIEHTHO BBEeJICHHIO B NpeabiayllleM naparpade
muoxurens (1 + Q).

Onunako nocTponTs Teuenuss [enbMronbia ¢ ycnosuem Q =0
B GecKOHEYHOM 1OTOKe ropasjo TpyaHee. Kpome toro, peanbHhuie Ka-
BEPHH HMEIOT KOHeyHble pa3Mepbl, @8 HOCTPORThb TeyeHHs [enbMrodib-
1a ¢ KOHeYHHIMH KaBepHaMH OcO0eHHO TPYAHO H3-3a CJERYIOLIero
napajuoxca.

Mapanoxc Bpunniosna. Kasepust Konewnozo pasmepa,
yOdosaersopaowue ycaosuo bBpuaniosxa, mareMatusecku Heeos-
MONCHDL.

Huaxe MH KpaTKO paccMOTpuM Hokasateabctso (cM. [19]). ITo-
CKOABbKY MaBJIeHHe BHYTPH KaBepHH MHHMMasbHO (ycaosue Bpua-
MOSHA), cBOGOAHHE JHHHM TOKAa OGpalueHH CBOell BOIHYTOCTbIO B
CTOPOHY KaBepHH, KOTopas aoJkHa ObiTh no3ToMy Buinyknaoit. Ho
TaKasi KaBepHa AONKHA HMETb KPHTHYECKYIO TOUKY, B KOTOPOH cXO-
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HAATCS ABe CBOGOAHBIE JHHHH TOK3a, C MHHHMAJbHBIM [aBJIEHHEM p;.
ITo Teopeme BepHynsnn ua storo caenyer, uto |ul? = 2(p, — p) /p<O
Be3Jle, 33 MCKJIOYeHHeM CBOGOAHOA rPAHHIBI, a 3TO O3HAyaeT, 4To
u = 0 TOXIeCTBEHHO.

Uro6uw u3bexaTb mapaaokca BpunniosHa, GblH nocTpoeHH pas-
JHuHble MOoAHdHUKauuu TeyeHHA [eabMrojbna myTeM HCKYCCTBEHHO-
ro H3MeHeHHs 3ajJHefi uyacTH KaBepHbl. MOXHO mnoJjararb, 4TO Ta-
KUM o6pa3oM 6yjaeT BHINOJHEHO ycioBHe Q + 0 Ge3 3HAYHTENbHOrO
MCKaXeHHsl TeueHHsi OKOJIO MPENnsATCTBHSA, CO3JaIOlIero KaBepHy.

Tak, B 1921 r. Pa6ywnnckuii [39] nocTpoun teuenne IenbMroJb-
1a co CBOGOAHBIMH JMHHHSIMH TOKa 1Js1 ABYX CHMMETPHYHO pacmno-
JIOXKEHHHIX IJIaCTHHOK (cM. pHc. 15,a) ¢ ycnosueM Q > 0. 3to no-
CTPOeHHe MOXHO KPaTKO OmHcaTh ciefyoumuM obpasom (cM. [17],
ra. 'V, §9).

«O6aactb rogorpagar (T. e. fHarpaMMa Ha {-IJIOCKOCTH) OXHOR
YeTBEPTH TeueHHsl, OYEBHAHO, MpeAcTaBasieT co6oii yeTBePTh KPyra,

-a o6nactb W — KBaApaHT BBHAY BePTHKAJAbHOH H TOPH3OHTAJbHOH
cummerpuu. CnegoBaresibHO, KOHPOpPMHOe oToGpaxkeHHe 06JacTH
rogorpadpa Ha obnacte W Bunoasserca (cM. § 40) no ¢opmyae

T (SE S E T P S

_— = . 6a
@+ +4d - 2u02 41 (162)
IMocpeacTBoM BHGOpPa eAHHHL H3MEePeHHs Mbl MOXeM CBECTH BCe
kcayyalo C=1u ¢ =1 npu W = oo, u3 uero cnenyer p = —1.
[Tocne 3TOro NoslyunM COOTHOILEHHE
_ VORI

OTKYyJa BeNHYHHY z=de/C MOXHO MOJMYYHTb B BHAE 3JUIHNTH-

yeckoro HHTerpasna. Ecau v ecTb ckopocTh Ha cBOGOAHOM JH-
HAM TOKa, T0 (=v npi W=0, otkyna [+ 202+ 1=

=({—0v?) ((?—v? u )~=—-—;-('02+'0‘2). ' Tlo ypaBHennwo Bep-

HyMH Q =02 — 1, orxynaA A= -é— [A+Q+( +Q)"]. C no-

MOHIbI0 3THX $OpPMYJ Jerko Haiiti KoagduuueHt Cp Kak GpyHKIHIO Q.

Jpyroe BaxHoe teuenHe ['enbMroabua c ycaosieM Q > 0 6mni0
noctpoedo B 1946 r. D¢ppocom u, HezaBHcHMO oT Hero, ['mabGap-
roMm H PokoM!'). BMecTo cHMMeTpHuUHOA KaBepHH OHO HMeeT 803-
8patnyro cTpylo (cM. pHc. 15,6) 2). BoaBpaTHHe CTPYH HaGMI0gaMHCh
3KCMePHMEHTAJIBHO, XOTSi OHH, MO-BHAHMOMY, 06pasyloTcs JHIlb

1y Cm. 17, ra. III, § 8, no mnoBoay auTepaTypl M NOAPOGHOCTER BHYHC-
JACeRHH.

?) Cwm. [16*], norpoGuoctu B [I7*]. — [Tpum. ped.
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BpeMs OT BpeMeHH H HeycToRuHBHl'). [lostoMy Mojenan Bo3BpaT-
HO#l CTpyH DpeAcTaBjisieT OCOOMWA HHTEpec ¢ (PU3HYECKOR TOYKH
3peHHus.

[Mo3anu BHINYKABX TeA MOXHO MNOCTPOHTL TaKXKe «3a0CTPEH-
Hble» KaBepHbl npu Q < 0, XoTa B CBOe BpeMs CHUHTAJH, YTO ITO He-
BO3MOXHO 2). OHaKO TaKHe KaBepHH BOBCE He NMOXOXH HA HabJio-
maeMele, o6pa3ibl KOTOPHIX mokazaHo Ha ¢orto I u dorto II (cM.
§ 51). CoxpaHuTb MOBBHIIEHHOE JaBJieHHe B YCTOHYHBOH KaBepHe
(unu B cnege KOHEYHOH AJIHHBI), NO-BHAHMOMY, OY€Hb TPYAHO.

§ 45. KpuBoauHe#iHne NPENATCTBHA

Jlns maTeMaTHYeCKOro anmapaTta, ONHCaHHOTO BHIIe, CyLIECTBEH-
HO TO, YTO HaM H3BECTHHl cneyuaastoie KorgopMHble oToGpaxeHus
M MHTErpajnl OT cheyuaavrozo BHAa ¢yHkuui. XoTs 3TOT annapar
TINATeNIbHO pa3pa6oTaH W NMPHrojeH AJs PElUIeHHss MHOTHX 3ajay C
MOJMroHaNbHEIMH npenatcTBHAMH (cM. {17], ra. II, III u V), oH,
BooGuie FOBOpS, HE NMPHrOfeH AJS HCCHAeJOBAHMA KaBHTAIHOHHOrO
06TeKaHUS KPUBOAUHEUHbLX TIPENATCTBUHA.

Coananne GHICTPOAEHCTBYIOIMX BBIYHCJAMTENbHHX MalliHH AaJo0
BO3MOXHOCTh NOAOATH MNO-APyroMy K 3Tofi mpoGieMe, Nonb3ysch
obujumu TeOPeTHKO-QYHKIIHOHAJNLHBEIMH MeTOoZaMH. XOTS TaKOH moj-
XON OO CHX [Op YCNEIIHO MPHMEHAJCH JHilb K RAOCKUM TEYCHHAM
M XOTsl HM3Ke Mbl GylleM pacCMaTPHBaTb TOJBKO TaKHE NMPHJIOKEHHS,
nogo6GHLle METOAb BMOJIHE MOryT OhiTh NPHMEHHMB K OCeCHMMer-
PHYHLIM M JlaXe K NPOH3BOJIbHLIM CTPYHHHIM TEUCHHAM.

B kauecTBe M/IIOCTPALHH 3TOTO COBPEMEHHOTO NMOAXOAA MH pac-
CMOTPUM OOWMA cayyali KPHBOJHHERHOrO NPENATCTBHS, CHMMeT-
PHMYHO paCnoJIoXKeHHOro B 6ECKOHEYHOM MOTOKe, KaK MOKa3aHo Ha
puc. 16. Mu cHoBa 6yaem npeanoJiarartb, 4T0 CMauHBaeMblif yuyac-

TN
Tok ACB noBepXHOCTH NpensTCTBHS PacloOJIOXKEH BEPTHKAJbHO, H
BHGepeM eIMHHMUBL H3MepeHHH TaK, 4yToO6n Ha CBOGOJHOM rpaHHle
6b110 BEIONHEHO ycaoBHe || = 1.
Cnenys Jlesu-Uusura {33], oTo6pa3uM koHPOPMHO H OZHO3HAY-
HO OJHOCBSI3HYI0 06JIacThb TeUEeHHss Ha BHYTPEHHOCTh moaykpyra I'

(1<, Im{£}>0. (17)

'Yy B 3agHefi 9YacTH KaBepPHH 32 OCECHMMETPHUHBIM MNPENATCTBHEM MOXKET
0o06pa3oBaTbCA TaKXKe Nnapa BHXpeA ¢ MNycrof BHyTpeHHeR o6aactsio ([42],

erp. 230).

%) Cwm. paGory {17], ra. V, § 10, 14, a taxke paGory [2], cTp. 58. [Cayuan
320CTPEHHOR KaBepHH nepes NjacTHHKOR 6w paccMoTper C. A. Uanamruueim
eme B 1899 r. [I8*]. 3azaua o 3aocTpeHHOft KaBepHe 33 OOTEKAEMBIM KJHHOM
Taxke Ouna pewena C. A, Yanawruuum [19*]. — [Ipum. ped]
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Hs ocHoBHOR TeopeMbl 0 KOHGOPMHBIX OTOBpaXkeHusx!) caenyer,
YTO HMeeTCsl B TOYHOCTH OQHO Takoe oToGpaxkeHHe f = f(z) obnacTH
TeYeHHsl Ha BHyTpeHHOCTb moaykpyra I', nepeBoasiuee Touku A, B,
C coorsercTBeHHO B TOYKH 1, —1, i. OueBHAHO, uTO QyHKUHA f(2)
otoGpaxaer c80600Hble NUHUHM TOKA HA OuaMeTp, PaclosioXKepHbIH
Ha RefCTBHTEJNBHOM OCH, 2 CMAauHBaeMBbli gqacrox TIOBEPXHOCTH npe-
narcreus — ua noayoxpyscnocts t = €00 <o < ). (B sToM cay-
yae Mbl HCoOJb3yeM o06GO3HaueHus, oTauyaomuecs ot § 38—40.)

Yto6n HOAYYHTh BBIPAXKEHHe [JIfi KOMIJIEKCHOro MOTeHIHaJja,

Puc. 16. O6rekanue kpuBoaunelHOro mpe-
NATCTBHA.

y06HO 0TO6pa3uTh 06,1acTh I' Ha BEpPXHIOI MOJYMJIOCKOCTh MOCpea-
CTBOM KOH(GOPMHOro npeo6Gpa3oBaHus

__ t4e! ar _ 1—1¢72
T=——%5—, 78K 4T0 —=——75—. (18)
Torna KOMMNJIeKCHbIH NOTE€HUHaJd, OUYE€BHAHO, 3axa€TCA TakK:
MT? aw
W=——, =M, M>0, (18)

rae M — HekoTOpasi MOJIOXHTeNAbHAs MNOCTOSIHHASA., DTO cJefyeT H3
Toro, uto ¢opmynaa (18’) mosBoasier oToGpa3HTb 06/aCTh TeueHHs
Ha INIOCKOCTb C pa3pe3oM, NpHYeM TOYKa pa3BeTBjeHus ! = i mona-
maer B Touky W =T =0, a Touka Ha GeckoHeyHoCcTH { = 0—B
Touky W = T = oo, :

Teneps paccmoTpum dynkumio (i — £)/(i + &) = (1 + it)/(1—it).
Mogyns ee pased emuHHue, ecau ! — JeACTBUTENBHOE HHCJIO;

€e apryMeHT Ha yuacTke AC paBseH m/2, Ha ydacTke ¢B paBeH

) Bieberbach L., Lehrbuch der Funktionentheorie, Springer, Leipzig,
1923, 1. 1, ctp. 61. Mo nosoay npuswuna orpaxenus lllpapma cM. TaM e,
€Tp. 225. [Ha pycckom sA3bike cM., Hanpumep, MapkymeBnu A U, Teopus
aMaanruzeckux ¢yuxkunn, FTUTTJ, M.—JI., 1950; uan JlaBpentbes M. A,

a6ar B. B, Meronw TeopuH QYHKUHA KOMN/IEKCHOrQ mepeMmenHoro, M,—Jl.,
1951. — MTpux. nepes.)
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— /2, B Touke C HMeercs CKayok apryMeHta — . HoBasa ¢yHkuus
Q(¢) =8 + i, onpeneneHHasn GopMyJaaMH

= (E)eno, (e 9

TaKXe aHaJluTHYecKass H peryasipHas ¢yHKuus BHyTpH obaacth I
Ha cBoGonuoit rpaHuue, rae ¢— ReACTBHTeNbHOE YHCJIO, HMeeM
paBenctBo |l + iff = |1 —ifl, u chemoBaTenbHO, MOXHO 3anHCaTh
COOTHOllLIeHHe

e = =(t). (19"

ITostoMy ¢yHKuHA 1(f) o6pauiaeTcs B HYJb Ha QHAMeTPe NOJYKpY-
ra I, 1. e. dyHkuns Q(¢) dedcraureasvra, xoeda deidcT8utesdro L.

[To npununny cummerpun LIBapua (cm. npum. 1) Ha ctp. 93)
¢yHnkuuio Q(f) MOXKHO aHaNMTHYECKH NPOAONKHTbL Ha BHYTpeH-
HOCTb eaHHHYyHOro Kpyra |f] <1, TloaToMy B paccMaTpHBaeMoM
HaMH CHMMETPHYHOM cjayuae ({ H (Q(f) ReACTBHTeJbHHE HA MHH-
MOR OCH f, ABASAIOWEACH OCbI0 CHMMETPHH) Mbl MOXeEM HaNHcaThb
paBeHCTBO

1=1t=| 115

Q(t)=at+at*+agt’+ ..., (20)

rie Bce a@; NeACTBHTEJbHblE YHCJA, NPHYEM paaHyC CXOAHMOCTH po-
aa (20) ue MeHblue eAHHHUH. JIAA HENOABHXHOMA rpaHHum [f| = 1
¢ MOMOLUBI0 JOBOJBLHO TOHKHX pacCyJAeHHi MOXHO JOKa3aTh, 4YTO
oyukuus Q(f) aaxe nenpepsiana ([17], ra. VI, crp. 135). He crpo-
ro Boipaxkasics, MHOXHTeab (1 — it)/(1 + if) «cHumaer» npocroft
noaioc AAs GyHKuMH {' (Hyap ansa OQYHKUHH ) B KDHTHUECKOA
TOUKe.

OGpaTHo, ana naHHoi ¢yHKUHH (20) c pagHycoM CXOQHMOCTH,
paBHbHIM elHHHLe HAH 6oJbille eAHHHIM, ypaBHeHHsa (l9) n

z= fc“ (%) (‘z—f)dt=—’:i fC“(t—t"a)dt @1)
i i

onpenenfloT TeyeHHe, pasaedasiolleecss Ha ABe CHMMETPHYHBIE YaCTH
—_—

nosagu raaakoro npenstcTBus ACB, HMelollero HemnpepuBHYIO Ka-
caTe/bHyI0. 3TO NMPHBOAHT K KJacCHYeCKOMY pe3yabrarty JleBu-Uu-
BHTA.

Teopema |. Tevenusam, pasdessemoin Ha 08e cuMMeETPU4HbIE
HACTU CUMMETDUYHBIM NPENATCTOUEM 8 GECKOHEYHOM NOTOKe, OOHO-
3HAYHO COOTBETCTBYIOT pa3Audnsie pynkyuu suda (20), peeyaspuoie
npu |t} <1 u nenpepwisnsie npu |t| = 1, u nocroannsie M. 310 coor-
eercreue sadaerca ypasnenuamu (19), (20) u (21).
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§ 46. [Ipaman 3anaua

Teopema 1 nossonsier pewuTh 06PATHYHO 3ajauy — HaHTH Kjaace
@cex NMOCKHX TeyeHHH GeCKOHEYHOro NoTOKa, pa3fie/IeHHOTrO Ha CHM-
MeTpHUHble YacTH KPHBOJIHHeHHbIM npenaTcTBHeM. Teneps Mbl o6pa-
THMCS K npsiMoii 3ajaue: HaWTH, KakKoBa ¢yHKuHst Q(f) ans nau-
HOTO [BYMEpPHOrO MNpensiTcTBHg P, CHMMETPHUHO PacnoJIOXKEHHOro
B GeCKOHEYHOM MOTOKe. MBI MOKa)eM, uTO 3Ta 3ajaua 3KBHBAJENT-
Ha pelieHHIO HeJIHHeHHOro HHTErPaJjlbHOro ypaBHEHHS.

B npHHlUHNE MOXHO OYeHb NMPOCTO BbIPA3HTb BCe CBOHCTBa Te-
yenusi ¢ nomoulbio GyHkuHH Q(f). Tak, BAOAL HEMOABHXKHON rpa-
HHUBl P (f = €19 B MJIOCKOCTH f) nas Q = 6 + it 3amuiuemM pasen-
CTBa

8 =a,coss+a,cos36+ a;cos 5o+ ..., (22a)
t=a,sin o 4@, sin 36 a;sin So+ ... ., (226)

Hawm 6yzner yno61Ho paccMaTpHBaTh Take NPOH3BOAHYIO
k(a)=—d8/da=alsi}na+3a3sin 3o +-assinSo+ ..., (228)

npeanoJarasi B COOTBETCTBHH ¢ runoresoit (E) us § 1, yto Buinucas-
Hble psaabl Pypbe yAOBIETBOPHTENLHO CXOASTCA B CJAyyae A0OCTATOY-
HO «IVIafIKHX» NpPensTCTBH.

~
MH nokaxeMm Tenepb, yTo § OTJAHYAETCS Ha BE/IHYHHY = OT Hanpa-
BJIE€HUS @ KacaTe/IbHOH K mnpenarcTBHio. Tak kak arg dz/dT =
= argl' + argdW/dT u argdz/dT = ¢ (McKMIOUAA KPHTHYECKYIO
~~~
Touky C), TO oueBHAHO, uTO arg({™' paBen ¢—m Ha yuactke AC
—_—

W paBex ¢ Ha yuactke CB. C apyroit cTOpPOHH, B CHNY (OPMyJibt
(19) u CHeJIaHHBIX Mepell 3THM 3aMeyaHHH OTHOCHTE/JbHO BEJHYHHBI
ng[(l + it) /(1 — it)] 3nauenue ,e_l\rgg“ paBHO 0 — w/2 Ha yuacTKe
AC n paBHO § + w/2 Ha yuyacTke CB. O6a 3TH COOTHOLUEHHS NOKa3bi-
BAIOT, 4TO BROJb yuactka ACB § = ¢ — n/2.

Hnuuy Ryrn npensitcTBHst [ MOKHO HaiiTH NMPH NOMOLUH COOTHO-
menHs (21), U3 KOTOpPOro cieiyer paBeHCTBO

dl=|0".|dW[dT|-|dT/dt| -ds na ¢=-e.

TpuMensn dopmyay (19°) n snementaphyio TPHTOHOMETPHIO, 10Ny~
YaeM COOTHOlIeHHe

Ic-1|=' 1—it °|e'°"|=, 14sins

14t cos s K
Ananoruuno, tak xak dW/dt = (t—t3), kak u B popMmyse

(21), HaxoauM cooTHOweHUe

i%!:M-}COSc sine|, M=const.



96 Ta. 1. Crpyu, credn u Kasurayus

CpasuuBas npenbiayuide ¢OPMYJH, OKOHHATENbHO MOJAy4YaeM
ClIeAYIOWHA pe3ysbTar:

dl=Mv(s)e~*® do, v(s)==|sine (1 4 sino)|. (23)

TTosTomy mas xpususnst, onpenensieMot paBeHCTBOM x = —dg/dl =
= —db/dl, nonyyaem dopmyay
A < (o)
= 24)

4TO MOXKHO CPaBHHTb C OpMyaaMu (228), (23).

[Tyctb Tenepp P — ni06oe raaakoe cHMMETPHYHOA GOpMbi npe-
NATCTBHE, HMelolllee KPUBU3HY NOCTOAKRKO20 3Haka (1. e. 6e3 TOYeK
neperu6a), u nyctb x = K(0) Bhipa)kaeT KPHBH3HY Kak (YHKUHIO
yraa § = ¢ — w/2, Ha KOTOpHIA KacaTeJbHas NOBOPAaYMBAETCs 32 TOY-
koit C. Torna, npeoGpasys ¢opmyay (24), noNyyuM BuiparkeHHe

A(o) = My (o) e=* @ K (0) = My (s) e-D K (M), (25)

rie auHefiHnle oneparopes D u J onpenensitor pyHKuHH 1(c) HE (o) ue-
pe3 A(c) no dopmynam (22a)—(238). ([efictButesbno, JA =

= fx(c)dc, toria kak DA saBasierca «npeoGpasoBaHueM JIuHH»
R

¢yHKIHA A(0) NPH COOTBETCTBYIOLLEM CHHIYJIIPHOM HHTErpajbHOM

anape D(o, o’); cm. paGoty [17], ctp. 136.) Hrak, Hamu nokasaua

cllefyoulas TeopeMa.

Teopema 2. [lan 1020 4TO6b6L TedeHue, ONUCARKOE 8 Teopeme
1, coorsercraosaso npenAarcrsuio, umewoujemy Kpususny x = K ()
NOCTOAHKO20 3HAKA, Heo6xo0umo U OOCTATOMHO, 4TOGBL BbHINOANA-
A0Cb cooTHowenue (25).

[Ipn Manbix 3HaueHHAX KOHCTAHTH M HHTerpanbHoe ypaBHe-
HHe (25) MOXHO pa3spewHTh MpAMOfl HTepanHefi PYHKUHOHAABHOTO
npeo6pa3oBaHHs

Ag41(0) = S, (o)) = My (a) e~ P*K (/). (26)

Tpu Gonbmkx 3HayeHHAX M CXOAHTCR «ycpeaHEHHAsl HTEpaLHs»
OTHOCHTE/IbHO COOTBETCTBYIOWHUM O6GPa3oM BLIGPaHHOTO «BECOBOTQ»
MHOXHTeNRA €, T. €. MOXKHO HTEpPHPOBaTh O popMyne

A1 (@) =(1 —¢)}, (s, +eS[A, (9)]. (26)
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Takum o6pa3oM, Hcnoab3ys coBpeMeHHbe GHCTpoAeACTBYIOUHE
BHIYHCJIHUTE/IbHbIE MAUHHH, MOXHO 3¢ ¢eKTHBHO pa3peliHTb HHTe-
rpajabHoe ypaBHeHHe (25), npu 3alaHHOM MOJIOXHTEJbHOM 3Haye-
HHu M; noapo6HOCTH MOXHO HaflTH B JuTepatypel).

§ 47. HeonpepneneHHOCTH TOUKH OTPhiBA

CooTseTcFTBHE MeXAYy HHTErpPajbHbIMH ypaBHeHHsiIMH (25) H npe-
NATCTBHAMH P He ABJAsieTcA B3aHMHO OJHO3HAYHHIM H3-3a HAJNHYHSA
napamerpa M. [ToaToMy BO3HHKaeT OCHOBHOMN BOMPOC: B KAKOM CMbl-
cle (ecqH O HeM MOXHO TOBOPHTh) KOPPEKTHO NOcTaBJeHa 3a/aua
TFeapMroabna, paccMotpeHHas B § 36? StoT TpyAHW# BOmpoc ele
He paspelleH MNOJHOCTBIO fAaxe JAJAA MNJOCKHX TeueHHi, HMeIOWHX
OCh CHMMETDHH.

TakuM o6pa3oM, kak nokasaa B 1911 r. A, Buana [22), naxe
reuenHe Kupxroda, onucanHoe B § 39, He sBiAsieTcs eAHHCTBEH-
HHIM pelleHHeM 3anaud [enbMrosbua Ans NJAOCKOA NJNACTHHKH B
GeckoHeuHoM mnoToke. Jlns Koudurypanud, H3oOpakKeHHOA Ha
pHc. 17, nosiBnsieTcd oAHONapaMeTpHYeCKoe ceMeicTBO APYrHX, TO-
NOJIOTHYECKH OT/JIHYAIOWHXCA BO3MOXHHX peweHuit?) (cm. (D),§1).

B cnyyae kpyramix mnpenaTCTBHRA BO3HHKaer euje GoJsee cylle-
CTBEHHAas HeoNpeeJeHHOCTb, Jame eCJH MNPeAnoJoOXHTb, 4YTO TO-
NOJMIOTHS TeyeHHst o6ycJIOBJHBAaeT HalHyHe eAMHCTBeHHOH GeckoHey-
HOfl KaBepHH no3aAH npensitcTBHA. Eule a0 Toro Kak yaanoch A0-
Ka3aTh CTporue TeopeMunl, M. BpHAMIO3H YCTaHOBHA, YTO nOAOKEHUE
TO4KUL OTPLIBA ABAA2TCA HeonpedeaenHbiM. DTOT HaKT TECHO CBA3aH
C HeompeJeNeHHOCTbIO NOCTORHHOA M B cooTHoweHHH (25): BooGuie
rosopsi, KOoHcTaHTa M COOTBETCTBYeT «CMOYEHHOH AJIHHe», paB-
HOA PacCTOSIHHI0O OT TOYKH Ppa3fena C [6 TOYeK OTPHIBa

—~ o~
A u B, u Bo3pacraer c yBeauuerHeM yuyactkos CA = CB. Tlo-
STOMy 3anava [eabmroabua AAs Kpyrabx NpensiTcTBHR He AB-
JSIeTC KOPPEKTHO NOCTaBJEHHOM, Aa)ke ecJH 3aAaThCA TOMoJOrueh
TeyeHus.

!} Pa6ora {17}, ra. IX, § 8; Birkhoff G, Goldstine H. H,
Zarantonello E. H, Rend. Sem. Mat. Torino, 13 (1954), 205—223.
(Tleppas KoHKpeTHan 3amaua 06 OGTeKAHHH ¢ OTPHBOM CTpyh ﬂ:unonuneﬁnoro
ll‘%e‘nnmsun (ayra xpyra nps npsMom yaape) Guna pemena A. U. Hexkpacosnn

] MetomoM nocneaoBatebHHIX WPHOMHKEHHA ¢ AOKA3ATEALCTBOM CXONHMOCTA
¥ €XHHCTBEHHOCTH. 3aTeM (IORBHJCA eule Pal pabyuT, NPOAOKAIOWHX H 0606uIalo-
HXx  nccaenopanus A. U. Hekpacosa, cM. {17*]. Merox H. E.  )Kykosckoro
6uin oGo6wien Ha cayualt crTpyfiHoro oGTeKaHHS NPOH3BOALHOIO HHCAA KpPHBO-
augelinnix ayr JI. U. Cenosbim [7°]. IllupokHe TeopeMH CYLECTBOBAaIiHA W eAMH~
CTBEHHOCTH AAR CTPYAHHIX TeweHHR Guinu fnokasansl M. A, JlaBpeatnenmm [21%] —
Mpun. ped)

Cu. paboty (17}, rn. V, § 3. Zarantonello E. H.,, J. de Math, 33
(1954), 29—80, noxasan, uto Apyrux BoaMoxHocTeli He CyuiecTsyer.
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Onnako ecsqu MPeAnoJIOXKHTb, YTO BLINOJHSIETCS ycsaoBHe Bpui-
mosna (§ 43), To 3agaya 6ecKOHeUHOH KaBepHbl CTAHOBHTCH KOpP-
PEKTHO TNOCTaBJEHHOH, No KpailHed Mepe B HEKOTOPbIX cJyuyasx.
Cnenysa Jleps [35], onpeneanm «ckoOKy» KaK npensitctBHe P, kpi-
BH3Ha KoToporo x(8) Bo3pacTaet !), Kak nokasaHo Ha puc. 18.Jleps
AoKa3saJj, uTo BCSiKag CHMMeTpHuHasi cko6ka P WMeeT eQHHCTBEH-
nyto napy «touek Bpuaniosna» Ao, By, obnanalollux caeayiouidM
CBOIICTBOM: KpHBH3HAa CBOOGOJHBLIX JIHHHII TOKA B TOUKaX oTpbiBa A, B
npu JwoboM cHMMeTpHuHoM o6TeKanuu uacTh P paBua -+ oo, Ko-
HeYHa HJIH PaBHA —oo B 3aBHCHMOCTH OT TOrO, MPOHCXOAHT JIH OT-
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Piic. 17. O6tekanue naockoit maa- Puc. 18. O6Tekanne «Cko6ku» no eabm-
CTHHKH, no Buaaa. roabuy.

peiB nepea ToukaMuH Ao, By, B Toukax Ay, By uaM no3aaM Touek
Ao, By cootBeTcTBeHHO. B mepBoM cayuae BBHAY GECKOHEUYHOH KpH-
BH3HbI CBOOOAHbBIE: IHHHH TOKa OOJIXKHbI MPOXOAHTb CKBO3b CKOOKY,
YTO HEBO3MOXHO. B TpeTbeM cayuae, oueBMAHO, Hapyliaercs ycJo-
BHe bpuamosna. CnenoBaTenbHo, ec/AH Mbl OnpeaeinM 3adauy
leavmeonvya — Bpuanosna, Kak 3agauy HaxoxaeHHs iiJepoBbIX
TeYeHHH, KOTopble OrpaHHueHbl HENOABIXKHBLIMH MPENATCTBHAMH H
CBOGOJHBIMH JIHHHAMH TOKa, YAOBJIETBOPSIIOIUMH YCJAOBHIO Bpua-
JII03HA, TO NOJYUHM cJledyloliee YTBEPKIAEHHE.

B cayuyae GeckoHeuHO#l CHMMETPHUYHOH KaBepHB M03aaH CKOGKH
sajlaya [eabMrosbua — BpuasoaHa nocrasieHa KOPPEKTHO H OT-
PbiB MPOHCXOAHT B Toukax bpuamosna Ao, Bo. MHTepecHo 66110 6bi
TOYHO ONpEAEJHTb KNaCC CHMMETPHUHHX NPEnsiTCTBUI, A KOTOPBIX
sajaya ['eqbMrosbua — BpHa/I03HA NMOCTaBJ/eHa KOPPEKTHO.

Mbl nokasaau Bblllie, UTO B cayuyae CKOGOK ycaoBHe Bpuaniosna
3KBHBAJEHTHO YCJOBHIO KOHEUHOCTH KPHBH3HBI CBOGOJHOH JIMHHH

') Tlo Teopeme o ueTnpex BepwiHHAX, KPYr eCcTb eAMHCTBEHHAs <«CKOGKas,
OrpaHH'UHBAIOWAS TJ3AKYIO BHNOYKJYIO 064acTb.
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Toka. B autepatype He pa3 BCTpPeuanoCh yTBepKiIeHHe, 4TO nocae-
Hee YCNOBHe («rJAafKoro oTpuiBa» — cM. pabory (17}, ra. VI, § 6)
npeAcTaBAseT co6ofi «(dH3HUECKH Pa3yMHYIO® 3aMeHy YCJOBHs
Bpuanosna. Onnako B cHay ycaosuit (14) u ocobenno B cuay toro,
yTo NpH o6rekaHun no Kupxrody njaocKo# NNACTHHKH Hapywaercs
yCNOBHE «I1afKOro OTPHBa», ycloBHe Dpuaniosna Kaxercs Ham
NPeAnoOYTHTENbHEIM ').

§ 48. Ocecummerpuusbie Tedewus leabmroanua

Bnepsuie ocecHMMeTpHuHbe TeueHHs [eapMrosabua GHAH CTPOro
MaTeMaTHYeCKH NpoaHaau3HpoBanu B 1946 r., koraa JleBuncou 2)
Aan CTPoroe HCcAefOBaHHe aCHMNTOTHYECKHX OYEPTAHHHA KaBepHH.
IMpeanonaras, uTo ANA HHX YAOBJAETBOPAELTCA YCAOBHE

y=xg(x), rae lim 2D —o, @7

JIeBHHCOH AOKa3aJ, uto S = Y2 H uTO
C(ln x)™"* < g(x) < C(Inx)~"*

s HekoTopodt moctosinHoft C, npu Bcex € >0 H NpH AOCTaTOYHO
6onpwux x. Ecau ycaosue (27) ycHaHTh mo BHAa xg'(x)/g(x) =
= 0(1/In x), TO MOXHO NOAYUHTb COOTHOIIEHHSA

y ~Cx'(In x)~" (1'. e. { lim X (In xy' = const) (28)

s+ Yx
H 1060BO€ COMPOTHBJIEHHE MOXHO BHPa3HTb No popmyae

__ mpCle?
D_—s.

Oanaxo JIeBHHCOH He [I0Ka3aJ, YTO TaKHe KaBepHHl CYLIECTBYIOT.

[epBoe NOKa3aTeNbCTBO CYLIECTBOBAHHA KOMEHHLIX OCECHMMe-
TPHUHBIX KaBepd Onino mano B 1952 r. I'apaGemsanom, Luddepom
u Jlesu [24]. [Moab3aysacs npuHuunOM PAGYWIHHCKOTO O TOM, YTO CBO-
GonHble THHHH TOKA IKCTPEMH3HPYIOT NPHCOCAHHEHHYIO MaccCy OTHO-
CHTeJIbHO BapHAUHA, OCTAaBAAIOWMX NOCTOAHHHIM O6bEM KaBepHH, a
TaKke MOJb3yACh HOBHIM Pe3ylbTaTOM O TOM, YTO «CHMMETpH3a-
UHs» YMeHbIIAaeT NPHCOE[AHHEHHYI0 MacCy, 3TH aBTOPH MOKa3aaH
CyLUleCTBOBAaHHE OCeCHMMETPHUHBIX TeueHHi [eabMronpbua <«rtHna

') Cu, takxke [2] § 5, rae yxasanume Bonpocw Bnepsnie GHAH PacCMOTpeHH
c 'raix)ot}- 'ro:nim 3penm;‘i Annal Math '
evinson N, Annals of Math., 47 (1946), 704—730. .
[17%). — Mpux. ped.) ! 47 (194) (Cu. roxxe
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Psi6ymnHckoro» (paccMoTpeHHbx B § 44) aas npocunedr npous-
BOJIbHOrO ouepTaHHs (M aas aw6oro Q > 0). CywecTBoBanHe Xe
TeyeHHit esabMrosbua ¢ 6eCKOHEUHBIMH OCECHMMETPHUYHBIMH KaBep-
HaMH He [0Ka3aHO [€TaJbHO, XOTS MOKA3aHO, YTO 3TO AOCTAaTOYHO
npaBaonogo6Ho.

EnHHCTBEHHOCTh GECKOHEUHOH ocecHMMEeTPHYHOM KaBepHb Oblia
[0Ka3aHa Oas npensaTCTBHA ¢ AaHHON# TouKoi oTpbiBa ['Hab6ap-
rom u CeppuHoM. [[0Ka3aTenbCcTBO OCHOBAHO Ha MeTole cpaBHe-
HHsl, BnepBble BBeieHHOM M. A. JlaBpeHTbeBhIM 1),

3aMeyaTeqIbHBIM B YKa3aHHBIX A0Ka3aTeJbCTBax SIBJASETCA TO,
YTO B HHX HCHOJb3YIOTCSl CYLIECTBEHHO HOBbie HIeH. ITo 0Ka3asocCh
HeoOXONHMbIM, TaK Kak annapat KoHQOpMHbIX oTto6paxeHHil, Tpa-
OHIHOHHO HCNOJb3yeMblll B C/yyae NJIOCKHX TeueHHH, 3[ecb yxe He
NPHrofeH.

JII060NbLITHO TaKXe, YTO XOTs CYLIeCTBOBAHHE H €AHHCTBEHHOCTb
IJIOCKHX TeyeHHH co cBOGOLHBLIMH rpaHHUAMH GblAH JOKa3aHul 60-
Nee ueM yepe3 50 Jer, nocse TOro Kak GblJIH NOCTPOEHbI MepBble He-
TPHBHAJIbHbIE MPHMEPbI TaKHX TEYEHHH, Mbl N0 CHX MOP He 3HaeM
HH OHOTO NMPeicTaBASIOILero HHTepeC aHAJHTHUECKOTrO (<TOYHOro»)
OCeCHMMeTpPHYHOro TeueHHs1 [eabMroabia?), H 3TO HECMOTPS Ha TO,
YTO Mbl pacmosiaraeM TeopeMaMH CYIUeCTBOBAHHA M €JHHCTBEH-
HOCTH.

[TosToMy npu aHanH3e YacTHbIX OCECHMMETPHUHBIX TeuyeHHH
lenbMrosblia NPUXOAMTCS OMHPATbcsl Ha NPHOGJAHIKEHHble METOJIBI,
M3 npumeHsBIIMXCA 0O CHX NMOP METONOB HaHGoJee OCTPOYMHLIM
IBJISIETCS] METOA Pa3/IoXKEHHS Mo CTeneHsiM uHcaa momobHs, paspa-
GoraHublit [apaGensinom [25]3). B 1o BpeMs Kak mpeabiayliuue aB-
TOpH MNOJNYYHJAH AAA Ko3(QQHUHeHTa CKaTHA CTPYH, BbiTeKalouied
H3 KPYIJIOTO OTBEPCTHSl B IJIOCKOH mJjacTHHKe, BeJHuHHYy 0,61, Bhi-
yncaenus [apaGensina npusenu k pesyabrarty 0,58

§ 49. 3aKkoHbl coxpaHeHHs

MaremMaTHuecKHe J[OKa3aTeJbCTBa pe3yabTaToB, CHOpPMYJaHpPO-
BaHHHX B § 48, kpaiine cnoxHbl. [lonesHvle pe3yabTaThli OTHOCH-
TeJbHO OCECHMMETDHUYHBIX TeueHHHl [esbMrosbua 4acTo MOXKHO MO-
JAYyYyHTb rOpaszo mpoiue, o6pauasch K HH3HIECKHM 3aKOHaM coxpa-
HEHHSl, KaK 3TO H 6yleT cesNaHo HHXe,

) Gilbarg D, J. Rat. Mech. Anal., 1 (1952), 309—320 u SerrinJ. B,
Tam ke, 2 (1953), 563—575; cM. Takke [17], ra. IV, § 12—I14. PaGory
M. A. JlaBpentoeBa cM. B Martemaruwecxom cGopruxe, 46 (1938), 391—458,

2) Ilo noBoay aHaau3a npuGanmkeHHnx pewennit cM. Birkhoff G, Sym-
posium on Naval Hydrodynamics, August, 25—29, 1958 [32].

3) Kpuruueckue 3aMeuanus no srtofi pabore cM. PPXK «Mexanuxas, Ne 5,
b 309, 1963 r.— llpun, ped,
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Hacaanok bopnaa. Paccmorpum cocyn ¢ BepTHKaJbHBIMH
CTEHKAMH, KOTOPbIH 3aMOJIHEH XKHIAKOCTbIO MJIOTHOCTH p U B KOTOPbI
BCTaBJeH HacajfoK bopaa c nonepeuHbiM CeueHHEM MPOU3BOJIbHOH
dopmbl ¥ miomans A (cM. puc. 19); mycTe AaBieHHe Ha ypOBHe
Hacalka paBHO p. Mbl NPeAMONIOXKHM, 4TO CPLIB TeueHus!) ¢ Ha-
cajJKa NPOUCXOAHT y €ro BHYTPEHHEro KPas H 4TO CKOPOCTb CTPYH,
BbITEKAMOIEeH U3 HacajKa, aCUMNTOTHUECKH NPUOBIHKAETCS K MOCTO-
SHHOMY 3HAUEHHIO U, KOTOpOe NpeacTaBJser cO60H NOCTOSHHYIO CKO-
pocTb Ha CBOGOJAHOH JIHHMH TOKA,
orpanuunBaiouleli crpywo. Ilyctb
A* — acUMNTOTHYecKOoe  Iomepeu-
HOe ceueHHe CTPYH; TOria, no om-
penenenuio, A*/A ectb KO3(du-
UHEHT CXKaTug. Mbl noacuuTaeM
€ro cJaeyloluM o6pasoMm.

O6mbeM XHIKOCTH, BbITEKAIOLHH
3a eJMHHIy BpeMeHH, paBeH vA*,
ero - KOJIHUeCTBO JBHXXEHHS paBHO
v2A*;  «pacxod»  KHHETHYeCKOH
SHepruM  cocrtaBasieT  /ppu3A*,
C npyroét cTopoHel, Ao6aBisieMoe
KOJHUYeCTBO JBHXKeHHA paBHO pA Puc. 19. Hcreuenne u3 Hacanka
(u36bITOUHOE MNaBJEHHE), a 3Hep- Bopxa.
rus (noTeHnManbLHASA) paBHa
p(vA*). Orciona pA = pv?A* u pvA* = ![pv3A*. Paszneans nepoe
ypaBHeHHe, YMHOXEHHOe Ha U, Ha BTOPOE, MOJYuYHM B pe3yJbTare
paBeHCTBO

Al
=1 (2)

KymyastuBHbe 3apsanab. Jpyroe BaxkHoe NpHMeHEHHE
33KOHOB COXPaHEHHS Mbl HaXOJHUM B TEOPUL HANPABAEHHbLX 3aps-
008, KOTOPbIE HCIOJbL30BANHUCh B aMePHKAHCKUX «6a3ykax», B 6pH-
rauckux PIAT w pasHblXx Apyrux BHIaX NDPOTHBOTAHKOBOrO H ¢y-
FacHOTO OPYXXHsSl BPEMEH BTOPOH MHPOBOI BOHHEL. MH 31€echb KPaTKo
H3JIOXXHM CYLIHOCTb MOJOOHOro NMPUMEHEHHs] TEOPHH CTPYH; HaJib-
HeALIYIO JINTePaTypy MOXHO HaliTH B paborax [17], crp. 16 u [22%].

KOHCTPYKUHIO U JeHCTBHe TAaKOro OPYMXHS MOXHO B NpPHHLHIE
onucaTe cjelyrwWHM o6pa3oM. BapbiBuaToe BewlecTBO ¢ MeTajHye-
CKOH TPOKJ2JKOH OKDYKaeT NOJyI0 BbleMKYy; HETOHATOp cHapsga
pacrnosioxeH B ThVIbHOH uacTd. PaccMOTPHUM TOJIbKO CIyuau KOHHue-
CKOH M KJIMHOBHIHOH MeETaJVIHYeCKOH NPOKJAJAKH, B MPOJOJLHOM

') Bro cayvaii «GesHanopHoro Teyenus»; ¢cM. Gibson A. H., Hydraulics,
Constable, London, 4-¢ u3A., cTp. 122; 3TO yc/nOBHE He BCErja BLITONHACTCH,
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paspese OHH NoKa3aHw Ha puc. 20. BsapbiB 3acraBiser mpo-
KJAa[Ky ABHraThCsl BHYTPb H BNepel, NPHUEM OKa3biBA€TCs, YTO MPH-
BelleHHas TakuM 06pa3oM B JBHXKeHHe NPOKJaaKa obnajgaer orpom-
Hol npo6uBHON cuioil. YeM 0O6bsiCHACTCA NOSIBJIEHHE TaKOH CHABI?
Haunyuwee W3 H3BeCTHBHIX OOBACHEHHH HCXOIAHMT H3 CJedYHIOLHX
npaBaOnOROGHBIX AONYUIeHHH (npHOMHMKEHHOro Xapakrepa).

Honywenue l: noayydB HauaJbHBI MMNYJAbC OT B3pBLIBYaT-
KH, CTEHKH NpPOKJAAKH IBHXKYTCA BHYTpb MOA JelicTBHeM uX coG6-

Cmenna npoxnadsy

Z %pyﬂ
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Puc. 20. CxeMa necTBHA KYMyJASTHBHOIO 3apsaia.

CTBEHHOTO KOJIHUECTBA ABHXKEHHS C NMOCTOSHHOM CKOPOCTBIO A0 TEX
nop, NOKa OHH He BCTpeTATcs Ha «ocu» (AA’ ma puc. 20,a).

Honymenue 2: nop AeficTBMeM Pa3BHBAIOLIHXCH MNPH 3TOM
OrpPOMHBIX HanpsKEHHH MeTaada NPOKAAAKH Bener cebs Kak Hie-
aNbHAs MHAKOCTD.

HonymeHue 3: 3Ta KHAKOCTh ABHIKETCS CTALHOHAPHO OTHO-
CHTEJbHO Oced, CBS3aHHBIX C TOUKOH J BCTPEYH NMPOTHBOMOJOXHBIX
CTEHOK MPOKJaJKH,

HonymeHHe 4: MOBEPXHOCTH CTEHOK NPOKJAANKH SBASIOTCH
CBOGOIHBIMH FPaHHIAMH.

OTH JonyilleHHs CBOAAT BONpoC K 3ajavye [enbMrosbna o co-
ynapenuu ctpyi (puc. 20,6). B nnockom cnyuae (kaun) roporpad
npeacTaBasier CO60H OKPYXKHOCTb, roaorpad e MNOAOBHHH NOTO-
Ka — nonyokpyxHocTb. O6aacts W npeacrabaser co6oit @eckoneu-

HYIO NOJIOCY C paspesom, NO3TOMY MOXHQ MNQAHOCTRH pPaCCYHTATh
TeyenHe ') mo merony § 37.

') [17); crp. 36; [8], ctp. 2683,
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Jlna Gonee BaXKHOro cJayyast KOHHUeCKOH NPOKJAaAKH Mbl He pac-
poaaraeM TakuM annapatoM. OAHAKO C MOMOLLbIO 3aKOHOB COXpa-
HEHHSI BCE XK€ MOXHO NMpPHUOJNHMNKEHHO YKa3aTb 3aBHCHMOCTb CKOpPO-
CTH H MacCbl CTPYH OT yrJla npH BeplUHHE KOHYCa H OT HCNOAb3ye-
Mofi B3pbiBYaTKH. ViMess 3T nQaHHble, MOXHO OLEHHTb NMPOGUBHYIO
CHJy, NOJIB3YsiCh ypaBHenneM Bepuyaan!),

§ 50. KaButauuoHHbie TeyeHHs KakK TeyeHus leabmroasua

B § 43 6bi10 naHO TeopeTHYecKoe 0GOCHOBaHHe 3MIHPHYECKOrO
yreepxaenus (Berua — [letepcona, cM. npum. 2) wa <1p. 88), uto
TeOpHsl CTPYi NpHMeHHMa, ecan p'/p < 1. DTo yka3biBaeT Ha BO3-
MOXHOCTb MaTEMaTHYeCKOro OfNHCaHHA KaBHTAUHOHHbIX TeUeHHH no-
CpPeACTBOM peuleHHsi KpaeBoii 3apauu [enpMroabua — Bpuamosna.
Huxe Mbi 1aauM 0630p JOBOAOB B 110/1b3Y H NPOTHB 3TOrO MOJOXKEHHS,;
B HacTofilueM maparpacge pacCMOTPHM TOJIbKO NepBble AOBOAbI.

Bo-nepBbiX, KaK H B C/lyyae KaBHTALUHOHHBIX TeYeHHH HI€asbHOM
MHIKOCTH, OYyepTaHHs peasibHbIX KaBepH CPaBHHTEJbHO TJajKHe,
cTailHOHapHble 2) ¥ uMeloT aauHy B 10 uau Gosee auaMerpoB o6Te-
KaeMoro Tesa. TakuMm 06pa3oM, OHH SIBJARIOTCS 3HAUHTENBHO Jyu-
WHM NPHOJIHKEHHEM TEOPETHUYeCKOH MO/e/H, YeM peaJibHble CJefbl
(cM. § 53). UckatoueHne cocTaBasilOT Te CAy4YaH, KOrla npensTcTBHe
noMelleHO B KaBHTalMOHHYIO TpyOy npu Q > 0,3.

Bo-BTOpHIX, npoduab KaBepHB MOYTH BCEr[a BLINYKJbIH, H OT-
PbIB MOTOKA NPOHUCXOAHT Y MOMNEPEeYHOro CeYeHHH C MaKCHMaJbHbIM
nHaMeTpoM. JTO yTBepKAeHHe B o6lueM COr/acyercs ¢ pelleHHsiMH
3afiaun [eabMmrosbua — Bpuanio3Ha H 3aMeTHO OTJAHYaeTcss OT cay-
yas ciefoB.

B-TpeTbHX, npuGAHKeHHas 3KCNepHMeHTaJbHasA ¢opmyna?)

Cp=0,55+40,4Q =0,55(1 +0,73Q) (30)

ans xko3dpduunenta Cp NpH NonepeyHoM KaBHTAUHOHHOM OOTEKaHHH
UHJIHHAPA BNOJHE XOPOWIO COTJIaCyeTcsi ¢ TEOPEeTHYeCKHM 3Haue-
uueM Cp(0) = 0,55, BuiuHcreHHbIM Bpomeukum aas sagauu [eapm-
roabua — Bpuaniosna no metopy us § 46, ecam BBecTH nompasou-
HBIA MHOXHTeNb (1 4+ Q), cornacho § 43 4).

) Birkhoff G, MacDougail D. P, Pugh E., Tayl G.
1. Appl. Phys., 19 (1948), 563582 P T ayier B
) Ecin npensiTcTBHE He COBCEM IVIaflkoe, MOTYT BO3HUKHYTH He6OAblIHe
<GHeHHA», HanpaBjeHHHE N0 OCHOBHOMY TeyeHHMIOo, KaK Ha ¢oto | wan B [23],
crp. 116, 129. Koraa Q > 0,3, kapepua moxer nonepeMeHHO BOHPaTh H BHNYCKaTh
lOAy.; cln(a. [32], fCT}Pf l%
emp ., Foerster E, Hydrodynamische Probleme des Schiffs-
anfrl‘ebs, Springer, 1932, 227—342. d d chifts
ONPOTHBJEHHE UHIHHAPA MNPH PA3NMYHBIX YHC/IAX KaBHTaUMH Ono pac-
CHHTAHO PRAOM aBTOPOB, AuTepaTypy cM. B [17*). — Mpum ped,
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Heckoabko HauGosee HHTepeCHbIX GaAKTOB OTHOCHTCS K KaBep-
HaM Mo3agy¥ CHapsoB, BhCTpeNeHHbIX B Boay. Poto | naer HaMm OT-
AMYHBIA MaTepuaa Takoro pola'); Ha ¢oTO NokasaHa KaBepHa, 00-
pasoBaBuiasicsi nosaau cdepbl, BXoAslled B BOAY CO CKOPOCTbIO
okoJo 45 m/cex. Ha onHo#t u TOH e ¢oTONAACTHHKE GbIJIH CAeMaHbl
IBa CHHMKa co cABHroM Bo BpemeHH Ha 0,005 cex. Benble TOuKH Ha
CHHMKAX — 3TO MaJleHbKHe My3blpbKH, KaxXablii U3 KoTophix cdoTo-
rpaduposan aBaxawel. Herpynno HaliTH TOukH, COOTBETCTBYIOIlHE
OJHOMY M TOMY Xe My3bIPbKY, H AJHHA BeKTOpa, HAylllero oT mnep-
BOM TOUKH KO BTOPOH 1Js KaXXAo# mapbl, B rPy60OM NpPHOJHKEHHH
MpONOpiHOHAaAbHA BEKTOPY CKOPOCTH BOAK BOGJH3H nmy3bipbka. Ta-
KHM 06pa3oM, MOXKHO Har/JsHO NpeAcTaBuTb cebe nMpodHuab KaBep-
Hbl U 10JIe CKOPOCTEH TeueHHs.

OaHako no pasHbiM NpHYMHAM NOJOGHbIe CHHMKH He BMOJIHE
TOYHO COOTBETCTBYIOT TEOPETHUeCKoi noctaHoBKe Bonpoca. Tak, Ha-
npuUMep, OHH H306paxaioT 3aMeljsieMoe TeJlo, a He CTallHOHAapHOe
TeyeHHe; MOBEPXHOCTb BOALI SIBJAsieTCS BTOPOH cBOGOAHOM rpaHHlied,
YTO YCJAOXKHSIET MaTeMaTHUeCKoe OMHCaHUE; K TOMY JKe HeJb3si mpe-
HeGperaTb BAHsIHHEM Bo3ayxa (cp. § 53).

IIpuMeHumMocTh Teopud TeueHHil [enbMrosblia KauecTBeHHO MOA-
TBepKJAaercs TeM, UTO NMO3aJAH CHApSAAOB, ABHXYUIHXCS AOCTAaTOYHO
6LICTPO, MOJYYalOTCsl KaBepHbl CKOJb YrogHO Gosbiuoi anuuu (100
OHaMeTpoB U GoJablle). 3TO siBJEHHE HMMeeT BajXKHOE NPaKTHUeckoe
3HaueHHe: Gosblloe MopaxKamwlllee AeHCTBHE CKOPOCTHBIX CHApsdOB
H OCKOJKOB 60MG ‘06YyCNOBJEHO TeM, UTO OHH MOTYT NpoJesblBaTh
OTBEpPCTHS, 3HAUHTEJBLHO TpeBblilIalolllHe HX COGCTBEHHble pa3-
Mepbl 2). [Insi Hac e 3HaueHHe 3TOro (akra 3aKJKOYAeTCsi B TOM,
YTO OH YKasbiBaerT ¢H3rnueckoe NpHOJHXKeHHe K GeCKOHEeuHbIM Ka-
BepHaM, KOTOpble ONpelesslOTCS MaTeMaTHYECKH KakK pelleHHs 3a-
nAauu TeabMroabia — Bpuanosxa.

O6Go6mwennass 3agaua [eapMmroasua. Ecau npen-
MONIOXKHUTb, UTO BBLIMOJMHAIOTCA YyeaoBusi (14) H uTO XKHIAKOCTL He-
cKUMaeMasi H HeBSI3Kasi, TO MOXHO NPHMEHHTb KOHUenuHio [eabM-
roabla H K YCKOPEHHOMY TEeHeHuro C y4eTOM 2PABUTAUUOHHbLLY CHJL.
C 5T0ii 1eAbl0 JONYCTHM, YTO KaBHTALHS CaMOMPUH3BOJIBHO BO3HH-
KaeT, Kak ToJabKo p < p,. Ilosyualouylocs TakHM ofpasoM xpae-
BYIO 3a7ayy MOXHO Ha3BaTb 0606uwennod 3anaueii T'enbMroasua ?).

) Cm. Birkhoif G, Caywood T. E, J. Appl. Phys., 20 (1949),
646—659 (onucaHWe NpuGOPOB, HCMO/L3OBAHNLIX B ONBITAX, H APYrHE CHHMKH).

?) Cum. [5], § 74 u ykasauuyw Tam autepatypy; a Takke Harvey E. N,
The Military Surgeon, 98 (1946), 509—528.

%) Teopus rpaBHTALUMOHHLIX BOJH PacCMAaTPHBAeT TECHO CBASAHHYIO ¢ Hedl
8afiauy, Korna p = p, Ha cBo6opHoA nosepxHocTH. OGLYHO MO NOBEPXHOCTHIO
P > Pa, HO B RAHHOM CJyyae 3TO YCJOBHe He NpeanoJiaraercs.
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Hnes o ToM, uTo peanbHyI0 KaBUTAUHIO MOXXHO MaTeMaTHYECKH OMH-
catb NPH noMOWM pemeHHd o6o6uileHHo# 3agauu [eabMrosbua,
NOATBEPXKAAETCH KayeCTBEHHbIM HaG6JI10/leHHeM TOro, YTO 3ANOAHEH-
Hble napom KagepHbl BOSHUKAIOT Yy T8epdblx nogepxHocTed. 3ITo
IMNHPHUECKOE NOJIOXKEHHEe MOXKHO BHIBECTH MPH paccMOTPEHHH 06-
o6wennoit 3agaud [enpbMronbua chaeayiowuM obpasom!), Ilpume-
Hfsl oneparop Jlamsnaca k ypasHeHuio Bepuyaau [ra. I, dopmy-
Jaa (5)], monyuum ypasHeHHe

Vip=—pv2{ 3 VUVU+ 5] 4G} 31)

B ¢opmyae (31) V3G =0, tak kak G ecTb HbIOTOHOB I'DaBHTa-
uHOHHbIH noteHuuan; V2(oU/ot) =0 (V2U)/ot =0, B cuay dopmyani
(6) m3 ra. l; u, nonaras u, = oU/ox,, Tak uto VUVU= X uf,
nonyuyaem ¢popmyay

V(2 ad) =D u,Vu,+23(Va,  Yu,)>0.

Orciona V2p <0, npuueM paBeHCTBO HMeEET MECTO TOJIBKO €C/H
U NOCTOSIHHASA, T. €. p — cynepeapmonudeckas ¢yskuus, MssectHo,
O/lHaKO, YTO cyneprapMoHHuyeckasi (QYHKUHS [JOJKHAa TNPHHHMATh
CBOM MHHHMaJbHble 3HaueHHsl Ha TpaHHle; cJeloBaTe]bHO, p 6yrer
CTAHOBHTbLCS MeHbille P, NPexJe BCEro Ha rpaHuLE.

§ 51. Ny3bipbKu

Yacto ynorpe6asieMoe BMECTO «KaBEPHbl» CJIOBO <&Iy3bipek»
yKasbiBaeT [106aBOYHO HAa MaJbie pPasMepnl H NMOABHXKHOCTb. [Ipu
pPacCMOTPEHHH MaJIeHbKHX MYy3bIPbKOB OObIYHO HEOGXOAMMO YYHTbI-
BaTb CHAY TSXKECTH M NOBEPXHOCTHOe HaTSKEHHe, KaK Mbl yXe
pusenn B § 32. Mbl H3710XKHM ceHuac HEKOTOpble pe3yabTaThl OTHO-
CHTEeJIbHO NMY3bIPbKOB, KOTOPble MOKA3blBAlOT NpPAaBHAbHOCTL yKa3aH-
HBIX COOGpaXkeHUH, H Pa3bsICHHM Janee MPHUYHHDI, 10 KOTOPbIM Teue-
Hus [enbMrosbiia AalOT AUUIb NPHOAHKEHHYIO KapTHHY peanbHbIX
KaBepH. _

Cnayana mbol HanoMuuM ([11], 7. I, n. 29) o ckauke AaBJeHHs,
paBHOM 2q/r, KOTODBIfi cO37aeTcs NOBEPXHOCTHbIM HATAXKEHHEM 1
npu Nepexojle BHYTPb NOBEPXHOCTH c(EpPHUECKOro mnysbippKa pa-
nuyca r. Yxe 370 Gersioe 3aMeuaHHe YyKasbiBaeT Ha BO3MOXKHOCTb
TOro, 4TO *HAKOCTb, U3 KOTOPOH yjasieHbl BCe My3bIpbKH pajuyca
r > R, MoXeT BHIAEPXHBATb HaTsXXeHHe BeduuuHoi (29/r) —p,
Ge3 kaBHTauUHH!

) Kirchhofi G, Vorlesungen iiber Mechanik, 1876, ctp, 186; cm. Takxe
Bouligand G., /. de Math, 6 (1927), 427.
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XoTa OrpaHHYeHHOCTb 0GbeMa KHHFH JIHIIAeT HAac BO3MOMKHOCTH
noapo6HO HceJeloBaTh 3TOT yBJeKaTelbHbI BONPOC, MBI BCe JKe Ha-
MOMHHM, YTO XXHAKOCTH nocJje AerasalddH B J1aGOpPaTOPHBIX YCJO-
BHSIX BbIAEPIKHBAJH HATAXKeHHe BEJHUHHOH B JecsaTKH aTtMmocdep!),
BonpekH ycaosuio (i4). Ilompo6Ho 3TOMY BOAa, M3 KOTOpPOW yaa-
JleH BO3AYyX, MOXeT ObiTh neperpetra 6e3 napooGpasoBahus. Ilo
3THM NpPHYHHAM Ja6opaTopHble H3MepeHHsl KaBHTAUHH Tenepb, Kak
NpaBHJIO, COMPOBOXKIAAIOTCSA H3MepeHHeM COAepXKaHHS BO3JyXa B
AKHAKOCTH. TONBKO NOTOMY, UTO Yallle BCErO «BOJa» He B J0CTAaTOU-
Hoil Mepe ogHopoaHa (cp. § 1), a conepKHUT BO B3BeCH MHOrO «my-
3bIPBKOBHIX siiep», ycaosue (l14) npu6GJHXKeHHO cnpaBeaJiHBO.

z=0
—— —- \ ) .
oo, 00, o,

0oy

——— 8
o

N o— — —— —

a o

Puc. 21. [ToxbeM naockoro mysnlpLka B KaHate.

Bropoii Bonpoc, uMelolHii MaTeMaTHuyecKHil HHTepec, CBsi3aH
¢ noAbeMoM 6OJIbUIMX NY3bIPLKOB B BEPTHKAJbHBLIX TPy6ax npH Ha-
JHUUHH cuJbl TsxKecTH. He 3aTparuBast TpyAHbIX 3ajau (H3HYeCKOil
peaJsii3aUHH H YCTOHYHBOCTH H npeHe6peras NMOBEPXHOCTHBIM HaTs-
KeHHeM, Mbl pacCMOTPHM HeaJH3HPOBAHHBIA cJjayyall — noabeM
JBYMEPHOTro MJOCKOr0 My3bipbKa, CXeMaTHYeCKH H306paKeHHbIH 11a
puc. 21, a.

Hau6onee untepecHo 3mech GoJblioe CXOACTBO C MaTeMaTHue-
CKHMH MeToJaMH, BBeleHHbiMH B § 45, 46. Uto6bl nokasaTb 3To.
CHOBa oTO0pa3HM TeueHHe HAa eIHHHYHBIH NoAykpyr I’ B nmiockocTH
t (puc. 21,6), npHueM HeMmOJBHXKHYIO FpaHHULY OTOGpPa3HM Ha AHa-
MeTp, a cBOOOAHYI0 — Ha MOJNYOKPYKHOCTb, Kak B § 37. Ilyctb d —
auaMeTp TpyObl H Uo-— CKOPOCTb NMOAbeMA NMy3blpbKa (ecau OCH He-
NOJABHKHO CBfI3aTb ¢ BepPXHeH TOYKOH Ny3bIppKa, TO Uy e€cTb CKO-
pOCTb NajeHHss B 0cog— B TOUKe Ha GeCKOHEUHOCTH BBEpX MO Teue-

!) C npyroft ctoponm, Beanunna 250 aTMmocdep, KOTOPYIO HacTo NPHBOASAT.
AB/ACTCA, MO-BHAMMOMY, HempaBuabHoi, cM. [17], ta. XV, § 3.
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HHi0). Toraa, 4uTO NOYTH OUYEBHIHO, NMOTEHLHAN CKOpocTe#

w=am(tLty), a=%L (32)

XapPaKTepH3yeT HCTOYHHK HYXHOH HHTeHCHBHOocTH npu (=0,
CTOKH pPaBHOH HHTEHCHBHOCTH NpH f = * l(co; H o03); FPaHHUB
o6aact¥ I' nepexoasaT B IHHHH TOKa.

Yro KacaeTcs conpsixeHHOH ckopocTH {(£), TO MBl y4yHTbiBaeM
ee HYJH H GeckoHeyHOCTH B 06/1acTH I' noAcTaHOBKOM, aHaJOrHUYHOM
noactaHoBke Jlesu-Uusura (19):

t=(148)—IhCl—)" Y, 0<C<05 (33

Kak u paHbule, u3 npuHHuuna chmmerpun llsapua caeayer, urto
dyukuus Q (¢, C) peryaspHa B ennHHuHOM kpyre |{| <1 u ee pan
Tefinopa

Q(t, C)=a,(C)+a,(C) 242, (C) 4+ ... (33)

cyMmupyercs no AGenio npu £ = 1.

OcTaeTcsi YHOBJETBOPHTh YCJAOBHIO [f|? =2gy Ha noBepXHOCTH
pasaena, T. e. ypaBHeHHIO BepHyaau aas cBOGOAHOR FPaHHUM B CTa-
HHOKaPHOM HECXKHMAaeMOM HEBSI3KOM TeYeHHH. JTO YC/IOBHEe 3KBH-
BaJEeHTHO HEJMHEAHOMY HHTErpajibHOMY YPaBHEHHIO OTHOCHTE/NBHO
HeM3BeCTHON QYHKUHH

Ao)=—Im{Q(¢, C)} =—2a,sin20 —4a,sin4s— ...,

KoTOpasi onpeaensercs KospduuneHtamu paga (33').

3710 HHTerpa/jbHOe ypaBHeHHe aHaJOTHYHO ypaBHeHHio (25), HO
Gonee cnoxuo. HaifiTh ero npu6aHxeHHOE YHC/IEHHOE pellleHHe OKa-
38710Cb TPYAHBM JAe/oM. BhiuHC/eHHs NpHBEJH K BuBOAy '), uTO
u,/V gd = 0,23 £ 0,01, yto Bno/MHEe XOPOLIO COr/NAacyercsi ¢ HEMHO-
FHMH HMEIOUIHMHCS 3KCMIePHMEHTANbHLIMH AaHHBIMH ?).

§ 52. Heycrofiuusocts no TefAnopy

Korzna p’ > p, rpaBuTausoHHHA uieH B popmyae (13), oueBuamo,
BLI3HIBAET NEYCTOAYUB0CTS. JTa HeyCTOAYHBOCTH NPOCTO-HAMPOCTO
TaKas Xe, KaK y BOAHW B Beape, nepeBepHyTOM BBepX AHOM!

Tak kak noctynaTenbHOe A8HXKeHHe OGMacTH C YCKOpeHHeM a
OKa3nBaer AeACTBHE, IKBHBAJEHTHOE 3) HAJIOXKEHHIO MONS TATOTEHHS

' Birkhoff G, Carter D, J. Rat. Mech. Anal, 8 (1957), 769—
780; cm. Takke Garabedian P, Proc. Roy. Soc, A241 (1957), 423—431.
. 1) H,eaE. Xyxoscxkut B [23°] noayann TouHoe pewenHe nogo6HORA safauM. —

pum. ped.

3) Synge J. L, Griffith B. A, Principles of Mechani .
McGraw-Hilt 1949, § 53, ples of Mechanics, 2-¢ usx.
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g€ = —a, TO B YCKODEHHOM TeuYeHHH NMPeAbAyLUIHRA pe3yabTaT MOXKHO
HHTEpNpeTHPOBaTh cJaeaylowiuM o6pa3oM. [laockag noBepxHOCTDb
pasjena AByx XHIKOCTeH ¢ MJOTHOCTAMH p, p’ HEYCTOHYHBaA, KOraa
HMeeTCs yCKOpeHHe, HampaBjeHHOe OT 6oJjiee JerkoH XHAKOCTH K
Gonee taxenol. Takas HeycTOHYHBOCTb Ha3blBaeTcss HeycToddu-
eocroro no Tedaopy'). _

JIByMepHas HeyCTOHYMBOCTb BO3MYILUEHHIA MepBOHAYaJlbHO MJOC-
Ko#t MOBEPXHOCTH pa3jiesia aJleKBaTHO OomHchiBaercs ¢opmyaoi (13),
noka aMIVIHTYAAa BO3MYLIeHHHt ocTaeTca Oeckoneuno manrod. Tlpu
HayaJbHbIX CHHYCOMAAJbHBIX BO3MYUIEHHIX HanGoJlee 3aMeTHLHIM
NMPH3HAKOM HeJHHEHHON TeRJOPOBOfi HeyCTOAYHBOCTH SIBJASETCA
BO3HHKHOBEHHE 32KDYIVIEHHbIX Ha KOHLAaX CTOJIGHKOB, pa3je/eHHHX
najamouMH cTpyssMH. JI060MbITHO, YTO Ha/JMYHe 3THX CTO/JGHKOB
NpHOJHIKEHHO corJjacyercs ¢ TeM aHa/JM30M TOoAbeMa TMJIOCKHX
Ny3LIPLKOB, KOTOPLIH KpaTKO H3JoXeH B § 51.

Te#tnopoBa HeycTOHYMBOCTb BecbMa 3aMeTHO MNpOABAseETCA
B MyJabCcaluH cdepHyecKHX My3nlpbKoB. TakHe Ny3bIPbKH HrpaioT
rJ1aBHYIO POJIb KaK B KaBHTalUMOHHOH 3po3un (§ 42), Tak u B noa-
BOAHHIX B3phiBaX. B npeanosoxenun cdepuyeckoit CHMMETPHH
(cHoBa runoresa (C)!) Paneii?) noayuun npocrtsle fH¢depeniHans-
Hble ypaBHeHHA AasA paauyca b(f) kak pyHKUMH BpeMeHH, NMpHMe-
HHMbIe K 060HM THNaM ny3bipbkoB. OHAKO, ecH BO3MYLUeHHs cde-
pHUECKOH rpaHHUbl Pa3/okuTh, no ¢yukuuam Jlexanapa pn(cose),
TO MOXHO MNOKa3aTh, YTO aMMJHTYIAH BO3MylleHH#H b, (f) yaosaer-
BODPSAIOT yPaBHEHHIO

bb,+ 36 b, — (h— 1)bb, =0. (34)

(370 ypaBHeHHe OT.IHYaeTcs OT ypaBHenHs (13) Ans nJaockoro cay-

yasi ujeHoM 3bbs.) Ily3bipbKH, BO3HHKalOllMe TPH NOABOAHOM
B3phiBe, CHaua/ja 4Ype3MepHO pacCLUHpAIOTCHA, KOrja BOJa BHTAJKH-
BaeTCsl HAPYXKY, a 3aTeM CHOBa CYXKalOTCAl MPHMEPHO A0 HayaJbHOro
paauyca.

B6.a13n MHHMMaJAbLHOrO paanyca NMpPOMCXOAMT pe3Koe 3amepJe-
HHE TEeUEeHHS BHYTDb Ny3bIPbKa, T. €. MPOHCXOAHT YCKOpeHHe B Ha-
npapJjeHdu Gosee NJOTHOMR JKHAKOCTH. 3TO, OYEBHAHO, Aenaer cde-
pHYeCKYyl0 NOBEpXHOCTb pasfena HeycToHuHBoit mno Tefaopy, —
06CTOATe/ILCTBO, KOTOPOE OYeHb 0c/1ab/sieT Noc/aeA0BaTe bHble My./tb-
CallHH My3bipbKa.

Cayuait nyspipbKa, 3amoOJIHEHHOrO NapoM H CXKHMaIOMLErocs
«B TOYKY», KaK NpeAnoJiaraeTcs NMPH HAeaJH3HPOBaHHOA KaBHTa-

') Tak xax Bnepshie ee (usnueckoe 3Havenwe BuscHun Tefnop; Proc. Roy
Soc.j(fwgllélQSO), 192—196. [lanbuefine pa3bscHenus u autepatypy cm. s [17],
ra. XI, , 13.

) [12], 1. VI, ctp. 504; [7], n. 91 a; (17), ra. XI, § 1—3.
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LHOHHOH 3PO3HH, MeHee fiCeH, TaK KaK TYT BCerla HMeeTcs yCKope-
HHe, HanpaB/eHHOe OT 60J/iee MJOTHON XXHAKOCTH K MeHee IJIOTHOM.
TeM He MeHee W B 3TOM cJayuae HMeeM HeyCTOHUMBOCThL M3-33 OTpH-
LUATeNbHOTO TOPMOXKeHHs '), TaK Kak no cyuwectsy & < 0.

B npeawecTBylOIMX paccyXAEHHAX Mbl He TOJbKO mnpexeGpe-
raju MHOTUMH (PM3HYECKHMH NEepPeMeHHbIMH, KOTOphlE MOTYT HMeTb
3HayeHHe (HanpHMep, NOBEPXHOCTHHIM HATAXEHUEM), HO H OrpaHH-
UHBANUCh OECKOHEMHO MaAbiMU BO3MYILEHHAMH. XOTH AOCTUTHYT
HEKOTOphIH ycrnex B HCC/NENOBAHUM BO3MYULIEHHH KOHEUHOH aMmnJiu-
Tyabl, B HeJIHHE[HOI TEOPHH MOKa ellle He BCe MOHATHO.

§ 53. MacwraGubie 3ddekTnl Npu BxoJe B BOAY

BonblnHcTBO NpHBeleHHbIX BbIlle 3KCNEpHMEHTaJbHbIX (paKToB
NOATBEPKAAIOT MHEHHE O TOM, YTO MaTeMaTHyYecKHe pelueHus 0606-
WeHHOH 3aaaun [eabMroabla npubIHKEHHO NMPHUMEHHMbI K peasb-
HbIM KaBUTaUHOHHBIM TeYEHHAM. YrNoMsaHyTble 10 CHX NOP HCKJIo-
yeHHs ObLIM CBA3aHH C OCOGEHHOCTAMH MaJjbiX MY3bIPbKOB2).
Kpome Toro, paccyxknenus B § 43 naioT cepbe3Hoe oCHOBaHHe npen-
nosarath, YTO TEOPHSi CTPY#H NPHMEHHMa B cJyuae, Koraa p’/p Ma.o.

Ecau MBI XOTHM cOrn1acoBaTh 3TO MPeANOJ0XKEHHe ¢ ONbITHbIMH
¢dhakTaMH, TO NMPHXOAHTCA NpPH3HATh, 4To uucao 0,0013 ue «mano».
B yacTHOCTH, ecTb ABa THAPOJAHHAMHYECKHX SIBJIEHHS, KOTOpHe Ha-
6/11012a10TCA NPH BXO/le Te1 B BOAY B aTMOC(epHBIX YCJIOBHAX H OT-
CYTCTBYIOT, ecau Bo3ayx yaaned. CneagoBaTesbHo, HHKakas
MaTeMaTHuecKasi Teopus, npeHeGperaiowlas oOTHoweHHeM p'/p <<
< 0,0013, He MOXeT HX NMpaBUJbHO OODBACHHTb. bosee BaXKHHIM M3
9TUX fIBJIEHHH CUHTAETCA NOBepPXHOCTHOe cmbuitkanue. Ecau B cnoko#-
Hyl0 BOJAYy najnaer HeGosblIOA wap co ckopocthio 3—6 M/cek, TO
KaBepHa CHauyaJa CMbIKaeTcs no cxeMe puc. 22,a, Tak Ha3bBaeMoe
eaybunHoe cubikanue. Ecau ke CKOpOCTb NPH Bxoje paBHa 12 m/cex
uau 6oJbille, TO KaBepHa HaYHHaeT CMbIKATbCH Ha MOBEPXHOCTH NO
cxeMe puc. 22,6. CHUMCK 10/1s CKOPOCTell NP CMbLIKAHHH Ha MO-
BEPXHOCTH BocnpousBeleH Ha ¢orto II. Bnepsble siBneHHe noBepx-
HOCTHOTO CMblKauua HabGawoaan Boptuurron npumepHo B 1900 r.
{33}, no3nHee Maanok3) 3aMeTus, yTO 3BYK, BO3HHKAIOWMHHA nNpH
ry6HHHOM CMBIKAHHH, HAMOMHHAET XJOINOK, @ MPH NOBEPXHOCTHOM —
BCMJIECK.

B 1944 r. O3Buc*), creays ykasauuam Teilnopa, noxkasasn, uTo
€c/M B 0CTATOUHOIN Mepe CHU3WTh JaBjieHHe BO3AyXa P, TO NOBEpX-

“WBitkhoff G. Quar. Appl. Math., 13 (1956), 451—453.

2) Cm. § 32, 51 u [32]. Manensnkue ny2upuku koe-yero ga crTosT!

) Mallock W. Proc. Roy. Soc., A95 (1918), 138—143;: cM. Takxe
Harvey E. N. and McMillen J. H, J. Appl. Phys., 17 (1946), 541—555.

‘) HeonyGnukosaunnit AOKnaA, oTneyatasHuii Ha MuMeorpade.
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HOCTHOE CMbIKaHHE yXKe He MPOHUCXOAMT Jaxe NpH GOJBIUIHX CKOpO-
ctsax. Buavane npeanonaranu, uto Ha/lHuue HJIH OTCYTCTBHe MOBepX-
HOCTHOrO CMbIKaHH§l 3aBHCHT OT KaBHTAUMOHHOro yucia Q = 2p/pv?,
TaK KaK BeJHYHHA Q OKa3biBaeT CYLUECTBEHHOe BJIHSHHE Ha MHOrHe
KaBHTaLHOHHble sfiBneHus. Ho B 1945 r. no HauteMy npeaJioXeHHio
Hx. I'nns6apr 1 Augepcod [29] npuMeHnsn TsXKenbie rasbl THNA

l:l
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Puc. 22. a—ray6uHHoe cMHKaHHe; § — NOBEPXHOCTHOE CMHLIKAHHE.

¢peoHa, 6narogaps yeMy MOXKHO ObJIO HE3aBHCHMO MEHATh JAaBJe-
HHe M IVIOTHOCTb. 3TH aBTOPbl MOKAa3ajH, YTO AJs 3aJaHHOro AHa-
MeTpa d wapa H 8epruxkaabHol cKkopocTH BXxoaa v (uncjao Ppyaa
Fr = v?/gd) xapaktep cMblKaHH B OCHOBHOM ONpeAeJseTcs OTHO-
weHueM p’/p. Hanpumep, ans wapos auamerpa 2,5 cM, BXOAALIMX
B BOAY CO cKopocTsMH 15—45 m/cex (1. e. npu Fr = 108 — 10%)
NPOHCXOAHT NOBEPXHOCTHOE CMbiKaHue, ecau p’/p > 0,001, u rayGuH-
Hoe, ecau p’/p < 0,0001.

JT0 BHe3anHOe H3MeHeHHe peXKHMa BOJH3H MaJoro 3HAaYeHHs
napameTpk: p’/p HanoMHHaeT BHe3anHOe H3MeHeHHe B OOBLIYHOM
cnefe, npoucxoasitee B6au3H 1/Re = v/vd = 0,02 (Buxpesas no-
poxka) u 1/Re = 0,000005, a takxe B TpyGax B6au3u 1/Re =
= 0,0005 (cMm. ra. 11). Takum o6pa3oM, 3TO HaeT HaMm elte OAHH
«Napafiokc annpoKCHMaUHH» ¥ CHOBA yKa3biBaeT Ha TO, YTO Xapax-
Tep pewenuld YypasHerul 8 4acTHbIX NPOU3BOCHLIX MONeET 8HE3anHo
UMEHATHLCA 60/AU3U O4EeHb MAAbLIX 3HAYeHUd napameTpos.

B § 78 Gyner nokasane, npasia, c NOMOLLbLIO 10 HEKOTOPOA cTe-
NeHH NMPOH3BO.ILHOrO (H3HYECKOro aHasu3a, uTO TaKoe M3MeHeHHe
pexima B AeACTa™TebHOCTH TECHO CBA3aHO ¢ Ge3pa3MepilbiM fnapa-
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metpom N=VFrp’lp u NPOHCXOAHT TOraa, korna N mnpHMepHO
paBHO !/g0.

Hpyroe sBaenue, He COBMECTHMOE C HAHBHLIM MOHHMaHHPM
yTBepxaeHus Berua u [leTepcona, cOCTOHT 8 TOM, YTO NPH HaK.10H-
HOM BXO/le B BOAY OOHApY>KHBAeTCA TEHAEHUHSA K NPEJOMJEHHIO TPAeK-
TOPHH ABHXEHHA KHH3y. XOTf 06CTOATENbCTBA €713 He BNOJHE ACHH,
CAanxTep noka3as Ha onbiTe, YTO raailkas alopa.ienas cpepa aHa-
MeTpOM B 5 CM, BXOAfLLaf B BOAY CO CKOPOCTbIO OKO/0 15 m/cex
noa yraoM B 20° K rOpH30HTY, MOXET OTKJIOHHTbCA BHH3 NMPH BXOHe
Ha 5° u Goabuwe. ([1pn ropa3io GO.IbWHX CKOPOCTAX Obi.1H OGHapy-
XKeHbl OTKJOHEHHH BBepX H TewleHuHs K pHrowerty '}).) [Toanoi
TeOPHH 3THX sBJennil net, Ho Cauxrep nposea Tilareabhnlit (K co-
XKaJeHHIo, HeonyONAHKOBAHHbIIT) 3KCcNepHMeHTA bHbBIIl anaJjaH3, KOTo-
pHA noKasaJs, YyTO Takoe npejoMJieHiHe TPAEKTOPHIl CBA3AHO C 8A3-
KOCTbI0 8030yxa — nepeMeHHON, BJHAHHEM KOTOPOii NO HHTYHLHH,
Ka3aJjocb Obl, MOXio npeie6peub (cp. ¢ runotesoil (A) u3 § 1).

§ 54. Peanbhbie caennl

O6uiuHo ypaBHeHHs 3Jiisiepa npHGJIiKEHHO NPHMEHHMb B yCJO-
BHSIX CTAUHOHADHOrO TeueHHs, koraa p’/p K 1, HO aAs 3TOrO He
AOCTaTO4YHO, YTOOH v ObLIO MaJo. 3TO BBIPAa3HTENBHO MOKa3aHO
Ha ¢oTorpadHax peanbHbix cjeqoB. B uacTtHocTH, ocHoBHOR nepe-
MEHHOM, onpezeasiollell noBeleHHe pea.lbHOro caena, asiasercs 6es-
pa3MepHoe uHcao PefiHoabaca Re = vd/v, onpenenenHoe B § 21.
[Tpu 3TOM 1es0 CBOAHTCHA K BBLIACHEHHIO NPHPOAL peasbHHX Cleq0B
npr Re > 1.

ITpu ycioBHH Re < | B peasbHbiX cJenax nepeiHsin H 3a1HAA
YacTH NMPHONHKEHHO CHMMETPHYHH, H TaKHe c.Jelbl COOTBETCTBYIOT
npu6anxenuto Crokca — noasyiwemy tevenuio (§ 30), ecan MOXKHO
NOJYYHTb pelueHHe TaKOoR KpaeBoft 3anauyn. B uuTtepBase 5 < Re <
< 30 (npuOaHKeHHO?)) npH OOTEKAaHHH KPYroBOTo UHJAHHAPA HJH
ApYroro Heo6TeKaeMOro MpPenATCTBHA JHHHH TOKa <OTPLIBAIOTCAN,
ofpa3ya KoHeuHH i BLIMyKJAMi c/efl, KOTOPHA KayecTBeHHO HaMOMH-
HaeT KOHEYHYI0 KaBepHYy, OMHCcaHHYyl0 pasee B 3TOi r.iase. B nefi-
CTBHTEJIbHOCTH NOoAOOHHE c.eabl HAGA00aNHCh n03aaAH cdep H AHC-
KOB BNJ0oTh A0 3HaveHHA Re = 200.

ITpu 66abwinx Re, rnaBHuiM o6pa3om B HHTepBade 40 < Re <
< 1000, peanabubie ciaean OGbWYHO OGLIBAIOT nepuoduyecKUML,

') Ramsauer C., Uber den Ricochetschuss. Kiel dissertation, 1903; [S].
crp. 453. [PuxoweTHposanie NO NOBEPXHOCTH BOAHW 6uwno Hiyyexo JI. U. Cenmo-
8uM (cM. Cenos JI. U, Boasune pukowern, JAH CCCP, 37 (1942), M 9). —
Mpus. ped]

) Cu. [17), ra. XII—XIV oTHocHTeabHO Godee NOAPOGHOrO HINOMEHMS
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6narojaps ueMy 4acTo CJAbILIHA My3blKaJibHasf Hota. B ciayuae kpy-
FOBOTO LHJHHApPA 4acToTa KoseGaHua N cBf3aHa co CKOPOCTHIO Teue-
HH U K qHaMeTpoM d NPHOGAHKEHHBIM 3MIHPHUECKHM COOTHOLLEHHEM
v

N=—. (35)
ITockonbKy TeueHHsi ¢ MOAOGHBIMH NMEPHOAHYECKHMH CJelaMH CTa-
IIHOHAPHBI, 3TO MpeACTaB/sieT cOG0H HOBBLIH NMapaAOKc CHMMETDHH
(§ 26).

B unrtepBase 10° < Re < 10° peanbHble caelbl MO3aiH MJA0XO
o6TeKaeMbIX TeJ OKa3bIBAlOTCS NPEHMYIUECTBEHHO TYLOYACHTHbIMU,
HO B CJyuae AOCTAaTOYHO TJafAKHX MOBEPXHOCTEH MOrpaHHYHbIH cJa0H
O6BIYHO He CTAaHOBHUTCA TYpGYJeEeHTHHIM 10 TeX Nnop, noka He Mpo-
u3oiger oTpeiB. OaHako Aasa 3HaueHHit Re > 3 XX 105 norpaHHuHbIA
C/IOH, KaK MPaBHJO, CTAHOBHTCA TypOYJeHTHuiM G0 oTpbuiBa. Kak
yxe o6bacHAN0ch B § 28, 3T0 naeT BecbMa CyXeHHBIH (HO Bce elle
TYp6yJNeHTHBIH) caen.

CyuiecTBeHHasi 3aBHCHMOCTb BCeX 3THX KaueCTBeHHBIX SIBJEHHH
OT YHC/JEHHOTO 3HaueHHs Re genaer oueBHAHBIM TOT (PAKT, 4TO HH-
Kakasi NedCTBHTeNbHO (yHIaMeHTaJibHasg TeOPHs peaJibHbIX CJ1e10B
He MoXeT npeHe6peraTh BA3KOCTbIO. TeM He MeHee GblIH MOCTPOEHHI
pasiH4HBE OCTPOYMHBIE MOJeNH CJeJOB Ha OCHOBe YDaBHEHHH
dfiaepa.

Tak, Mu3sec!) npeasoXHJ NPHMEHATb pellieHHe 3aaaud leabM-
ronbua — Bpuaniosna B KauecTBe NOAXOAAILEro MNPHGAHXKEHHA
peanbHOro OO6TeKaHHA LHJAHHAPA C JaMHHapHbLIM MOrPaHHYHLIM
c1oeM. B Tom cayuae, korga us-3a Typ6YJEHTHOCTH MOrPaHHYHOrO
cnos npu Gosabuinx uucaax PefiHoabaca chen cyxaercsi, xopouiee
npu6AHKEeHHe JaeT «CJel HYJeBOro CONPOTHBIEHHSA.

Buisin npeasioxeHnl W ApyrHe «cTpyiiHble» MojesH ?), B KOTOPBIX
BBOJHTCH YaCTHYHOE BOCCTAHOBJIEHHe AaBJeHHs B cJeflle Ha 60Jb-
LUIHX PACCTOSHHAX, YTO MOXHO COIJIaCOBaTh C IMMHPHYECKHMH [AaH-
HBIMH.

§ 55. BuxpeBnie MoneaH CjenoB

B apyrux Moaensix clefoB 3apaHee BBOAATCA anpuopHble pac-
npegeneHHsi 3aBHXPEHHOCTH C LeJbl0 BbIPa3HTb HabJlodaeMble
CBOMCTBA TEYEHHS NOCPEACTBOM MPOCTHIX MAaTeMAaTHYeCKHX YypaBHe-
Huil. Tlpu Gosblunx Re onsATb-TaKH MOXHO NpeHeGpeub BA3KOCTbIO,
4TO, MO KpaifHeld Mepe npH GerJioM pPacCMOTPEHHH, Ka)keTcsl ONpaB-
AaHHHM.

‘g Muaec P, Teopus nonera, M., HJI, 1949

?) Roshko A. J. Aer. Sci., 22 (1955), 124—132, Cornell W. A. s [32]
CxeMa, Ha KOTOPYIO yka3nBaer aBTop, BnepBuie Ouia peeaeHa H, E. XKyxosckum
15*). — ITpun. ped.)
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B onxofi u3 crapeix MojeJed BBOAATCA ABa CHMMETPHUYHO pac-
NOJIOXKEHHbIX 32 KPYrOBbIM LMJIHHAPOM TOUEUHBIX BHXPS, Kak NOKa-
3aHo Ha puc. 23 (cp. puc. 13). DToit MoaeaH, KOTOPOH Mhl 0GsI3aHbI
®ennaio, yaeassoch 3HauUTeNbHOE BHUMaHHe BBUAY ee upe3Bbluail-
HOi MaTeMaTHYecKOH NpPOCTOThbl, MHTEPECHOH TEOPHH €€ YCTOHUH-
BOCTH U CBfI3H ee ¢ MOAeNsIMH BHXpeBbix ngopoxek (§ 56). Ecau
BUXPH DPacrnoJioKeHbl Ha KPHBOH 2ry = r? — a? ([7], ctp. 155), rne
a—pajMyc UHMJIHHAPAE, TO BHXpeBas KOH(Urypauusi HaXOAHUTCA B
(HeycToHuHBOM) paBHOBecHH. KpoMe TOro, MOXHO m0GHTbCS, UTOGHI

Puc. 23. O6rekanve wnuauHApoB, no Pennao.

KOH(HUrypalus JHHHH TOKa MOJENH HMeJla Xopoliee COrJacOBaHHe
¢ Ha6aopaeMoi 3KCIeDHMEHTaNbHO, IIPHMEpPHO B HHTepBaJe
5 < Re < 30.

OnHako BGJIM3H LIEHTPa BUXPS B CTALLHOHADHOM IJIOCKOM Teue-
HUH MHOTHe INOJI CKOPOCTeHl HANOMHHAIT KOH(UrypauMu JHHHH
TOKa B BH/J€ KOHIIEHTPHYECKHX OKPYXKHOCTeH, H, c/JeloBaTeJqbHO, He
CTOHT NpPHAABaTb CJAMIIKOM O60JbLIOe 3HaueHHe YNOMSHYTOMY CO-
raacoBanuio. TeopeTHuecku e B CTAlMOHAPHOM TEUEHHH 3aBHUXPEH-
HOCTb [OJIKHa M3 J1I060ro LEHTpa pacnpoCTPaHsSTbCA BO BHELIHHe
06J1aCTH, CTAHOBSCH ACHMITOTHYECKH MOCTOSHHOU BHYTPH JIOGOH
3aMKHYTOH JIMHHH TOKAa JIAMHHAPHOrO TeueHUs Npu GosibILIOM 4YHCIe
Peiinoabnca.

OTa 3HauMTeNbHO GOsiee MOAXOAALIAS MOMAENb Oblia HEaBIIO
npeasnoxena batuenopom!), ogHaKo 10 cHX MOp NMpPH KOHKPETHBIX
pacuetax He YJAajoch IPEOJOJETh BBIUHCAUTE/bHble TPYAHOCTH.
KpoMe Toro, B BHAY HeycTo#uMBOCTH 10 [enbMrodbily, peasibHbie
cleabl npe Goablinx Re faior B BmICHieH cTeneHH HeCTallHOHapHoe

') J. Fluid Mech., 1 (1956), 177—190 u 388—398; cm. Takke Wood W. W,
Tam ke, 2 (1957), 77—87,
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TeyeHHe, H, CJAeROBaTeJbHO, MOAeNb SBJAAETCH HepeaabHoi. [das
auana3oHa 5 < Re < 30, no-suauMomy, Gosee npHeMaeMmoi SB-
asietcs Mojaeab BA3koro TeueHus Oseena (§ 31)1).

§ 56. Brxpesblie 1OPOKKH

HaunGonee 3aManuuBOi BHXpeBOH MOIdesbi0 AJs CJAeLOB fABAseTCA
«BHXpeBasi JOPOXKa®, COCTOAILAss H3 ABYX Mapa.jelbHbiXx psAOB
TOYEYHbIX BHXpeH, pa3MeLIeHHHX Ha OAHHAKOBOM pacCTOSSHHH, NPH-
yeM 3TH MEepPHOAHUYECKHe PSAAbl PacloJOXKEHbl «B 11aXMaTHOM MO-
pslKe», TaK YTO BHXPH KaXJOro psifia NPUXOAATCA MNOCPeaHHe
MeXJy BHXPAMH Apyroro psjia. 3Ta MoAeab Oblia NpeatoxKena
KapManoMm 2) ans npeacTaB/ieHHs MNepHOAHYECKUX CJ€AOB 3a LH-
JMHAPaMH, Ha6Ji0aeMbIX B OCHOBHOM B HHTepsaJse 30 < Re < 300.
Jna Hee KoMNJeKcHbii noteHunan W = U 4+ iV 3anucbiBaercs
B CJelyiolleM BHIE:

W=%{]gsin%—lgsin%(z—%—ih)}. (36)

TakuMm 06Gpa3oM, nNoTeHUHA BK/OYaeT TPH MapaMeTpa: HHTEH-
CHBHOCTb BHXPS %, NMPOAOJbHBIA pa3Mep a W MOMepeuHblii pa3Mep
h. B nio6oM KOHKpeTHOM cjyvae omnpeje/eHHe 3THX MapaMeTpos,
OueBHIHO, ABJISETCH OCHOBHOII 3ajavedl, a 11060if HaGOp 3HAYEHHR X,
a u h 3a1aeT paBHOBeCHOE pacnofoXeHHe.

KapmaHn nokasaJj, uto B HeBA3KOH XHAKOCTH TaKoe pacno/oxe-
HHE MMeeT HeyCTOHUHBOCTb NEepBOro Nopsilka (T. €. OTKNOHEHHs OT
MOJNIOXKEHHS PABHOBECHS pAacTyT 3KCMOHEHUHAJbHO), €CaH TOJNbKO
h/a ne pasHo 0,28! (npu6anxkenHo). OH noKaszaa Takke, uTC aHa-
JIOTHYHOe pa3MelleHHe BHXpeil, TPH KOTCPOM BHXPH B O00OHX psaax
OCTaioTCA MmapajnelbHHIMH [BeaHuHHa af2 onyckaercs B GopmyJe
(36)], Bcerna HeycTOiiuHBO.

KpoMme Toro, uccaeays ckopoctb K, ¢ KOTOpOii 3aBHXPEHHOCTb
pacnpocTpaHsieTcss B NMOrpaHHYHOM cJoe no o6e cTopoHbl, [eiisen-
Gepr u IMpanaTab 3) nosyuuau cootioleHHe

1 2
W o~ A 37)

otkyaa x = (1 + Q)av?/4. XoTts cam BbIBOA BeCbMa MpPHGJIH3HTENEH,
pe3y/nbTaT HBJAETCS HaleXHbIM C TOYHOCTBIO A0 MHOXHTeas 2.

1) Jlutepatypa npusemena B [I7], crp. 263, npumeuanue 13. OTAHYHBIA
HCTOpHueckufi 0630p BHXpeBuix cacTeM B caeaax aan Posenxen JI, c6.
[TpoGnemu mexauuku, UJI, M., 1955, cTp. 446—454.

2y Gott. Nachr., Math.-Phys. KI. (1912), 547—556.

3) Heisenberg W., Phys. Zeits., 23, (1922), 363—366 u KommenTapnu
[pauaras wa ctp. 366; cm. Takxke [3), crp. 555, 564 u [I1], 7. 2, crp. 132
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Hakonen, nerko moranatbcs, 4TO BeIMYHHA A He AOMKHA HAMHOrO
OTJIHYATbCA OT AHaMeTpa uuanHapa d; B § 57 MH cMoxeM B 60Jb-
utei Mepe 060CHOBAaTb 3TO TEOPEeTHYECKH. YUHTHIBas BCe NpPHBENEH-
Hble Bhille cOO6paKeHHs, MOXKHO NMOCTPOHTL NPHOJHXKEHHYyI0 anpu-
OPHYIO MOJeNb NEepHOAHYECKHX CJIedoB.

OuesnaHo, 4TO 3Ta MOJeNb BHXPeBO#l NOPOXKKH BO3HHKJA He H3
pelleHHs MaTeMaTHYecKOofi KpaeBofl 3aJauu: ocTpoyMHas uies Kap-
MaHa He NMPHHAIJEXHT K «pailHOHAbHOM rHAPOAHHAMHKE» B CMbICJE
§ 1. Tak, B 3Tofi Teopun o6TekaeMoe npensATCTBHe He ABJASETCA He-
KHM peasibHO CYLIeCTBYIOIUHM TreOMeTpPHUECKHM OGBEeKTOM.

Buio BbCKa3aHO mpeanosioXKeHue, YTO BHXPEBLIE NOPOXKKH ecTe-
CTBEHHO BO3HHKAIOT NPH 3aKpPYYHBAHHH BHXPEBHIX CJOEB, NpeAcCTa-
BJIfi, TaKHM 0Gpa3oM, ACHMNTOTHYeCKHe pellleHHs 3ajaun Koum.
OnaHako nNpHOJAHMKEHHE B BHAE MOAEJNH COCPENOTOYEHHBIX TOYEYHbIX
BHXpeli fABJSeTCA HepeaJbHLIM KaK TEOPEeTHYECKH, TaK H 3KCMepH-
MEeHTaJIbHO '), AaXKe HECMOTPA HAa TO YTO, KaK HHOrAa roBOPAT, BHX-
peBbie CJOH 3aKPY4YHBAIOTCH, NPHYEM «3aBHXPEHHOCTb Bce 6oJblue H
6osible COCPeAOTOYHBAETCA B 3aKPYUEHHBIX YYacCTKax».

OTH 3aMeyaHHs HMeIOT CBoefi UeJbl0 NOAYEPKHYTb, HAaCKOJIbKO
AaJseKo yu1a coBpeMeHHasi THAPOAHHAMHKA OT MPOCTOH H NOTMaTH-
yeckofi Haen Jlarpanxka. Bce craunoHapHble BUXpeBbleé T€UEHHs H3
§ 55 u Bce peuieHHs 3anaud enbMrosbila ymIoBaeTBOPAIOT ypaBHe-
HHAM Dfinepa NS HeCXKHMaeMOfi HeBA3KOA XHAKOCTH, 3TO NOKa3hl-
BaeT, HaCKOJIbKO HlajieKa OT «KOPPEeKTHO#» MOCTAaHOBKH 3ajlaya CTa-
LLHOHAPHOTO TeYeHHs AJA 3THX ypaBHEHHH.

B neficTBHTE/NILHOCTH e CaMO NMOHATHE «CTAallHOHAPHOro Teye-
HHsi» OHGOUHO ¢ HHU3HYECKOA TOUKH 3PEHHA O XKHIAKOCTSH MaJjofl
Bsi3kocTH!

§ 57. KoanuecTBo ABHXKEHHA B caeae

Ounnako ToT $aKt, yTo HAeH Jlarpanxa oka3ajHch OLIHOOUHLIMH,
He 03HayaeT, YTO TeopeTHYeCXuf MOAXOA B THAPOAHHAMHKe ciaeayeT
otBepriyTb. Kak Mbi BuLesH B 1. 11, ecTb 60ablLIHE OCHOBAHHA CYH-
ratb ypasHeHHs Hasbe-CTokca ans Hec)KHMaeMOA XXHIAKOCTH 3a-
CNYXHBAIOUWHMH J0BepHs. Haule paccMOTpeHHe TEOPHH CJI€L0B MbI
3aKOHYHM KPaTKHM 0630pOM pe3y/bTaTOB, MOJYYEHHHX K HacTos-
lileMy BpeMeHH NPH NMOMOLUIH 3THX ypaBHeHufi. Kak n B cayuyae Ka-
BUTALHOHHOrO ABHXeHHA (§ 49), MHOroe MoxeT ObiTb OGBACHEHO
NpH MOMOLUIH 3aKOHOB COXPaHeHHA.

Bo3MOXHO, 4TO HaHOOJee NoNe3HON SABJAETCA HHTEpPNpeTAalHA
xoauvecrsa Osuxenusa ciaeda. B 3KcnepHMeHTe Mo3aaH BCAKOro

') Teopetnueckuit pa3bop cm. B paGore Birkhoff G, Fisher J,
Rend. Soc. Mat. Palermo, 8 (1959), 77—90, OTHOCHTE/bHO SKCMEPHMEHTaAbHLX
Aannuix oM. (3], ra. XIII. Llurata B3ara u3 1ol e paGoThl.
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ABHXKYILErocst B JKHAKOCTH TBepPAOro Teslla Mbi HaGaoLaeM ABHXKY-
wuidcsa Bnepen «chael». Takum o6pa3om, A1 ABYMEPHOro cJyyas
MOXHO ONpefeJHTb KOJHYECTBO [BHXKEHUS cJela, NPHXOAsLleecs
Ha €JHHHIY AJHHBI, HA PACCTOSIHHH X OT NMpPeNsATCTBHUS, NO popMyse
([17), cTp. 266).

M(x)=p [ u(x, y)dy, (38)

rae ocb X Bbi6paHa napaJiieqbHO HanpaBJeHHIO NBHXKEHHs TBep-
AOro Tesa, a BeJIHYHHA u 0603HauaeT NOCTYNaTeJbHYI0 CKOpOCTb ')
JBHXEHHS] KHIKOCTH.

Ecan Mbl npuHHMaem aMnupuueckuii hakT, YTo BHe c/ela 3aBHX-
PEHHOCTbIO MOXHO NpeHeGpeub W MO3ITOMY 374eCh NPHMEHHMbI NpPH-
6/1HXKeHHsl KJacCHYeCKOH THAPOAHHAMHKH, TO 3TO NPHBOAMT HaC
K MpeanoJIOXKEeHHID, YTO KOJH4ecTBO ABHXKeHHa M(x) dakTHuecKu
He 3aBHCHT OT BeJHYHHbI X — He6OJbUIOro PacCTOSHUSA M03aaH INpe-
NATCTBUA 2). DTa runote3a MOATBEPKAAeTCH 3KCMEPUMEHTAJbHO.

Ilanee, ecTeCTBEHHO MPEINOJOXKHTb, YTO KOJHYECTBO ABHXKEHHS
B CJlele CO31aeTcs JaBJeHHEM TeJa Ha XKHIKOCTb (BTOPOH 3aKOH
HbloToOHa) U YTO OHO pPaBHO MO BeJHYMHE M MPOTHBQMOJOXKHO NO
HanpaBJIeHHIO COMPOTHBJAEHHIO D, KOTOpoe XHAKOCTb OKa3blBaeT
IBHXEHHIO Tesa (TpeTHit 3akoH Helotona). B uwacTtHOCTH, conpoTH-
BaeHHe D [0JXKHO pPaBHATbCS BO3HUKAWOUIEMY 33 eNHHHIY 8PEMEHU
KOJIHUECTBY ABHXKEHHS B CJefle, KOTOpoe B CBOIO OuYepeldb AOJAXKHO
PaBHATLCH NMPOH3BENEHHIO Uxn M, rae M — KoNHueCcTBO ABHXKEHHS B
c/lelle B pacuere Ha eHHHLY CAuUHbL.

STH MHTYHTHUBHbIE AOTaJKH MOXHO cOpPMYJHPOBaTh MaTeMaTH-
YeCKH U BBIBECTH M3 Pa3yMHbIX NMPEANOJOXKEHHH OTHOCHTENbHO Teue-
Hust KUAKOCTH 3). Eie GoJsee HHTepecHO To 06CTOATENBCTBO, YTO
HEKOTOpOe YTOYHEHHe TaKuX $opMyJ aaeT HAHAYUYLIMA CNOCO6 uU3-
Meperust paKTHUECKOro JJ0GOBOro CONPOTHB/IEHHS KpbiJa B noJeTe,—
no naBjeHHsaM B TpyOkax [IuTo, onpeiensieMbiM Mo3aix Kpbljia Ha
pacCTOSIHHH OT Hero, COCTaBJSAIOLIEM HeGOJbIUYI0 NO0JI0 IHPHHbI
Kphisia %).

Hanas Hac ente 60/ee HHTEPECHO MPUMEHEHHEe 3aKOHa COXpaHeHHs
KOJNHYECTBA JBHXKEHHS! C/lella K MOJeNH «BHXPEBOH HOPOXKKH» H3

1) Jas nepHoaHuecKHX HJH TYPGYNEHTHHIX CJIELOB — CpefiHee 3HauyeHHe 9TOR
CKOPOCTH MO BpPEMEHH.

?) Yro6m npuaaTb TaKHM THIOTE3aM MAaTeMaTHUeCKYl0 pecnekTaGeqbHOCTb,
MOJXKHO Ha3blBalb HX «TayGepOBLIMHY».

3) [17], ra. XII, § 9. Bosee pannee TwaTenbHOe HcceHAOBaHHE NPOBEN
Taylor G. Y., Phil. Trans., A225 (1925), 238—245; cM. takxe Gold-
stein S, Proc. Roy. Soc., A142 (1933), 563—573

1) [3], § 115. TlepsomauanbHo 91y TexHuky paspabotan Betz A, Zeits
Flugt  Motorluftschiffahrt, 16 (1925), 42—44; cm. Takke Fage A
Jones B. M, Proc. Roy. Soc., Al1l (1926), 592—603.
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§ 56. B oueHb ANHHHOM BHXDEBOM «XBOCTE» ¢ OrPAHHYEHHOR CKO-
POCTbIO CpedHee TNPOROJbHOE PacCTOsitHHEe @ MeXAy BHXDAMH He
MOXeT H3MensTbcs co BpeMmeHeM. C APYroA CTODOHBI, KOJHYECTBO
NBHXEHHS c1ella B pacyeTe Ha eIHHHLY AJHHB JIETKO NMOACYHTATh

no gopmMyae hx/a, rie h — cpelHee nomnepeyHoe paccTosiHHe MeXAy
BHXPAMH. TeopeTHueCcKH M3 3TOrO CJefYyeT, UTO B HeBA3KOH XHAKO-

CTH, KOTla % INOCTOSIHHO BO BpeMeHH, 3HaueHHe A (a c/1ea0BaTeNbHO,
H OTHOIlEHHe CpPelHero NPOAOJbHOrO PACCTOAHHA K CpellHeMy rone-
peyHoMYy) AOJKHO GbITb NOCTOAHHO BO BPEMEHH: 31eCb HeT TEHAeH-
UHH K €IHHCTBEHHOMY <«YCTOAYHBOMY» ') OTHOLLIEHHIO NpPOTAXKEHHO-
ctel. B BA3KO# KHMAKOCTH cOCpPeOTOYEHHS 33aBHXPEHHOCTH =%
MPOTHBOMOJIOXKHBLIX 3HAKOB OHQQOYHAHDPYIOT H B3aHMHO YHHYTO-
KaIOTCA; CJeJ10BaTeNbHO, MOXHO OXHAaTh BO3PacTaHHA BeJHUH-

Hbl A, uTO H Ha6al0aeTcs B 3KCNEpPHMEHTE,

C HayuHOH TOYKH 3peHHsl NpHBeJeHHbIe Bbillle pe3y/bTaTH HHTE-
PeCHH TeM, YTO OHH MOMOralT BLIACHHTbL ACHMIMTOTHYECKYIO CTPYK-
TYpy peabHbix ciegoB. OfHaKo /5 NOAYYEHHS KOHKPETHHX BBIBO-
JOB HY>XHO BBeCTH ellle OAHY runotedy nogo6us. [logo6ue u oTHo-
cAlecs K 3TOMY HIAeH OyAVT OCHOBHOH TeMOH NOCJeayioLHX
ra. IV u V. OTHOCHTeNbHO e NPHMeHEHHA K TEOPHH C/eloB CM. pa-
6oty [17], rn. XII u XIV.

!) ®akTaveckn naxe oTHOMEHHe NpOTAXeHHocTedi Kapmana h/a = 0281...

naer u?croﬁuusocn. XOTH ¥ HH3UIEro mopsaaka, cM, [18). [31o 6mno ycranosaeno
H. E Kouninm B paGote [24*]. — [Tpum. ped.]



FnaBsa IV
MOIOEJIHPOBAHHE H AHAJIU3 PASMEPHOCTER

§ 58. O monensnx

[TpumeHenne modesed NpH HU3yueHHH MEXAHHKH XKHAKOCTEH Ha-
XOAHT OTKJHK Y KaXIO0ro, KTO He JIHUIEH eCTeCTBEeHHOi# J10603Ha-
TeJbHOCTH. KaKolt MaJjbuHK He Hrpas c MoAeJfiMH KopaGJell H
CaMoJIeTOB H C YMNPOIUEHHBIMH MOZEJAMH IMJIOTHH H BOJAOCJAHMBOB?
Ho naxe B HauGosee pa3BHTHIX 06/1aCTAX COBPEMEHHOM TeXHHMKH
TakHe MOJe/IH He3aMeHHMbl H HMeIOT CylLeCTBeHHOe 3HaueHHue.

M HecMOTps Ha 3TO, MMeeTcs OueHb MaJo TaKHX (H3HUECKHX
JAMCUHIJIHH, TAe Pa3pbiB MEXAy TeopHeli H HHXKeHepHOH npakTH-
kOH Obln1 Obl Gosblie, ueM B O06JacCTH MNPHMEHEHHs Mojesedt
K H3YYEHHI0 THAPOJAHHAMHYECKHX SBJEeHHHA. YueHble-TEOPETHKH
CTPeMATCS OCTaBHTb B TEHH Te Heyno6Hble (aKTH., KOTOphie He
YKAaAbIBAlOTCA TNOCAYIIHO B PaMKH NPOCTON JIOTHYECKOH TEOPHH.
B TO Xe BpeMsi HH)XXeHepbl, MOCTOSIHHO CONPHKacamwllHecs ¢ aelf-
CTBHTEJbHOCTbIO MOA OTKPBHITHIM HeGOM H B Ja6OPaTOPHH, OGBLIYHO
CJIMIIKOM MNeperpyeHsl YaCTHHIMH TEXHHUECKHMH 3aRayaMH, H HM
NpaKTHYECKH HENOCTYMHO yyacTHe B aKaJeMHYeCKHX IHMCKYCCHAX.
Benb serue Bo3zaThb Ha CJOBaX AOJNXKHOe OOGLIENDH3HAHHBIM TEO-
PHAIM, a MPH peuleHHH KOHCTPYKTOPCKHX npo6JeM moJaraThCsi Ha
OMbIT H HHTYHLHIO.

Hama uesb — yMeHbIIHTh 3TOT pPa3phlB NyTeM KPHTHUECKOro
HCCJIeACBaHHA NPo6JeMbl B LeJOM ¢ 06eHX TOYeK 3peHHA. Mbl Hau-
HeM C Teopuu MOJeJHPOBaHHA, NOJYEPKHBas NPH 3TOM CBA3b
C NOHATHEM 2pynnet.

Cnauana, B § 59—65 Oyner maH KpuTHueckHil o630p awaausa
pa3meprocted. K aHaiu3y pa3MepHOCTedl OGHYHO O6paulaioTcH,
KOrJa HYXHO 06paboTaTb pe3yJbTaThl 3KCIEPHMEHTOB C MOAEISMH,
H OH o6/lajlaeT TeM MpPEHMYLIeCTBOM, YTO A/ HEro He Tpedyercs
MaTeMaTHUECKHX CBEJAEHHH CBepX Kypca 3JeMeHTapHoil ajare6pi,
HO 3aTO H TeM HEJOCTaTKOM, 4TO He0OXOAHMO BBOAHTb J06aBCuHLle
NoCTyNaThl, (U3HYECKYI0 HALEXKHOCTb KOTOPBIX MPHXOAHTCA NpoBe-
patb oco6o. B § 60—61 3TH mocTynathl KaHbl B TEOpeTuUKO-2pynno-
80tl HopMy/JHPOBKEe B TEPMHHAX «TPYNNbl MOAOGHA» BCEBO3MOXHBIX
13MeHEHHHA OCHOBHbBIX eAWHHII.



$§ 59. Anarua pa3meprocred 119

3ateM B § 66—74 Gyaer noka3aHo, KaK 3TH NMOCTYJaThl MOXHO
BBIBECTH M3 MaTeMaTHYeCKHX QOpMY/JHPOBOK AHHAMHKH XHAKOCTeH,
paccmoTpenHblx B ra. I, II, nposepss ruapoanHamuyeckue ypaBHe-
HHS Ha HHBAPHAHTHOCTb OTHOCHTENbHO 3alaHHbIX rpynn. Mbt GyaeM
Ha3bIBaTh YKa3aHHBI METON UHCNEKYUOHHbIM AHAAU3OM, 3aHMCTBYS
3TOT Bhipa3utesabHbii TepMuH y Pyapka [56]; dakTtuueckn, metoxn
OCHOBAaH Ha cTapoil Hiee, KoTopasi Obl1a npeanoxeHa Adanacbe-
Boii-ApeHect [61]. Ho no cux nop aanHbIi MeToad HHKOr4a nMpaKTH-
YeCcKH He HCNOJb30BaJjCs, XOTS, KaK Mhl [MOKa)XeM, OH SABJSETCS
3HauHTeJbHO GoJsee HanexHBIM (§ 72) u Gonee o6wnm (§ 74), uem
aHaJ/u3 pa3MepHoCTeil.

Haxkonen, B § 75—78 BBIBOAbI HHCNEKLHOHHOTO aHaAu3a (M aHa-
Ju3a pasHoMepHOcTefl) GydyT COMOCTaBJEHbI C NPAKTUKOL MOLENH-
poBanua. Kak u B ra. I u II, okaxercsi, uto AellcTBHTENbHOCTb
HAMHOTO CJIOXKHee TEOPHH. B HHXXeHepHOH NpakTHKe AOJNXKHBI Y4H-
TbIBaTbCs MHOrHe (akTOpbl, MFHOPHpYeMble NPH MaTeMaTHYeCKOM
OMHCAHHH, H NPHXOAHTCH HMCMOJb30BaTh HEKOTOpble NMpHEMbl, He Mo-
JyYHBILIHe ellle HayyHoro 0GOCHOBAHHS.

§ 59. Anaaun3 pa3mepHocre

AHaau3 pa3mepHocTeii BO3HHK B pe3yJibTaTe PacnpoOCTpaHeHHS
Ha QH3uuecKHe SIBJEHHS NMOHATHII reoMeTpHueckoro mogoGHsi, OTHO-
lIeHHS H NPOMNOPLHH, 3HAKOMLIX elle rpekaM !). Bnepsele 310 GbiJIO
caenaHo 'anuneeMm npu onpefeneHHH MPOYHOCTH 6aJOK M3 JaHHOrO
MaTepHaja B 3aBHCHMOCTH OT HX JHHeHHbIX pa3MmepoB. Ou BBea
HHTYHTHBHO OYeBHAHOe mMpeldnoJiO)KeHHe O TOM, YTO pa3pyileHHe
6aJKH NPOHCXOAHT TOrAa, KOTAa CHJa, OTHECEHHasl K eldHHHile NJO-
waau (HanpsKeHHe), NPEBOCXOAHT HEKOTOPYI0 MaKCHMa/bHYIO Be-
JHYHHY, XapaKTepHylo Aas MaTepHaia Gaakd. [aaunel npuuen
K BbIBCAy, YTO BeJHYHHA 6e30MacHON HArPy3KH Ha eAHHHLY o6beMa
06paTHO MPONOPUHOHA/IbHA A/JHHE W NMPEABOCXHTHJ MHOTHE ApYrHe
KJacCHYeCKHe pe3yJbTaThl.

3ateM aHaaM3 pa3MepHOCTeH npuMeHsan Mapuort u Hblo-
TOH?), HOo Toabko Pypbe (cMm. npuM. 1) Ha 3Tol cTp.) BhEpBbie
YCTaHOBHJ, YTO CYLIeCTBYIOT Onpeje/ieHHble «OCHOBHble eIHHHIbIY,

1) Tak, ®ypve ([59], ra. II, pasa. IX) ynomuuaer, uTo rpeks 3Haiu pas-
MePHOCTH MOWaAH H o6bema. Paned scersa ccuinancs ua «nonobhes W «AHHA-
MHyecKoe cxoacTBo». Y Taaunes, cm. ero «JIBe nosnle Hayku» (1638), [leus
BTOpofi. [«Becean o AByx oTpacasx mayku», M.—J1., 1933. — [Tpum. ped.]

?) Mariotte, Traitt de la percussion des corps (1679) u Traité du
mouvement des eaux (i686); Newton, Principia Mathematica (1686), 1. 2,
R‘aan. 7. [B pycckom nepesose: Kpunos A. H, Co6panve Tpynos, T. 7,

—J1., 1936. — ITpum. nepee.] Cm. take Bertrand J., [/ de I'Ecole Polyt,
19 (1848), 189—197.
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OTHOCHTEJIbHO KOTOPbIX Ka)aas (H3Hueckasi BeJHUHHA HMeeT omnpe-
IeNeHHble «PA3MEPHOCTH», KOTOpPble HAL0 3aMHMCHIBAaTh Kak MOKa3a-
renn ctenenedl. KoHeuno, 3Ta HAes MNOYTH OueBHAHA, ecAM BAY-
MaTbCsl B CMbICA «KO3(D(HUHEHTOB nepecueta» npH nepexoge ¢H-
3MYECKHX BeJHUYHH OT OJHOH CHCTEeMbl eJHHHIl K APYrod.

ITocpenctBom pasnuuHoro BbiGopa eaunuu Pypse Ges Tpyaa
MoKa3aJ, YTo OAHH M Te JXKe aHaJUTHUeCKHe (OpPMYyJbl AaKT Kak
peweHus 3a4auu o6 OXJaxKAeHHUH chep MaJblXx PAa3MEpOB TaK M 3a-
npauu 06 octeiBaHMH 3eMau. ITocKOMbKY HAac HHTEpPECcyeT COOTHOLue-
HHe TEeOpDHH W (aKTHUECKMX [NaHHbEX, TO 31eCb YMECTHO 3aMETHTh,
yTo BHBOAb Pypbe GbIM He NMPAaBOMOUYHBI, TAK KaK OH HE YUYMThI-
BaJl KOHBEKLUHWHM H PaJHOAaKTHBHOrO HarpeBa 3eMHOro sijapa. TeM He
MeHee ero MeTOA HMCKJ/IOYEeHUs MapaMeTpPOB MyTeM H3MEHEHHS eRH-
HHI[ CTa/l Tenepb KJACCHYECKHM M MPHUMEHSETCS CO 3HAYHTEJbHBLIM
(xoTss M He oAMHAKOBbIM!) ycmexoM BO MHOrMX pasjenax (GH3HKH,
Croxc, CaBap, ®pya, Peitnoabac, Baw# u Muorue apyrde uccaeno-
BaTeJIH C YCMNEeXOM HCMOJb30BaJgH 3TOT METOA M YCTAHOBHJIM PsAA
3aKOHOB (yHAaMEHTaJbHOrO 3HaYEHHS.

Paneit nepBbiM 3aHsACs u3yueHHeM BONMpoca O TOM, HAaCKOJAbKO
YyKa3aHHbli npHeM NJOJOTBOPEH KakK OOGIIHA MeTod HCCAeJOBaHHA.
3710 BLI3BANO AJNHUBINYKOCA B TeyeHHe ABYX JecsTuaeTHil, 1900—
1920 rr., OXXMBJIEHHYIO AHCKYCCHIO C Y4acTHeM Belyuiux (pU3HKOB
0 MOJIYaJIHBO MPHHATHIX paHee MPeanoJOXKeHHAX U O FPAHHLAX MpPH-
MEHHMOCTH aHajlu3a pa3MepHOCTef.

3TH NpeAnoJOKEHHT H OrpaHHueHHs, XOTA HA HHUX YacTo He
o6pallaloT BHUMaHHs B TeXHHKe H B MOMYJAPHOH JIHTepaType, H3Jo0-
JKeHbl HapsAy ¢ APYFHMH BOMIPOCAMH 3TOrO pa3fiesia B KJacCHYecKOM
mounorpaduu Bpumxmena [46], kK KoTopoit Mbl OTCblJlaeM JOGo3Ha-
TeAbHOro uuTtatens. [ApyriMu aBTOPUTETHbIMH HCTOYHHKAMH $B-
asiotes pa6otul JI. U. Cenoa [57] u Jlanrxaapa [51]

§ 60. I'pynna nopoGusa

OaHa M3 HalllUX OCHOBHBIX Liesieff — 060CHOBaTp aHaJu3 pa3Mmep-
HOCTeil ¢ MOMOILbIO MOCTY/J1aTOB, B KOTOPbIX ABHO HCMOJb3yeTcs yno-
maHytaas B § 58 rpynma nomoGHA TNOJOXKHTEJNbHBIX CKaNAPHbIX
npeo6pa3oBaHuil eluHHll u3MepeHus. XoTs moctynatel 6yayr ¢op-
MYJIHPOBATbCSl AGCTPAaKTHO, MH OyaeM HHTEPNpPeTHPOBAaTb WX MNpH
MOMOLIM NMPOCTHIX NPHMEPOB H3 THADOMEXAHHKH, H, ObITb MOXET,
caMbiM TIPOCTHIM M3 HHX SIBJISETCA CJAeAYIOWHA NPHMED.

Mpumep 1. JonycTum (HAH BCMOMHHUM!), 4TO CKOPOCTb BOJ-
HB U B r1y60KOM BoJOeMe onpejensieTcs ee AJHHO# A M yCKOpeHHEM
CHJABl TSXKeCTH g, TaK 4To v = [(A, g). JonyCTHM TaKXe, 4yTo 3TO
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COOTHOILEHHE OCTaeTCs TeM e caMhIM NpPH A0GoM Bhi6ope «OCHOB-
HBIX €/IHHHU» AJHHB H BpeMeHH. CaenaB 3TH MPEANOJNOKEHHS, Mbl
MOXeM MaTeMaTH4yeCcKH pacCyXaaTh CJeldylolluM o6pa3oMm.

[ycTe B HeKOTOpO# (PHKCHPOBAHHOH CHCTEMe OCHOBHBIX €NHHHL
BOJIHA AJIHHO# A JIBHXETCH CO CKOPOCTbIO U B 'PAaBHTAaLlHOHHOM noae
HHTEHCHBHOCTH £. Ecan BHI6paTh HOBYIO €AHHHLY AJHHH, PaBHYIO &
CTapbiX eJUHHL, H HOBYIO eJIHHHLY BPEMEHH, PABHYIO T CTapbiX elH-
WML, TO AJHHA BOJHBI 3anHueTcs B BHae A’ =A/a, a ee cKOpOCTb —
8 BHAe 0' = vt/a, B TO BpeMA KaK YCKODeHHe CHJbl TAXECTH MPHMET

sua g = g’/a. Buibpas a=A u t= VNg. Mu noayuum
A =g’ =1, u popmyay
v 4 14 /
— =0 =f(N, g)=f(Q1, )=C,
Vo . &) =S(
rae C — CKOPOCTb BOMHBI EIHHHYHOM AJHHB B TPaBHTAaUHOHHOM
10Mle, BHIPaXKEHHasi B HOBOH CHCTeMe OCHOBHbIX elMnuu. Otcioaa

B HOBOM cHcTeMe ocHoBHbX eanunu v ==CV gk. Ho, no npexnono-
KeHnio, PYHKUUS [ He 3aBUCHT OT BbIGOPA OCHOBHBIX EAHHHI; OT-

ciona v=0C V g\ TtaKkxe u B cTapoit cHicteMe eaHHul, rae C — ne-
KOTOpas yHHWBepcaabHas noctosinnas. ([das Boan B raySokom Boso-
eMe C=1/V2r.)

[Mpenbinyuiee paccyx/IeHHe MOXHO NPOBeCTH B a6CTPaKTHOR
dopMe B TEPMHHAX OOBIUHBIX MOHSITHH €OCHOBHHIX®» H <«MPOH3BOA-
HbIX» OJHOPOJAHBIX MO Pa3MePHOCTH BeJHUHH. ITH NMOHATHA Xapak-
TEpPU3YIOTCS CJEYIOLIHMH ABYMS NOCTy/naTaMH, KOTOpble npeacTaB-
as10T coboit Heuto Gojbliiee, ueM mpocTo onpejeneddsa. (B npu-
vMepe | A — ocHOBHas Be/HYHHA, B TO BPEMS KakKk U H g — NpPOH3-
BOMHbIE BEJIHUHHBDL.)

Mpeanoaoxenue I. HmeloTcs HekoTopble He3aBHCHMBblE

«OCHOBHbBIE BEJHYHHBI» §; [i=1,...,n], TakHe, 4yTO OHH HE3aBHCH-
MO Nnpeo6pa3yioTcs «3aMeHOR eHHHU» no dopMyaaM
T,(qg)=wnq;, li=1,...,n ¢,>0] (1)

rae a; — Ji06ble MOJOXKHUTeAbHble AeficTBHTEAbHulE yncaa. (B mexa-
HHKe n = 3, a g; — 3TO IAJMHa, BpeMs H Macca; B npumepe 1 n =2,
Tak KaK Macca He BXOJAHT B paccMOTpeHHe.)

MNpeanonoxenne II. MMeloTrca «npon3BoAHble BeNHUYHHLI»
Q; (Takue, KaK MIOTHOCTb, CKOPOCTb, BSI3KOCTb H T. A.), KOTOpHe
90KHOPOOHbL NO PA3MEPHOCTU B TOM CMBbICJ]e, YTO NMpH npeo6pa3osa-
mu no ¢opmyne (1) xkaxaoe Q; yMHOXKaercs Ha NOAXOAALLHM
K03t HLHEHT nepecueTas:

T,(Q)= a.:'ll ees a:l'lQl. 2



122 Fa. 1V. Modeauposakue u arasus pasmepuocted

Toka3ateaun bj; Ha3bBalOTCH «Pa3MEPHOCTSIMH» BeJHYHHB Qj
B JaHHOH CHCTeMe OCHOBHHIX €IMHHIl, eCJH BCe OHH PaBHbl HYJIO,
TO BenMuHHa Q; HasbiBaercs «6e3pasMepHoil». OueBHAHO, YTO JIO-
60oe mpou3BefeHHe cTemeHell OJHOPOAHBLIX MO Pa3MEePHOCTH BeJMYHMH
ocTaeTcsl OAHOPOAHBIM MO pa3MepHOCTH. SIcHO TakxKe, uTo dopmyna
(1) aBnsieTcs yacTHHIM cayyaeM GOpMyabl (2) npH- yCJOBHH

A A {1, ecau k=1,
=% | 0, ecam k + i.

ChnenoBaTeqnpHo, ¢ MaTeMaTHUECKON TOYKH 3PeHHS NDeANno/oXKeHHe
I usauwne.

[1peoGpasoBanuam T, B3aHMHO OJHO3HAYHO COOTBETCTBYIOT BeK-
TOPpbl & = (@), ... , &%n) C MOJOXKHTEIbHEIMH KOMIOHEHTaMH («MoJo-

XHTeabHble» 1-BeKTopbl). Kpome TOro, ecaum onpeaennts chaeayio-
lHe AeHCTBHA:

a= (B - GB) @T=(g70 L o), 3)

TO, OUeBHAHO, BBINOJHAITCS PaBE€HCTBA
T“(Tﬁ(Qj))= Tﬁ (Ta(Qi))= T“ﬁ(Qj)- (3a)
T (Ta() =9 (30)

FoBopsi MaTeMaTHYeCKHM f3bIKOM, paBeHCTBa (2) onpeaensioT
NpeACTaBJeHHE MYAbTURAUKATUBHOU 2pynnet') NOJOXKHTENbHBIX f-
BEKTOPOB, onpejefeHHOl cooTHoeHHeM (3) Kak rpynna (2) auHeii-
HbIX npeoGpa3oBaHuil npocTpaHcTBa BeKTOpoB Q.

§ 61. CooTHouleHun, He 3aBUCALHE OT EAMHUL H3IMEPEHHUS

[1pn BbIBOAE (opMy.nl U = CV gh B npuMepe | Mbl HCMO/IB30-
BaJH ellle ABa JAPYrHx npeanonoxenus. Ha a6GcTpakTHOM s3bike
Bblllle NMpHBeAeHHbIX mpeanonoxeHuid I u Il ux MoxHo chopmynu-
poBaThb cJeyIoUIHM. 06pa3oMm.

Mpeanoanoxenue I1I. CyulectByer QyHKIHOHA/NbHOE COOT-
HOLleHHe BHAA
¢ (QO! ce ’Qr)=0v (4)

rie @ — oaHo3HauHasi ¢yHkuMs, [(B npumepe 1 r=2, a g=v —

Mpeanoaoxenune IV. CooTHoweHne (4) He 3aBHCHT OT Bbl-
60pa OCHOBHBLIX €IHHHIL

) Noa epynnod noHuMaeTcss TaKOe MHOKECTBO, 3aMKHYTOE OTHOCHTEJNBLHO
aCCOUMATHBHOTO YMHOKEHMS, YTO AJA KaXIOro M3 €ro 3JEeMeHTOB CYLIeCTBYeT
o6paTtHblfl 3MeMEHT OTHOCHTe/NbHO YMHOXeHus. [Toapo6Hoctd cM. B [45), ra. VI,
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Takum oGpa3oMm, B aHa/Ju3e pa3MepHOCTefi pacCMaTpPHBAIOTCA
¢yHkuHOHaAbHBIe cooTHOWeHHA @(Qo, Q1, ..., Q;) =0 nosoxu-
TEeAbHbIX TIEPEMEHHBIX, KOTOpble MOA [NeHCTBHEM (KOMMYTAaTHBHOI,
3aBucsllell OT n-napaMmerpos) rpynnbl T, mpeo6pasyiotcs no ¢op-
Myaam (2). ToBops TouHee, HCCEAYIOTCSH COOTHOUIENHS, KOTOpbie
He 3aBHCAT OT BLIOOpPA €1HHHIl H3MEPEHHA H KOTOphie OnpeaesioTcs
caeayiouumM o6pasoM.

Onpenenenmne. QP yYHKUHOHANBHOE COOTHOLIEHKE
9(Qo, Qi ..., Q) =0 ORHOPOAHKHIX MO Pa3MEPHOCTH NepeMeHHBIX
He 3asucut or eeibopa eduHuy TOraa W TOJbKO TOT1a, KOTAa H3 CO-
otHoweHHs @(Qo, Qi ..., Q;) =0 crenyer

@ (Tg(Qo), ---» To(Q,))=0 (5)

npH n1060M npeo6pa3oBaHHKM OCHOBHBIX eAHHHL T ,.

O6patHo, ucnoab3ys dopmyay (36), nosyuaem, 4To H3 COOTHO-

wennsa ¢(T,(Qo), ..., To(Q;)) = 0 caenyer

?(Qo: LR QI)=0 (5’)
A8 Kaxjaoro npeo6pasoBaHust T,, HO Mbl, He BHHKasi B 3TH TOH-
KocTH, 6yfeM NpHHHMaTh kak dopmyay (5), tak u dopmyay (5).
IpyruMu caoBaMH, no onpejefeHHio, CJelyiolllee COOTHOLIeHHe
¢ (Qo, Q1, ..., Q) =0 He 3aBHCHT OT €IMHML TOrAa H TOJbKO
TOria, KOria B rHNepoKTaHTe, OnpefefsieMOM TMOJOXHTEJNbHBIMH 1)
BekTopaMH Q = (Q,, Qi, ..., Q,), ceomeTpuueckoe Mmecto TOHYEK,
COOTBETCTBYIOLlee 3TOMY YPaBHEHHIO, UHBAPDUAHTHO OTHOCUTEAbHO
npeobpasosaruli epynnet (2).

Caenyer noauepkHyTb, YTO ypaBHeHHi0 ¢ = 0 cooTBeTcTByer He-
KOTOpPOE reoMeTPHYeCKoe MeCTO TOueK W Ha BHA PYHKUHH ¢ He Ha-
JIOXKEHO HHKAKHX OrpaHHueHHH. DTO HJJHOCTPHPYETCH CJAedyIOL{HM
NPOCTHIM NMPHMEPOM.

[Tpumep 2. PaccMOTpHUM 4YacTHibl, BbiBEJEHHBIE H3 COCTOSTHHSA
MOKOS H ABHXYLUHECH C He 3aBHUCSILUHM OT BPEMEHH YCKOpeHHeM 4.
O6o3naunM paccTosiHHe yepe3 s, BpeMsi uepe3 { U CKOPOCTb yepes v.

Ins rtakoil cucTeMbl Bceria CrpaBelJHBbl XOpPOIUO H3BECTHHE
ONHOPO/IHbIE MO pPa3MepHOCTH (CJel0OBAaTe/NbHO, He 3aBHCALIHE OT
€IMHHIl H3MEeDEeHHR) COoOTHOoWeHHs v = af u v? = 2as. OAHAKO reo-
METpHYECKOe MeCTO TOuYEK, onpelenseMoe ypaBHeHHeM U = af B Mo-
JIOXXHTEJbHOM OKTaHTe MPOCTpaHcTBa (U, a, {) cOBnajaaer ¢ reoMer-
PHYECKHM MECTOM, Onpe/e/isieMbM, HalpHMep, COOTHOUICHHEM

3 5
Viv—af)(a+v) +Viw—abh =0. (6)

) 310 Bce MOXHO PacUPOCTP2HHTL HA CAYY2il HENOAOKHTEABHHX BEKTOpOB,
HO TO/ILKC LEHOA YCJIOXKHEHHA (OPMYMHPOBOK, ]
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[MostoMy cootHowenue (6) He 3asucur or svibopa edunuy, XOTA
OHO H He fIBJfleTCS OJHOPOJAHBLIM NO Pa3MEPHOCTH.

HecMoTpss Ha CBOI0O HCKYCCTBEHHOCTb, 3TOT TNPHMep NOMOXET
HaM BbISIBHTb pa3sHuyHe Mexay (OpMaJbHbIM J0Ka3aTelbCTBOM
bykunarema (§ 64) II-teopemnl H Gojiee O6GUWHM FeOMETPHYECKHM
J0Ka3aTelbCTBOM Bawi, Kotopoe Gyaer u3asnoxeso B § 63. Ho
npexje yeM A0Ka3biBaTh II-TeopeMy B o6LIeM cayyae, MBI paccMoT-
PMM CHayaJla YacCTHbIfl cayyafl r = n, KOria COOTHOLUEHHS, He 3aBH-
csiliHe OT BLIOOpa eAHHHL,

Qo =f(Q1: vy Qn)i 7

codepKaT TOYHO Ha eauHHuy Goabwe Beanuud Q;(j=0, ..., n),
yeM HMeeTcsl OCHOBHBIX eawHuu ({= 1, ...,n). Mb Gyaem mnpen-
nonarath, YTO [ — ONHO3HAUHAA (YHKLUMSA, a TAKXKe, YTO BEJHUYHHMI
Q1, ..., Qn 3aBHCAT OT n OCHOBHBIX eJHHHL, T. e. MaTpuua ||b;ll
u3 ¢opmyas (2), cocroswas u3 (n X 1) X n 31eMeHTOB, HMeeT
paHr n. JKBHUBaJeHTHbHIM YCJOBHeM sBJsercss TpeGoBaHHe, YTOGH
KBaapaTHbifi MuHop B, cooTBetcTBytomu# j =1, ..., n, Gl Heoco-
6od matpuued !).

Kak yxe Onso ykasaHo Bhille, npuMep | OTHOCHTCS K 3TOMY
cayvaim npu n =r=2.

Teopewma 1. Bcakoe cootnowerue suda (7), He 3asucsujee OT
soibopa eQunuy u codepxcaujee n OCHOBHbLX eOUHUY, PABHOCUALHO
COOTHOWERUIO

Q°=CQfl Q:n. 8
2de C=f(1, ..., 1) u x; onpedeasrorca u3 ypasnerud
by = byx,+ .. +bulxn li=1, ..., n}. @)

JNoka3zaTeabcTBO. Tak Kak BeJHYHHB Q; NMONOXKHTE/bHbIE
B MHHOp B — Heoco6asi MaTpHLa, TO Mbl MOXEM HAaHTH TaKOH Bek-
Top &, 4T0 To(1)=Q, rae 1 = (1, ..., 1); u nycts npu 3toM C =
= f(l,...,1). Otciopa, npuMenus ¢opmyast (5), (5’) k cootHo-
wenuwo C—f(1, ..., 1) =0, noayyuM paBeHCTBO

To(C)—f(Qu ---, Qu)=0.

lMpumenss ¢opmyay (2) K nepsoMy uJeHy M TMepeHOCs ero
B APYyrylo CTOPOHY, MOXHO 3anHcaTh

f(Ql, veey Qn)= Ca.:’OI Ve a:on . (9)

1) ToMy SKBHBaJeHTHO YC/OBHe HeDaBeHCTBa HYMIO ompefeautens B (cm,
[45), cTp. 304).
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C npyrofi cTopoHH, Tak Kak MHHOp B — Heoco6as Matpuua, To

cucteMa (8’) WMeeT eNHHCTBEHHOE pelleHHe X = (X, ... , Xn). [las
3TOrO pelleHHd X CnpaBed.THBH PaBeHCTBA
X, X, __ (. b b, \Y;
Q=T (1= (algr ... o’in)",

Bruinoasus 3./1€eMeHTapHble BhIKJA3aAKH C NOKa3aTe/siMH, NOJYy4YHM
X b, x. Lo« b
] = aJb = al IR = a ok,

Henas noacTaHoBKy B NMpaBylo 4acTb paBeHCTBa (9), noayuuMm
dopmyny (8).

ﬂ.’lﬂ AaJibHEHLIero pa3biaiCHEHHA CMbIC/Aa TeopeMbl | NpHBeneM
caeaylolllHEe H3BECTHbIE€ MPHMEPHL.

[Mpumep 3. INpeanonoxum™, uto conporusienne D, Kortopoe
MHIKOCTb OKa3hBaeT ABHMEHHIO TBEPAOrO Teja 3afaHHOH (OPMHI,
AABJSIETCS UHEPYUANbHLIM B TOM CMBIC/E, YTO OHO OMpeaensieTcs
NJIOTHOCTBIO XXHIAKOCTH p, CKOPOCTbIO U H AHaMetpoM Tena 4. Toraa
npH x; = X, X2 =Y, X3 =2 ¢GopMyna (8) 3KkBuBaJeHTHa COOTHO-
IEHHIO

MLT =MLY (LT™Y L,
TaK yTo ypaBHeHus (8’) cBOAATCA K BHAY
l=x, 1=—3x+y+2 —2=—y,

otkyaa x =1, y =2z = 2. Orciona, eclH COOTHOLIEHHE He 3aBHCHT
OT eAMHHU u3MepeHHsA, To D = Kppv?d?, rae Kp— noctossnas.
(B nefictButensnoctH xe BeanunHa Kp = nCp/8, KoTopas HocHT
Ha3BaHHe OaNAHCTHYECKOro KO3(@HUHEHTa conpoTHBieHHs, caabo
H3MEeHsAeTCs. )

ITpumep 4. Ecan conpornsnenne D onpenensietcs uepes p, v,
d ¥ BA3KOCTb XHAKOCTH n B BHAe QYHKUHOHA/JIBLHOIO COOTHOLLEHHS,
He 3aBHCALLEr0 OT BLI6OPA €IHHHULL, H ec/H CHIaMH HHEPUHH MOXHO
npexebpeus («nonsyitHe teuenus» Crokca), TO aHAJNOTHYHHIL noa-
CUeT pa3MepHOCTEH MNPHBOAHT K cooTHolweHHio D = K*pvd, rae
K* — eiue oaHa moctosiHHas.

§ 62. Yucaa PeitHoabaca n Maxa

B Teopeme l uuca0 n OCHOBHBHIX €AHHHLU paBHAJIOCH qucay r
MNepeMeHHbX, BXoAAlHX B He 3aBHCHALLEee OT Bu60pa €AHHHIl COOoT-

HOleHHe
Q=/(Qu -, Q)
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IMpu r=n+ 1 paccyxnaeHns, aHaJNOrHUHBIE JOKa3aTeJbCTBY
TeopeMb! 1, npHBOAAT K ¢opMy.aaM, coaepKaulMM noseaHbie Gea-
pa3MepHble napaMeTphl.

Teopema 1”. Bcakoe coornowenue Qo = f(Qi, ..., Q;), xe
3asucAwee or 6vibopa edunuy u codepxcaujee (r — 1) 0cHOBHbIX
edunuy, MOXHO 3anucate 8 8ude

Q=C(Q) ... Qr,

rae lI=Qfl Q:f — 6e3pa3mepHoe npou3sedexue creneHeld
Qn ..., Qru QQ™ ... Q;*r=11, Takwe GespasmepHoe npo-
ussedenue.

Tenepb Mbl MPOHAJIOCTPHPYEM MNpeAbLAYLHA pe3yabTaT, Npea-
CTAaBAAOWHA cO60ff yacTHhIA cayuyad II-reopeMbl (Mbl ee HOKaXeM
HHXKe), IBYMS Ba)KHBIMH NpPHMepPaMH M3 THAPOMEXAaHHKH.

Mpumep 5. INpeanonoxum, uto D = f(p, v, d, p) ecTb PyHK-
LKA OT p, U, d ¥ p, He 32aBUCALIAA OT BHIGOPA eIHHHLL NPH BCeX npe-
06pa3oBaHHAX €IHHHI AJMHHB, BpeMeHH H Macch nmo ¢opmyne (1).
BespaamepHubie Bennuynubl Kp = D/pv?d? n Re = pvd/p (uncao Peii-
HOMbJACAa) HHBAPHAHTHHW OTHOCHTEJNLHO 3THX mnpeo6pa3osanuii. Ho
¢ NOMOILBIO OJHOrO H3 TaKHX NpeoGpa3oBaHHi ') Mbl MOXKEM OIHO-
BPEMEHHO CBECTH p, U, d K 1; npu 3TOoM p nepexoaut s p/pvd = 1/Re.
[TosTomy

D=Ky(Re)pr*ds, tne KpRe)=f (1.1, 1 ¢5).  (10)

IMpumep 6. Ilpeanonoxum, uto D nmonob6ubiM ke o6pa3om
onpeensieTcss BeJHYHHAMH p, U, d H CHHMAEMOCTbIO HEBO3MYyILEH-
Horo nortoka xuakoctu —d(1/p)/dp = dp/p*dp. Tlpn 3tom nonysa-
joTcs Ge3paamepHble BeaHunus D/pu?d? = Kp u v?dp/dp (pa3mep-
Hocth nocaemneit (LT-')2(ML-3) (MLT-2L-?)-! = 1). ®usuueckul
CMBbIC BHIpaKeHus vldp/dp cTaHeT NOHATHEE, eCNH Mbl BCMIOMHHM,
yto dp/dp = ¢?, rae ¢— CKOPOCTb 3ByKa B XHAKOCTH. Paccyxnas,
KaK B npHMepe 5, nosyyaeM COOTHOUIEHHE

Kp=/f(M?), rae M={’_—qqucno Maxa?). (11)

®opmyay (10) MoxkHO BbiBecTH Takxe H3 TeopeMbl 2 ra. II,
€C/IH TNpeanosoXHuTb, YTO ypaBHeHus Hambe — Crtokca nosaHocTbio

) 3To AROKa3aTeALCTBO B OCHOBHOM MpHHaANexHT Bawi; oM. Takxe
Riabouchinsky D, L'Aerophile, September 1911

?) HaauBaemoe Bo ¢§auuuu «uucaom Cappor. Tepmun <uucio Maxas
npeanoxun Ackeret J, Schweiz. Bauzeitung, 94 (1929), 179,
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onpee/fOT ABHXKeHHe XHAKOCTH, c¢p. § 71. Ananoruuso dopmyay
(11) Moxuo BHIBeCTH H3 ypaBHeHult Diisepa — Jlarpanxa,
cp. § 73.

ITpexxae uem nokasatb II-TeopeMy, Mb NpHBedeM elle OAHH
BaXKHLIl MPHMep NpPHMEHEHHsl aHa/lH3a pa3MepHOCTeH.

MMpumep 7. ITycTb HMeeTcs OTHeceHHOe K eAHHHLE MACCH CTa-
yuoxnapHoe pacnpefleieHHe 3HePrHH TypOYJeHTHOCTH MeXAy BHX-
pPAMH pasiHunbiX pa3MepoB A, tak uto dE = E’(A)dA. Tpeano-
JIOXKHM, UTO 3TO pacnpeje/ieHHe ONpeeNsieTCA UHePYUALbHbIM
MeXaHH3MOM Mepeflayud 3HePrHH TYPOYJEeHTHOCTH BHXPAM MeHbIUHX
pa3mepoB A. OueBHAHO, YTO CKOPOCTb NMEpPefayH 3HEePriH, NPHXOAs-
uiefics Ha edMHHLY Macchi, HMeet pa3Mmepuoctb V2/T = L2[T3; cae-
N0BaTeJbHO, NpH J1060M H3MeHeHHH MacuwTtaba Buaa L — al,
T — 1T ona yMmHOXaercsa Ha BenuunHy a?/1%. Kpome Toro, uto6mi
E’(A) coxpaHanocb HeH3MEeHHLIM, 3Ta CKOPOCTb He [0J)KHa 3aBH-
cetb o1 A. OTclona ocpeasennoe spemsa T (L), Heo6xoaHMOe Ans npe-
BpalleHHs BHXped pa3Mepa A B BHXPH MeHbIUHX Pa3MepoB, JOJXKHO
GLITh NPONOPLUHOHANBHO A'S: npu u3meneHuu macuwraba 6esuquna
T umeer pasmeprocte L's. Tenepb paccMOTPHM CNeKTp 4acToT
suepruu: dE = F(k)dk, rae k = 2n/AL ecTb BOJIHOBOe umucao. [lo-
ckoabky dE umeer paamepHocTb V2 = L2T? a Beauuuunl k U dk =
= 2ndA/A? uMeloT pa3mepHocTb |/L, To dyukuus F(k) umeer pas-
MepHocTb L3/T2, uau L*, unu k~*s. OKOHYATe/bHO H3 aHa/u3a pas-
MepHocTeit cieayer dopmyaa KosMmoropoBa ans pacnpedesenus
snepeuu Tpybyrentroctu: F(k)~ k™"

®opmyna KosaMmoropoBa cBsi3aHa ¢ M3BeCTHBIM MapajOKCOM
6eCKOHEYHOH TNJIOTHOCTH NOJIHOfl 3HePrHH TypGOy/eHTHOCTH, NPHXO-
Asiulefics Ha eAMHHUY o6beMa, B clyyae MOLUHBIX MyJbCalui, HO
Mbl He GyaeM paccMaTpHBaTh 3/echb OGbSICHEHHEe 3TOTO Napaaokca.

§ 63. Il-reopema
He npusoas Gosbuie npumepoB '), nepefinem cpasy K foKa3a-

TeabcTBY obueit II-teopembnl Bawi n Bykuurema, kotopyio Moxno
CopMYJNHPOBATH CAEAYIOLHM 06pa3oM:

Teopema 2. ITycto noaroxcurervubie nepemennsie Q,,. .., Q,.
npu ecex npeobpa3osarusx no gopmyse (1) OcHO8Hbix edunuy
g1, ... gn UBMEHANTCA CO24QCHO opmyre (2). MMycto mLn—

') Muorouncnennnie npumepsl npusonatr Bpuaxmen I1. [46], ra. 1, VI;
Cenos JI. M. [57); Jlaurxaap [65], Toprep [54] » Po6epTcon B. A,
Gen. Elec. Review, 33 (1930), 207, cm. Takke Paneit, Phil. Mag., 34 (1892), 59
# 8 (1905), 66, a Takxke Nature, 95 (1915), 66.
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pane matpuyot b, onpedeasemois popmyramu (2). To2da 8caxoe
He 3asucaujee OT 8bl60pa eOuHuy COOTHOWPHUe 8uda

Q) ..., Q)=0 (12)
IKBUBANEHTHO Yycaosuro euda
o(y, ..., O,_)=0 (13)

npu nodxodaujum obpasom evibpantsix bGe3pazmepHeix npouseede-
nusax Iy, ... , My—pm cTenened Qq.

[Tosscuenwue. IlepBas ¢ppasa cooTBeTCTBYeT MPEANOJNOKEHHAM
I u Il u3 § 60. [Tpeanonosxeuuns 111 u IV o606uiens: popmyaofi (12).

HokazateanbcTBo. Cornacho onpeneneddio, matpuua ||bgll
HMeeT HeocOGbI MHHOD ')  m-ro nopsaka. [lepectaBassa Q; H g; Mbl MO-
MeM JOGHTBCA TOrO, YTOGbI B 3TOT MHHOP BXOAHAH JHWb Qy, ..., Qm
H Gy ... Gm. (Pu3HueckH 3TO O3HauyaeT, YTO [JpYyrHe OCHOB-
Hble €AHHHUBL He SBJAAIOTCA He3aBHcHMbIMH.) Toraa BesaKuid
BekTop bj= (bj1, ..., bja) npun j>m ectb JHHeAHAA KOM-
6unauus b; = ¢;b) + ... + cjmb, BexTOpPOB by, ..., by

Tenepb onpenenuM (r — m) HOBbIX 6e3pa3mepHbix nepeMeHHbIX
I1; dopmynamu

IL,=Q,,,Q ... Q;flm.
OnpeaennM TakKe HOBYIO (PYHKUHIO g B BHIe

g(Qn - Qu I o, )=/ (Qy -.., Q) (14)

OuYeBH/HO, uTO B opMyJe (14) Q}=H}_mQ?l QZm npu j> m.

B «oktante» Q; >0, .., Q- >0 npeo6pasoBauue (2) He3aBHCH-
MbIX MepeMeHHbIX B3aHMHO OLHO3HAuHO B 60abwom?). [ToaTomy ro-
oTHolweHHe [ = () 3KBHBaJEHTHO (T. €. ONpeAenasieT TO Ke CaMue reo-
MeTpHueckoe MecTO) cooTHouweHHio g =0, u, cJaedoBaTesbHO,
g =0 Takxe He 3aBHCHT OT BhiGopa enuHuu. Ho Tak kak MHHOp

matpuubi byl npu i, j =1, ..., m HeoccOwl#, TO CHCTEMY JHHEHHBIX
ypaBHeHHit by lga; +... + bimlgam =1g Q; ans nw06BIX nono-
KHTeAbHBIX Q, ..., Qm npu noaxoasuem BHOOpPEe MOXHO paspe-
WHTb OTHOCHTEJNbHO YHCEN &,, ... Gm. A TaK KaK COOTHoleHHe g =0

He 3aBHCHT OT BblGOpa €IHHHL, TO omnpeaeaseMoe UM reoMeTpHue-

'} OrHOoCHTENLHO CROACTB MAaTpHL, HCHOJAb3YEMHIX 3aeck, cM., Hanpumep [45],
ra. X, B yactHoetH, c1p. 306 fum TantMaxep ®. P, Teopua maTpuy, I&f.—-JI.,
1950. — [Tpus. ped.]. Heoco6mii MuHOpP m-ro NopAfka — 3TO KBaapaThas NoA-
MaTpHlla NOpsAfKa m, ONpeReNHTeNhL KOTOPORA He DaBeH HYJIO.

?) B cayyae kOraa Cjm — UeJdBle YHCAA, STO MOXKHO OGOOLIKTE HA ApYrHe
OKTaHTH. XapakTep nosefieHHs Ha rumepnaockocTax Qi = 0 Gozee c/oxeH; ero
ueenenosan Riabouchinsky D, Comptes Rendus, 217 (1943), 220-223.
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CKOe MeCTO OHO H TO Xe Ans Bcex Qy, ..., Qm; cnenoBaTenbHO, €O+
oTHouleHHe (12) 3KkBHBaNEHTHO, HaNpHMep, 3aBHCHMOCTH

‘P(Hl' RS Hr—m)‘—__g(l’ S H nh ey Hr—m)=0-
Takum 06pa3oM, TeopeMa KoKa3aHa.

Hcropuueckaa cnpaska. VIMeloTCsi HEKOTOpHE pa3HOrJacHs
OTHOCHTesNbHO aBtopcTBa Il-Teopemul, Bawi') noayuumsn stor pe-
syabtat B 1892 r, HO oOH He chopMynaHpPOBanA CBOHX HCXOAHBIX
nonyuwiendit. OH yKa3asn HCNOJb30BaHHBIA Bhillle METOX, HO €ro pac-
CYX/IeHHSl HacTOJIbKO 3arafloyHBl, YTO HHKTO He BOCNMPOH3BOAHJ €ro
noka3satenncTBa. Bykunrem ({47}, {48]) nan B 1914 r. nepBoe nOKa-
satenbctBo Il-Teopembl, HO TONBKO AN YACTHOro chayuyas, KOrAa
GyHKUHIO f MOXHO pa3loXHThb B pan Makaopena, ¥ 10 HeRaBHHX
nop sto ObJI0 €AHHCTBeHHOe OG6LIeNPHHATOE NO0KAa3aTeNbCTBO2),
Henasno Psa6ywunckuit u A, Maptuno-Jlarapa [52], paswbsicHus
coo6paxkenus BawH, noayunan ropasno Gosee obluee A0Ka3sa-
TeNbCTBO ¥).

IpuBeneHHoe 31ech A0Ka3aTesNbCTBO AaeT BO3MOXKHOCTL GoJee
OTYeTJIHBO BBLIIBUTb OTPAHHYEHHs, HAaK/JaAblBaeMble Ha BEJHYHHH ag
H Q; ¥ noka3aTh HCMOJNb3yeMbIi MaTPHYHKII annapar4),

§ 64. OGcyxnenne noKa3arTeabcTsa

Ecau npeanonoxkuts, uTo QYHKUHMIO [ MOXKHO Pa3JoXHTb B PR
Maknopena, To MOXHO faTb Apyroe ajareGpauyeckoe NOKa3aTesb-
ctBo Il-teopeMb, MOHATL KOTOpOe, GHTL MOXeET, Jerye. Mu npHuBse-
AeM 31eCb 3TO N0Ka3aTeNbCTBO H HEKOTOpPHle CBSI3aHHBIE C HHM pe-
3y/AbTaTH, YTOGH NOJHEee Pa3bACHHUTb NOHATHE OOHOPOGHOCTU nO
pasmeprocru. Tlpexkie Bcero OTMETHM CJeRyIOLHE OYEBHAHBE CJef-
CTBHSA M3 TeopeMHbl Jiinepa 06 ONHOPOAHBIX QYHKUHSAX.

Jlemma 1. Qaa ¢ynxyuu f(Q), 3asucawed or noroxcuress-
Hoix 8eausun Q,, ..., Qm, 8binosnenue Jdaeposoix ycarosud 00O~
podnocru

of NS
3Q, = [k (18)

'Yy Vaschy A, Annales Télégraphiques, 19 (1892), 25—28. Hpeun PaGy-
IIHHCKOTO MOAYYHJH PasBHTHe B Ogsu'le ero pa6or (L’Aerophile, September, 191¥|
Comptes Rendus, 217 (1943), 205—208 u 225 (1947), 837—839).

T) ®axkrnveckn Bpuaxmen ([46] crp. 16) nocrasun Bompoc 0 TOM, Henbsa
AH paccMaTpHBaTL (yHKuHH Gonee ofulero BHRa. ®yukmus (B, M,Y) B onpe-
aenenun Tefinopa — Maxkoaa u3 § 85 smasercs GespasmepHoR yHkumeff, KoTO-
Py HeNMb3R Pa3NoXKHUTL B PRA MaxnopeHa; CM. Takke napaaokc geppn H3 § 16.

%) B nepsom manauun [57] maHo nokasarenbctso Il-reopeMn mpm cammx
ofmnx npeanonoxennsx. — I[Ipux, ped.

4) Cu, texe Langhaar H. L. [51] u ganune raM coningn,
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ede \j— OelicTouTeAbHbIE NOCTOAKNbLIE, IKBUBANEHTHO CAe0yrOUieMY
COOTHOWERUIO:

f@Q=CQ} ... Q. C=f(L,..., 1). (15)

Ecau Q; 00nopoOnsr no pasmeproctu, kax e opmyae (2), To 00-
HOPOOHQ N0 pa3MepHOCTIL U PYHKYUR [, u ee pa3mepHOCTU OTHOCU-
TEAbHO G €CTo Mbin + ... + Ambmu = Ay

Hdas takux GyHKUMH Mbl BBeleM cJaelyiolllee onpejesieHHe,

Onpeneneunne. Koueunyo cymmy dynkuuii f(Q), ymonie-
TBOpstolylo (157),
e(QA=/1Q+ ... +/£(Q (16)

6yneM Ha3biBaTb Q-NOAUHOMOM.

Jemma 2. Ecau ace uaentt (Q) 8 ¢(Q) o0nod u rod xe pas-
MeprOCTU A no 2t060MY qr, TO PYHKYUA ¢ OOHOPOOHA No pasmep-
HOCTU.

HeficTBHTeNIbHO, BBINOJHHB NMOACTAHOBKY (2), nojyynM

?(T2(Q)=1¢(Q, &)=0q/1... a119(Q). (17)
IMpoctoéi npumep fi = Qi, f: = Q2 fa = — Q; nokasbiBaet, uToO
o6paTHoe HeBepHO, ec/H QYHKUHS @ HE NpHBeJeHa K HOPMaJbHOMY

BHLY.

Mpbl 6yaeM roBOpHTb, UTO Q-MONHHOM POPMANLHO O00HOPOOEH,
€C/IH Bce ero ujeHbl f; HMEIT OJHH H TOT XX€ BEKTOP Pa3MepHOCTH
A= (A, ..., Ap). OueBuaHo, ecau OyHKUHS ¢ GOPMaJbHO OLHO-
poaHa, To paBeHcTBO ¢ = 0 He 3aBHCHT OT Bbi6opa €AHHHI B CMbi-
cne cootHowenus (5). Kpome toro, oHO 3kBHBaJeHTHO Ge3pasMep-
HoMy cooTHoweHH#wo | + (fo/fi) + ...+ (f/fi) = 0, uto TpHBHAJDL-
HO JoKa3niBaerT iI-TeopeMy s Q-NOJHHOMOB.

Muorue ypaBHenusi ¢H3HKH ¢OpMajbHO OJHOPOAHbI, MOAOGHO
npuBeleHHbIM Bbillle B npHMepax 1, 3, 4. YTBepxaanu naxe (xoTs
370 HeBepHo, cM. § 65), uTo Bce HacTosiliHe PH3HYECKHEe YPaBHEeHH:A
doaxcHor 661T6 OLHOPOAHLI M, NeHCTBMTEJbLHO, KPHTEPHEM OLHOPOA-
HOCTH NO pPa3MepPHOCTH YaCTO MOJKHO MOJIb30BaThCsl B KAueCcTBE
yao6Horo cnoco6a topMaJibHOH npoBepkH ¢GM3HYECKHX YPaBHEHHI,
€CIH Bbl B HHX He BNOJHe yBepeHbl. OnHak0 B AelCTBHTENSHOCTH
deno Oo6CTOMT 3HAUHTENbHO CJIOXKHEe, M HEKOTOpble TOHKHe pa3-
rpaHHueHHsl, KOTOphle 3JeCb HaJ0 HMeTb B BHAY, Jyuule MNOKa-
3aTb Ha npHMepe. B cBA3M ¢ 3THM MBl BHOBb PACCMOGTPHM MNpHMep
2 u3 § 61.

Ecan npumenutn I1-TeopeMy Kk cooTHoweHHio (6), He 3aBHcs-
leMy ot Bm6Opa eAHHHII M paccMarpuBaTb U Kak Q) a . f—
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KaK ¢z, TO TNOCJe HEKOTOPhX npeobpa3oBaHHH TOJYYHM COOTHO-
lieHHe !)

VI—H@F1D +VI=T =o.

3T0 COOTHOLlEHHe B OTJIHYHe OT COOTHoWeHHs (6) He TOABLKO
He 3aBHCHT OT BhHOpa elHHHL, HO H OLHOPOAHO NO Pa3MEepHOCTH,
TaKk KaK Bce BXOHsILLiHE B HEro 4JeHh HMEIOT Pa3MepHOCTb HYJb NO
BCeM OCHOBHHIM BenHuHHaM. HecMoTps Ha 3To, 10Ka3aTenbCcTBO
IT-teopeMn ByknHreMa He npHMeHHMO K cOOTHoOWeHHIO (6).

Cnenys BpuaxmeHry?), Mol MOXeM pPacCMOTPeTb TaKXKe MOJIH-
HOMHAJIbHOE YPaBHeHHe

¢(s, v, a, ) =v+41v*—2as—at=0. (18)

H 3to ypasnenue, u cooTHoweHHe (6) ya0BIeTBOPAIOTCA B YCAOBHAX
npuMepa 2; KpoMe Toro, QyHKUHSA ¢ ecTb Q-NOTHHOM.

Onnako ypaBHenHe (18) ne as.aserca He 3aBHCALHM OT BHbopa
€IHHHI[ B CMbiC/Ie COOTHOWeERHA (5), H QYHKUHA ¢ He (OPMabHO
oaHopoAaHas (yHKUHsA: MOACTAHOBKA S —-as, {—-Bf nepeBOAHT ypa-
BHeHHe (18) B cnepylouee:

7 (@—at)+(3) @ —a9=o0. (18)

Tak kak ypaBHenHe (18) cnpaBeanuBo B JM0Gof CHCTeMe OCHOB-
HBIX eAHHHI («CnpaBeAJ]HBO NPH JIOOHX eAHHHIAX», XOTA U 3aBH-
CHT OT Bu6opa eaHHHL), To ypaBHeHHe (18") ecTb TOXOECTBO OTHO-
CHTeJNbHO BefiHyHH g H 8. [loatoMy H3 ypaBHenus (18’) caeayior
paBeHCTBa: U = af H v? = as. DTH PaccyXIeHus MOXKHO 06OGIIHTb
cheayioluHM o6pa3soM.

Teopema 3. Ilyctb ¢(Q) ecre Q-noaunom, u nycrs coor-
nowenue ¢(Q) =0 «cnpasedauso npu atobeix edunuyaxs. Tozda
ycaosus ¢(Q) = 0 sxsusasentHo cucteme Popmassho 0OHOPOOHbBIX
ypasHenui.

Hoka3aTenbcTBo caeayeTr H3 Q)OpMaJleOl'O pacCMOTPEeHHA TOX-
AeCTBa

P(Te(Q)=2ayit... oling (Q),
rae ¢:(Q) — cnaraembie GYHKUHH @, HMeIOLIHe Pa3JHYHLHE pa3Mep-
HOCTH A{ = (An, - Am).

INpuMenHB npeabifyliHe paccyXAeHHS K paly MakaopeHa, mo-
AyuHM noka3aTenbcTBO Dykunrema Il-teopeMnbl; mo-BuauMoMy, OoHO

') 310 cootuowenue He moaywaerca H3 (6). — [Tpum. ped.
2) [46], cTp. 42. UccaenoBanne ypasHenHs (18) npusesio Bpuakmena k Mbican
NPeASIOKHTb «BEKTOPHOE HCYHC/EHHE» COOTHOUIEHHH.
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paBHHM o6pa3oM npuMenuMo K pany Jlopana u x aefcTBHTENb-
HoMy psaay JlHpHxse BHYTPH 06nacTeR CXOQHMOCTH.

Hakonenr, MBl HanmoMHHM CBOACTBO «aGCOJIIOTHOM MHBapHaHTHO-
CTH OTHOCHTEJIbHON BeJHYHHBI», BBeJeHHoe Bpuaxmenom!). Cornac-
Ho BpumxMeHy, QyHKUHS NepeMeHHHX ¢, ..., §n O6JNajaer 3THM
CBOACTBOM, €CJIH OHa YAOBJETBOPSeT GYHKLUHOHANbHOMY yPaBHEHHIO

7@ 90) _ (g -0 %a8,)

fqu.... q0) — Sf(aqy ... %G0) (19)
ANS BCeX MONOMHTENbHHX a1, ¢z H ¢, [i=1, ..., n]).
MBl NMPHXOAHMM K C/efyIOlLeMY pe3ysbTaTy.
Teopema 4. ITycro Q= f(qi,...,qn) ecTo noaoxkuresbHas

8EAUYUNG, HENPEPBLIBHAR NO OCHOBHLIM eduruyam q; u ydoeiaereo-
parowas ypasnenuro (19), Tak 4TO OTHOWEHUR ee HUCA0BbIX 3HaYe-
Hutll UNBAPUAHTHbL OTHOCUTEAbHO u3mereHull ocHOBHbIXx edunuy. To-
2da Q doaxcHo y30682eT80PATH COOTHOWEHUIO (2).

Hokazart eabctBo. IlycTh g;=o0, a; =ao™, a Bce oCTanb-

Hble nepeMeHHble paBHH 1. IIpH noMoluH mepecTaHOBKH MOXHO Mo-
ayuuts ¢opmyay (19).B Buae

M@E™ 1, ..., )=Ff(", 1, ..., 1),
rae A=f(s, 1, ..., )/f(1, I, ..., 1). HunyKuuedt no m noayuyaem
AAS BCeX MOJIOXKHTE/IbHBIX H OTPHUATEJbHLIX UEJABX m caeayioliee
paBeHCTBO:

S6E™ 1, L, D)=Mf(, 1, ..., 1), (19)

n
Orciona, nonaras ¢;=2"", o=V2 =n fQ, ..., )=¢C, no-
JlyuaeM BbIpayKeHHs

flgn 1, ..o, N=C\"u f(2, 1, ..., 1)=C\.

IMonoxum a = log.{f(2, 1, ..., 1)/f(1, 1, ..., 1)]=nlog: A, TaK uto
Am = 2ma/n. nocsie NOACTAHOBOK MOJyYaeM COOTHOLIEHHE

@™ 1, ..., )=C2™"=C (™). (20)

) Cwm. [23], cTp. 2]. YpaBHenne (19), oueBHAHO, NOKa3LBaeT, YTO OTHOWENUS
ONHOPOJAHLIX BENHYHH HWHBAPHAHTHH OTHOCHTENLHO 38MeYH OCHOBHHX @MHHHIL
[MpeanonoxenHe, ¥TO ¢ MNONOMHTEAbHH, XOTA W HE YNOMHHAETCR, HO TaKKe
Heo6XOAHMO B [0Ka3aTeAbCTBe DpHIXKMEH3, NOCKONBLKY OH HMeeT 4eno

¢ f dq;/q:;. W, neficTBUTEALHO, OTPHHATENbHHIE BEeNHYHHW 4¢ OGHUHO He HMEIOT

HHKAKOro GH3HYEeCKOro CMbICNIA. DTH pe3yabTaThl pacnfoc-rpanml ¢ xnddepenun-
pveMbix HA HenpepuiBHHE cpyuxuuu Martinot-Lagarde A, Comptes
Rendus, 223 (1946), 136—137



[ g.f Hesasucumn au Qusuvecxue saxonst or esbopa edunuy? 133

Ho ctenenn aBofiku C pauHOHaABHLIMKH NOKa3aTeAsiMH o6pa-
3YI0T BCIOAY NJAOTHOE MHOXECTBO MONOMHTENbHBX NeACTBHTENbHLIX
gyHcen. CnenoBatenbHo, ecu f GaKTHUECKH HenpepuniBHA, ecaH [ He
ABNAECTCA HEH3IMEPHMOR H He ABJAETCA BCIOAY Pa3pbiBHOA (YHK-
uMeft'), TO AR BcCex MNOJOXHTENbHLIX ¢ NONyYyaeM PaBeACTBO
Ha 1,...,1) = Cq'.

[ToBTOpHB paccyxneHHe AAA APYrHX HHAEGKCOB, MbHl NPHXOAHM
K YTBepPXKAEHHIO TeopeMnl ?).

§ 65. HesasucuMb an Qu3MuecKHe 3aKoHW oT BuGopa CAMHNL?

B § 61 Mp paccMatpHBanH cBOACTBO He3aBHCHMOCTH COOTHOuIe-
BHR or BmOOpa enHHHI KaK MaTeMaTH4YeCKylo runoresy. OTHOCH-
TeNbHO ee (H3HUECKOA NPHMEHHMOCTH BeJHCh XapKHe cnopu. Tak,
HeKOTOphie aBTOPH MO3BOARAJAH cefe HCTONKOBWBATH TOT NPaBAONoO-
ROGHLIA NPHHLHN, YTO «BCe eNHHHLUB H3IMepeHHA ) MPHroAHH», Kak
APHBOASIIHA K BHIBOAY, YTO NMPH BCEX TAKHX €IHHHIAX NOAYYalOTCH
O/lHH H Te Xe yHHBepcanbHbhlie (H3HuecKHe 3aKOHH. Tak, Tonmau+¢)
» 1914 r. yrBepX<aan: «OCHOBHBE CYUIHOCTH, H$ KOTOPbIX HOCTPOEHA
$H3HyecKan BCcoNeHHas, TAKOBB, YTO H3 HHX MOXHO MOCTPOHTH MH-
RHATIOPHYIO BCeJIEHHYIO, B TOUHOCTH NOZ00HYI0... Haillefl BcesieHHOM»,

Jlerko BHAeTh, YTO TAaKOR BHBOJA He ABAAETCA JOTFHYecKH Heol-
XOAHMBIM, €CJIH BCTIOMHHTb, YTO B HEKOTOPOM CMbicjie BCe NPOCTPaH-
CTBEHHO-BpeMeHHbie CHCTeMbl KOOPAHHAT PaBHOBO3MOXHHW. Ho reo-
HEeHTPHYECKas CHCTeMa, NoJo6Has TOR, YTO HCMOMAb3YeTCA B ACTPO-
HorHu [lToneMes, He NPHBOAHT K TeM e (H3IHUECKHM 3aKOHaM,
qTO H Fe/HOLUERTPHYECKAS CHCTEMa.

Kpome TOro, Takoe HCToNKOBaHHe HEBEPHO Aa)e A eRHHHLU
ANHHB, MacChl H BpeMeHH B MeXaHHKe®), JleACTBHTENbHO, OCHOBHO®
noJOXeHHe CneuHaNbHOR TEOPHH OTHOCHTEJNLHOCTH COCTOHT B TOM,

') OTHOCHTEABHO KOHTPNPHMEPOB BCIOAY paspuiBubix ¢yuxumf cu. Ham-
mel G., Math. Annalen, 80 (ng). 459——46£ C NoMOUWb0 JOrapHMEIECKOro
npeoSpasosanna ypassenHe (19) CBOAHTCA K H3IBECTHOMY ARAHTHBHOMY ¢yHXUHO-
BRALNOMY ypaBReHmI0O. Jlerko noxasath, 4To, B cuay ypasuenns (19), ecam
ymxuus | paspuisra 3 OAHOA TOYKE, TO OHA A0/MNHa OMTM BCIOAY PA3PHBHOR.
NTEALHO uensnegguoc-ru [ cu. Banach S, Théorie des Operations
Unéflrﬁ-. Warsaw, 1933, ctp. 23.
) Hpocroe aoxasarensctso STof Teopemu Ann anddepenunpyemmx Pymux-
anfk oM. > [57f—llpux. ped.
. 8) OrHocHTeNIbHO 3HAYEHHA WKAAN H3MepednR cu. Campbell N, Mea-
surement and Calculation, 1928. Ctporo rosops, creayer pasnwuaTs WKaau
DEPEYRCACHNA, MOPAAKOBHE IIKAAM, IUKAAL, B KOTOPbIX MOXHO YGTAROBHTS
pasenctso f)asuocreﬂ SHaueHHfl, W HCTHHHDIC JHHeRHMe WKaAL c HyAeM.
) Tolman R. C., Phys. Rev., 3 (1914), 244—255.
Komewno, moxno coxpannts npeanonoxenne [V caeayounu obpaou:
CUNTATS, MO OnpesesieARIO, OCHOBHOR CAMHAMUOR TAKYI0 eAMHALY H3MEpeHHSN, AN
crpaseranBo npegnoaoxenne 1V, 910 MOXeT Raxe QKAIATRCA NOJCIHMIM.
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4YTO 3aKOHH MEXaHHKH, OJHHM H3 KOTODHIX fAIBJfieTCs OCHOBHOH 3a-

KOH CHJH
F=4 (m.,u/let- wIfcT) '

21

He ABJAIOTCA He3aBHCHMBLIMH OT BHIGOpPA €AMHHL H3MEpEHHS AJIMHbLI
H BpeMEeHH B OTAENbHOCTH, TAK KaK B HHX BXOAHT CKOPOCTb cBeTa').

B kBaHTOBORA MexaHHKe mocTosiHHas [laaHka h Bxoaur B ¢op-
Myay ne-Bpofins ans AMHHB BOJHB HacTHUH A = h/mv u B ¢oTO-
s/eKTpHuecKoe ypaBHeHHe E = Av; 3To eule Gosee noaYepKHBaeT
TO 0GCTOATENLCTBO, YTO He Bce (H3HUECKHE 3aKOHW OAHOPOAHH MO
pa3MepHocTH. 3aecb h— yHHBepcaJbHas NOCTOSIHHasA, HMelouias
paaMepHocTb AefictBuss ML?/T (sHeprus X BpeMs). Jpyras pas-
MepHasi TMOCTOSIHHas { BXOAHT BO BCeOOWIHA 3aKOH NPHTAXKEHHS
Hsblotona?) F = ymm’/r?, gpyrde Takue noCTOsiIHHbie BXOAST B Bbi-
paxkeHHe AJA nHaMeTpa JMIO60OA MHKPOYACTHUM, H T. A. TakuM 06-
pPa3oM, MH BHHYXIeHb 6e30roBOPOYHO NMPH3HATDH, YTO Ml He 3HaeM
TaKux €OCHOBHBIX eQUHUYD, NO OTHOWEHUIO K KOTOPbIM 8Ce U3BeCT-
Hole Ham u3udecKue 3aKOKbL He 3ABUCUMBL OT 8u60opa edunuy?d).
B neficTBHTEAbHOCTH BHIGOP HEKOTOPHX €JHHHIl KaK OCHOBHBLIX (HJH
nepBHYHHX), a BCeX OCTaJbHHX KaK NMPOH3BOAHBIX (MJH BTOpAY-
HbX) SBASIETCS Ne/IOM COrJallleHHsi H He BH3BaH (PH3HYECKOR Heol-
XoauMOCTblo. Tak, HHOrla OKa3biBaeTcsi yAOGHHIM CYHTATh CHJY He
saBAcsAlled OT MAacCH, AJMHHH W BPeMEHH 4).

QusHyecKHe NOCTOAHHH e B npenwectsyowux yrsep-
KEHHAX HeOGXOAHMO cAenaTb CyWeCTBEHHYIO OFOBOPKY. YHHBep-
CalbHOCTb <€YHHBEPCAJbHHX MNOCTOSHHHIX®» MOMET O0Ka3aTbCa He
a6comoTHOR. Tak, no oTKpuITHA HLIOTOHOM THAroTeHHs BenuuuHa g
Bo/XHA OHNa, NMO-BHAHMOMY, CYHTATbCA YHHBEDPCANbHOA MOCTOSH-

') HesaBncAMuR BHGOD €AHHHI AMHHW B BPEMEHH BO3MONEH H B STOM CAYs
4ae, eC/IH CKOPOCTb CBeTa € PACCMATDHBATb KaK (PHIMUECKYIO Pa3MepHYIO NOCTOSH.
Hyw. — ITpum. ped.

?) Coraacno Smmmurromy (Lond. Phys. Soc., 1918, ctp. 91), mpaxrHueckn
MPHPOAa SACTABNAET HaC CANHCTBEHHHM 00pa3OM BHOPATL eNHHMIE AJWHH, Bpe-
MEHH M MacCH TaK, YTO6H OO 7= ¢ = A = |, OrpanHdeHHHe 38KOHH «rpa-
nnnnllgguoro nopoGus» muccreaoran Laboretta, Electrotecnica, 1932,
erp. .

%) Hpyrue npameps cM, y Bpuamuena [46], crp. 103. [Io-sansmomy, pews
MIAET O SABKCHMOCTH OT eQHHHIl HSMEPEHHN CNOCOGa 3aMHCH (QHIHYECKHX 3AKOHOB,
8 He caMHX 3aKOHOB no cyuectsy. — Tpusm. ped.]

4) CM. [46]), cTp. 65. B TepMOAMHaMHKE MBI HMeeM SaMeyaTeNbHH{A napa-
Bokc PaGyumnckoro (ram xe, crp. 10), a Taxwe 3akon paguauus Credana —
Bonsumana E/nnomaas = KT4. Eme Goabine NpOABAAETCH HCKYCCTBEHHOCTH No-
HATHA €OCHOBHAA ENHHHIA> TPH PACCMOTPERHH SNEKTDOMATHHTHMX EAHHHI; CM.
Jeans J, Electrldt{ and magnetism, Cambridge Univ. Press, 1941, ctp, 14—16,
o Taxe Brylenski, Comples Rendus, 216 (1942), 104,
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HOA (4TO 10 CHX MOP CKa3nBaeTcss B BHOOpe TeXHHYECKOR CHCTEMb
eauHnu). anee, ckopocTh c=l/VKp pacnpocTpaHeHHs 9JeKTpo-
MAarHHTHHX BOJH paccMaTpHBaJjiach MakcBeasoM!) He Kak yHHBep-
cajJbHas MNOCTOSIHHAafl, a KaKk BeJHYHHa, 3aBHcAILas OT [AH3JeK-
TpHuecKoi mocTosiHHOR K H MAarHHTHOA NPOHHIAeMOCTH JaHHOro
BeiectBa. Ilo-BHAMMOMY, mpeXAeBpeMEeHHO OTKa3nBaTbCfl, KaK OT
6e3pCHOBaTebHHX, OT MOMHTOK, MOJOGHHX NpPeANnPHHATHM ToaAM3-
-HOM (cM. npuMm. 4) Ha cTp. 133) M SAAMHTTOHOM 2), BHBECTH COOTHO-
IHEHHs MEeXIy YHHBepCaJbHbIMH NMOCTOSHHHIMH H3 HEKOTOPHIX OGIUHX
NPHHIHKNOB.

§ 68. HHcnexunoRUBIA aHaAH3

B Hb610TOHOB0U KOHTUHYAALHOU MexaHuKe MONCHO nPou3soouTs
aloboie usmenenus tuna (1) 8 macwrabax Oaunsl, maccet u 8pe-
MeHu, yero Hejb3si CKa3aTb O PEAATHBHCTCKOA H KBAaHTOBOA Mexa-
HHKax. M, no-BHAHMOMY, MOXHO ObiTb YBepeHHHIM, YTO 3aKOHH
HbIOTOHOBOH MEXaHMKH [JOCTaTOYHO TOYHO OMHCHBAIOT MOBeJeHHE
peanbHbiX XHAKOCTe#t B OGHYHBIX YCJOBHAX. XOTA mojlo6Hble H3Me-
HeHMs MacuTaba MOryT CYUIeCTBEHHO MOBJAHATb Ha TaKHe CBOMCTBa
BellecTBa, KaK MJIOTHOCTb H BA3KOCTb, AHANAa30H NJOTHOCTH H BfA3-
KOCTH peajibHBX MXHAKOCTEA HAacCTOJMbKO BeJNHK, YTO 3TO BJAHSIHHE
OGBIUHO OCTAaeTCA He3aMEeTHbIM.

BoineneHnbii BHLe KYypCHBOM MNPHHUHN MOXHO A0OKa3aTb He
TO/NBKO 3KCMEPHMEHTAJNbHO HAa MOJENAX, HO er0 MOXHO TaKXe BH-
BECTH TEOPeTHYeCKH H3 OCHOBHHX YPaBHEHHAi rHAPOMEeXaHHKH. ITOT
BLIBOJ OCHOBHIBAeTCSl Ha NPOCTOM MeTa-MaTeMaTHYeCKOM NpPHHIHNE:
ecau Kakas-aubo cuctema maremaruseckux Ypasrenutl UHBGPUANT-
Ha OTHOCUTEAbHO HEKOTOpOUd 2pynnui, TO TO Xe camoe cnpasedsuso
041 8cex caedcTeud us 3Tux ypasHenud.

[IpHMeHHTeNIbHO K CKaASAPHHIM npeo6pa3oBaHHaM (1), yKasaH-
HHIM NPHHUKHNOM (paKTHYeCKH nosb3oBajHch Pypbe, CTOKC B ApyrHe
NMHOHEPH HCCAENOBAHHA aHa/NH3a pa3MepHOCTeH, uTOGH NPOBEPHTb
NPaBHJABHOCTb CBOHX paccyxaeHHA. ITorT MeToA GbiA OTYETIAHBO
oco3Han Pazneem, kKoria oH CchiJiajicA Ha <«noaoOHe»; MpeHMyuie-
CTBAa STOr0 Merojaa mnpH3HaBaa Takxe DBpumxmen3), xortopuf
nucan: «[IpenMyuecTBo (aHajsH3a pa3MepHOCTefl) B TOM, 4TO OH
GBICTPO NPHBOAMT K Pe3yJbTaTy, HO.. OH He AdeT Takoil NOJHOTH
HHR$OPMALIHH, KOTOPYIO MOXHO Oblji0 Ohl NMOJYYHTb C NOMOWIBIO...

1) Theory of electricity and magnelism, Oxford, 1881, craten 784—787.

?) Eddington A, Relativity theory of protons and electrons, Cam-
bridge Univ. Press, 1935; cw. taxkke [46], ra. VIII n Whittaker E. T,
Spaseand spirit, Edinbuigh, 1946.

%) Rayleigh, Phil. Mag., 34 (1892), 52 u 8 (1905), 66, a Takxe Natfure
8 (i915), 66; Bridgman [46], 17, cu. 7akke Schiffer L., ZAMM, 24
(1944), 289--293,
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JeTaJbHOTO aHa/H3a» H «aHaJH3 pa3MepHocTell ¢ gmauqecxoﬁ TOY-
KH 3DEHHs He CTOJIb NMOYuYHTeJNeH, KaK yCcJaoBHe NOA00Hs».

[NpuHUMD «AHHAMHYECKOro NOAO6GHA» AJs HBHKEHHH MKHIAKOCTH
o6biuHo dopMyanpyercs ciaelyrolHM o6pa3oM.

Onpenenenue. JIBa TeueHHs XXHAKOCTH O 1 @O’ Ha3HIBAOTCH
dunamuuecku nodobGHbimu, €CIH HX MOXHO OTHCAaTh NPH NOMOLIH
KOODAHMHATHRIX CHCTEeM!), B KOTOPbIX NPOCTPAHCTBO, BPeMs H Macca
CBf3aHBI APYT C APYTOM CJEAYIOIHMH COOTHOIIEHHSIMH:

X;=ax, t'=23¢, m’ = 1m. (22)

Jlerko npoBepHuTh, SBJASIOTCH JH ypPaBHEHHA THADOAHHAMHUYECKOR
TEOPHH HHBAapHAHTHBIMH OTHOCHTEJbHO NpeobpasoBaHuit BHaa (22).
HMeHHO 3TO 6BIIO cAenaHO [pH AOKa3aTeJqbCTBE TeOPeMbl 2 H3
§ 21. W3 ypaBHeHnuii, nmoAnexauux npoBepke, HanOoJiee BaXKHH
ypaBHeHHss HaBbe — CTokca s necxcumaemod 8:a3k0ill HudKOCTU:

Dbt =g+,  i=1,23 (23)
Bblno nokasaHo, uTO 3TH YpaBHeHHS MHBAPHAHTHBI NPH OTCYT-
CTBHH cBOGOJHOH NOBEPXHOCTH, ecAu A5 BeIWYHH v H pfp (ruapo-
€TaTHYeCKOe [aBJleHHe MOXHO YuecThb corsiacHo teopeMe 1 u3 § 21)
MacmiTabbt BHIOpaHb! Tak, YTo uyHcao PeftHonbaca vd/v U3 rpuMepa 5,
§ 62 coxpansercsi HenaMeHHBIM. (OTHOCHTEJbHO POJH NapaMeTpoB,
XapaKTePH3YIOUHX JaHHOe BeLIeCcTBO, TAKHX, KaK v H p, cM. § 65; ux
pOJb aHANOTHYHA TOH, KOTOPYIO HrpaloT- K U |1 B TEOpHH 3JEKTpO-
MarneTHaMma, rie ¢ =—c,/J Kp.)
B § 70—73 6ynyT noxka3aubl pasnuyHble aHaJOTH TEOPeMbl 2 H3
§ 21 npHMeHHTENbHO K CKHMAeMOMY HEBSI3KOMY TEUEHHIO, CKHMae-
MbIM CTDY#HBIM TeyeHHSM, TeyeHHAM ¢ KkaBuTauuedi w 1. a. Ho
CHauana MBI PacCMOTPHM HHCMEKUHOHHBIH aHasu3 Booluie, Aaf

TOrO 4TOGbI Jyyllle ysCHHTb ce6e ero OTHOUIEHHe K TPaaHLHOHHOMY
aHaAu3y pa3MepHoOCTef.

§ 67. Ces3b ¢ Teopueft rpynn

SlcHo, 4TO MaTeMaTHueCKHe yPaBHEHHs MOXHO NPOBEPHThL Ha
HHBADHAHTHOCTb He TOJBKO OTHOCHTENbHO «H3MEHEHHH MaciuTaba»,
OMHCHIBAEMbIX NMOCPEJCTBOM COOTHOMWEHHA (22), HO ¥ OTHOCHTEJbHO
MHOTHX ApYyrux npeo6pasoBanui. Hanpumep, sce ypaBHenus ¢u-
3UKH MHBAaDHAHTHEBl OTHOCHTENbHO NMEPeHoca H MOBOPOTa oceRt Ko-

1) B AefCTBHTE/NLHOCTH MW HMeeM B BHAY HLIOTOHOBH CHCTEMW KGODIHHAT,
B KOTOPHX BEPHM SEXOHNW AsuxenHs HawoToHa. ITockoabXy mnpeanonoxkenne of
HX CYUIECTBOBAHHH CT@BHT BOOPOC O BOSMOXHOCTH AMHAMHYECKOTO mNOA0GHS,
B 3TOM ONpeje/eHHH HMEETCA HEYTe OT NMOPOYHOIC Kpyra,
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OPAHHAT — H3BECTHHA NPHHUHMN, KOTOPHIH BechbMa CYIUECTBEH MNpPH
MaTeMaTHYeCKOM HCCleaoBaHHH GoJblUHHCTBA (M3HYECKHX 3ajau.
B HEKOTOpHX YACTHHIX CJayyasiX MOXHO BOCMOJIb30BaTbCsl HHBapH-
@HTHOCTbIO OTHOCHTEJNbHO KOH(OPMHLIX H adHHHHX npeo6pa3oBa-
HHi (cM. § 74).

Boo6lle roBopsi, UHCNEKYUOHHbLL aHAAU3 npuMeHuMm K a060d
epynne npeobpasosarud'). Ilox rpynnoit npeoGpa3oBaHuii Mu pasy-
MeeTcs, MOHHMaeM (cM. npuM. 1) Ha cTp. 122) MHOXecTBO npeobpa-
80BaHHM, cojepxKalllee TOXKAECTBEHHOe H Bce of6paTHule npeo6pas3o-
BAHHS H NPOH3BelleHHA MOGBIX ABYX CBOHX SJA€MEHTOB.

Haie yTBepXJeHHe OCHOBHIBA€TCH Ha JIOTHYECKON aKCHOMe, O
KoTopoit waa peub B § 1, runoresa (C) u B § 26, a HMeHHO: ecau
2UnoTe3bl TEOpUU UHBAPUAHTHBL OTHOCUTeAbHO epynnbt G, TO uH6a-
puantnot ortHocuteabko G u ux caedcreus?). OG6paTHO, MHOdKce-
CT80 B8Cex B3AUMHO OOHO3HA4HbLX npeobpas’osanut, 0CTABARIOWUX
6e3 usmenenus Kaxkyro-aubo cuctemy ypaernenud, obpasyer epynny.

Camoft BaxHo#t rpynnofi B MexaHHKe nocJie «rpynnsl NoAoGHs»
npeo6pa3oBanuii BHAa (22) sABAseTcs JecsiTHNapaMeTpHYecKas
rpynna annnes — HeloTona. Dta rpynna nopoxpaaercs Tpexnapa-
MeTpHuecKoil moArpynno# S npocTpaHCTBEHHBIX NEpPeHOCOB

X,=x,4c, [i=1,2 3} (24)
oaxonapaMeTpuueckofi moarpynnofi T nepeHocoB oTcueTa BPEMEHH
t =t+c; (25)

TpexnapaMerpHueckoil noarpynno# R noBopoTOB MpoCTpaHCTBa
X=X a,x, (26)

rie llawll — HanGonee o6uasn KBagpaTHas OpPTOrOHaAbLHAA MaTpPHUA
TpeThero nopsaka, H TpexnapaMmeTpHYecKoR moarpynnoi M rpynnut
npeo6pa3oBaHuii K OCAM, OBUNYUUMCA TIOCTYNATENBHO C MOCTOSH-
HO#l CKOPOCTBIO

x,=x,—bt. 27)

Teneps nerko npoBepHTb, YTO TPH 3aKOHa ABHxKeHHs HbloToHa
AHBApHAHTHH OTHOCHTENAbLHO npeo6pasoBaHufi (24)— (27) u uTOITH

1) B1o 6uno Buckasano Ehrenfest [61], crp. 261, o me npuBrekno
BHHMaHHS, TaK KaK OHA He YKa3ajla HHKAKHX TpPHACKeHHR DjeMeHTapHHle cBe-
Aenns o rpynnax cM. B [45], ra. VI; o6 OpTOroHaibHHX MaTpHuax CM. TaM e,
ra. VIII. [Cn. Takke Kypowm A T, Teopus r , M.—J1,, 1953; Maas-
ues A. U, Ocnosu amHefinofi aare6pu, M.—JI., 1948. — [Tpux. ped.].

1) 310 nONOKEHHd, XOTA H IHPOKO HCNONB3YETCA MATEMATRKAMA H (H3H-
KxaMH, peako dopMyaHpyercs siBHO; cM., oaHako, Bouligand G, Théorie
Qénérale des Groupes, Paris, 1935, c7p. 3,
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npeo6pa3oBaHHA He HAMEHSIOT OnpejeseHH TakuX PH3HYECKHX na-
paMeTpOB, KaK MJOTHOCTb, BA3KOCTb H T. A. (npeanosaraercs, YToO
Macca ocraercs HeusMmeHHoH). CleroBaTesNbHO, TeopeTudeckas me-
xanuxka HbelOTOHG UHBAPUANTHA KaK OTHOCuTeAbHO epynnst aau-
1es — HotoTONHa, TaK ¥ OTHOCHTENIBHO rpynnul npeoGpa3oBanuii (22)
OHHAMHYyecKoro mogoGus. IDTOT NPHHEUMN ObIA MOATBEPXAEH Ha
ONbITé MHOTHMH cnocofaMH ¢ oyeHb GOJILUIOH TOYHOCTBIO, 33 -HCKJIO-
YyeHHeM TexX CJyyaeB, KOrja CKOPOCTH NBHXXEHHS CPABHHMH CO CKO-
pocThio cBeTal),

§ 68. Teoprs MomeaupoBaHHA

Mu yKka3anM J[Ba OCHOBHHLIX [MpeHMYLIeCTBA MHCIEKLHOHHOro
BHaJH3a: OH JaeT HaM BO3MOXHOCTb ONPaBAaTh MNPENNMOJIOKEHHE
IV anannsa pasmepHocrelt, Mo3Bo.sA NPOBEPHTL HHBAPHAHTHOCThL
ypaBHeHHil, onpeesAIOUHX JaHHYIO KPaeBYIO 3aJauy, OTHOCHTE/bHO
npeo6pa3oBaiuit (l); a TakKe NO3BONAET pPACCMaTpPHBATL «nOLO-
6GHe» dHe TOMBKO TakKoro npocroro Buiaa, Kak (l1). Mucnexumonumii
aHa/qH3 HMeeT H TpeTbe NPEHMYILECTBO: OH 1aeT B MNpPHHUHMe pa-
LUHOHAJbLHBIA MeTOd NMPOBEPKH CNpaBelJHBOCTH npeanoaoxexwun I11.

Xota, Kak Mbl BHaeaH, npeanonoxeHnds I, II u IV, no-sugu-
MoMy, B oflieM RONMYCTHMH B MeXaHHKe XHAKOCTeH, C mpeanoJo-
xenuem I1I neno o6etont MHaue. Kpome TOro, aHanua paamepso-
CTefl He NaeT OCHOBAHHA a priori pewHTb BONpPOC G TOM, Onpene-
JSI0T AX nepemeHHbie Qy, .... Qn BenHuyHHy Qg HOCTAaTOYHO TOUHO,
Tak, BpuakMen 2) 3aMeyaer BCKOJb3b, YTO 3TOT KapAHHAJILHMHA BO-
npoc «He Moxer OHTh pa3peweHd ¢Haocodpom Ha Kadeapes, a ero
MOXHO PElIHTh TOJBKO Ha OCHOBe (H3HuecKoro onmita. Mm npoua-
JAIOCTPHPYEM 3TO 3aTPYAHEHHE GOJbLIUHM 3SKCNEPHMEHTAaNbHbIM Ma-
TEpPHaJIOM.

Jans Toro uTo6H NPOBEPHThL CNpaBeqJIHBOCTL npeanosnoxexus I1]
C MOMOLUBIO HHCIIEKUHOHHOTO aHa/K3a, B MPHHLHNE MOXHO AeicTBO-
BaTh cjeayowum o6pa3zoM. [lycTn H3BecTHO, uTO HekoTOopoe Teye-
HHe MIKOCTH MOXHO NPHONMIKEHHO PAacCYHTATh, PELIHB COOTBET-
CTBYIOILYIO Kpaeeyto 3ada4y B cMuicne § 1. Torna m2xHo nonpo-
CTy NpPOBEPHTh MHBAapPHAHTHOCTh AH(epeHUHaNbHHX YpPaBHEHHA H
KpaeBbiX YCJOBHA OTHOCHTENLHO npeoGpa3oBaHHi HEKOTOPOH rpyn-
nu (ckaxem, npeoGpazoBannit (22)). Ecau onM unBapHaHTHW W
Kpaesasi 3aJaYa KOPPEKTHO MOCTaBJeHa, TO npeanoJoxexHe [II
CnpaBel/IHBO,

Takum 06pa3oM, MHCNEKUHOHHLIA aHAlH3 MMeeT TO NMpeHMylle-
CTBO, 4YTO OH YK/aluBaeTcs B O6liyl0 CXeMy TeOpeTHuecKOH FHapo-

'} Kaxywmitca napazoxc [lwo6va He snimetcs KOHTPNPHMEPOM; CM. 28.
?) [46), ctp. 13—14; cM. TaM e, crp. 50, d s
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AuHaMHKH, OCHOBHOe OrpaHHYeHHe, HaK/JaAnBaeMoe Ha ero MnpH-
MEHHMOCTb, 06YC/I0B/€HO, KaK MBI Yxke BhisiCHHaAH B ra. [—II, Ten
06CTOATEILCTBOM, YTO BCE elle CAMUIKOM Majo 3a4ay TeopeTHye-
CKOA THAPOAMHAMHMKH CBeleHH K TaKHM KPaeBnM 3aj1ayaM, Kop-
PEKTHOCTb KOTOPHX AOKasyeMma.

§ 69. YacTHufi HHCIEXuUNOHHLIA aHAAN3

Mbl npuBenem cefiuac mpHMep, HAJIOCTPHPYIOLUHA NPHMEHEHHE
KaK HHCMEKUHOHHOr0 aHajH3a, TaK H CMocoOunl YCTpaHeHHs 3aTpyAd-
HeHHH, BO3HHKAIOLHX NPH 3TOM.

Paccmorpum ypasHenns Hasbe — CTokca (23) as1s HeckHMae-
MO# BA3KOH XHAKOCTH. CornacHo Pyapky [56] ux MoxHo nmpuBecTH
K 6e3pa3MEpHOMY BHAY CJaelyiollHM 06pasoM.

ITyete V, L u P COOTBETCTBEHHO CKOPOCTb, A/NHHA M NaBJeHHe
Ha MOJe/H, H3MEPeHHbIe, 0 NPeNo/NOKEHHIO, Ha TPaHHILAX TeYEeHHS
muaKkocTH. Ecau yMHOXHTL ypasnenus (23) ua L/V?2, yto6u npu-
RaTb 3THM ypaBHeHHAM G6e3pa3MepHHii BHO, H BBecTH Gespasmep-
Hoie nepeMennne u;=u,/V, t'=VIL, x;=x,(L, p'=p/P u
GeapasMepHuie nocrosHnbe Re = VL/v, Fr=V?Lg u Q*=2PpV?,
TO MONYYHM YPaBHEHHS

Du; 1 1/ g Q%ap’
=_—Vy o\ T o
Dt  Re L7 Pr ( g 20x, (28)

rie gi/g — HanpaB/sIOIHE KOCHHYCH CHJB THXKECTH.

beapasmepunie auddepenunanbinie ypasnenus (28) naxomarcs
B 3aMeyaTe/IbHOM COOTBETCTBHH C TEXHHUECKHM OMHTOM: MBl MOXeM
OTCl0ONa BHIBECTH TPH HauBonee BaXKHHX OPHEHTHPYIOIUHX MpPaBHAA,
HCcnoJb3yeMble MNpH MojeaHpoBaHHH!). Tak, Mb BHAHM, YTO
€CJIH BJIMSIHHE CHJBl TSXKECTH, CXKHMaeMOCTH H KaBHTAalUHH He3Ha-
YHTEeJbHO, TO MOJenab JOJ/MKHA HMeTb TO Xe caMmoe 4ucao Peft-
Honbaca Re. Ecan He MMelOT 3HaueHHs CKHMaeMOCTb, KaBHTALUHA H
'BA3KOCTb, TO MOAEAHPOBaTL Halo no yucay dpyna Fr.

Ecan MOXHO npeHe6peun CXKHMaeMOCTBIO H BASKOCTbIO, HO HafO
YYHTHIBaTh FPaBHTAUHOHHBIE H KaBHTAaLHOHHBE 3Q¢EKTH, TO cae-
AyeT COXpaHATb HEM3MeHHBIM KaK uHcao Fr, Tak H «yHc/o KaBHTa-
nun» Q* (cM. § 72, 78). .

HMHcneKuHOHHHA aHanHs fenaeT npaBlONOAOGHHM MPeANoo-
XeHHe, YTO Te HJIH HHble BEeJIHYHHB He HIPAIOT POJIH KaK pa3Toria,
KOTa Majbl COOTBETCTBYIOLIHE KO3 PuUHEHTH B ypaBHeHHAX (28),

) Cum. [11}, 7. 2, ra. I, no nosoay ananorwyhoro BeBOAa. Peuent Tam Taxkos:
HYXHO COXPaHHTb HEH3MEHHHIMH «OTHOWEHHA CHA>, NR BeAHYHHA Q°, WH And-
depenunatbible ypaBHEHHA HE PACCMATPHBAIOTCA B ABHOM BHAE.
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H, TakuM o6pasoM, No-BHAHMOMY, OH [1deT XOpollee TeopeTHYecKoe
060CHOBaHKHe MOAeNHpOBaHHA o yHcaaM Fr, Re n Q*.

XoTs TOJNBKO YTO TNpUBEJEHHOe paccyX/eHke BecbMa colepixa-
TeJIbHO U ero CTOMT 3aNOMHHTb, OHO CTpajnaeT TeM HeAOCTaTKOM,
YTO YYMTHIBAJIOCh TOJIbKO OJHO M3 Tpex (YyHAaMeHTaJbHhIX YypaB-
HEHHH THAPOMEeXaHHKH, a HMEeHHO ypaBHeHHe ABHXKenus. HUrak, npu
3TOM OCTA4JIHChb B CTOPOHe ypaBHeHHe Hepa3pLIBHOCTH

dp P} . D (1
73%"_ %:0, HIH d1vu+%=0 (29)

H yPaBHEHHE COCTOSAHHSA, KOTOPOE€ MOXHO 3anucaTtb B BHAE
p=s(p) (30)

ITo stoi npuunHe Mbl GyaeM Ha3blBaTb €ro «YacCTHBIM HHCMEK-
LMOHHBIM aHaJH30M», a COOTBETCTBYIOLUMI mpolecc, KOraAa paccMa-
TPUBAIOTCS KOPPEKTHO MOCTaBJEHHble YCJOBHS, MOJHOCTBIO Ofpese-
JAf0UHe TeyeHHe, GyleM Ha3blBaTb «NOJHbBIM HHCNEKUHOHHLIM aHa-
JIH30M>.

§ 70. UnepunasbHoe MOAETHPOBaHHE

Ha npaktHke coo6paxeHHsIMH yA06cTBa KCIepHMEHTHPOBAHHSA
H 35KOHOMHH 4acTO PYKOBOJCTBYIOTCS He TOJIBKO IpH BI6Ope HCMOJb-
3yeMoOHl XMAKOCTH (HampuMep, BO3AyXa MJH BOABI), HO M NPH BhI-
G6ope pasmepos Moaeneil W cxopoctu Teuenus. Mcnoab3zoBauue
MaJblX Mojeseill AAs NpeACTaBJeHHs JAeHCTBUTENbHOH KapTHHH
60abiiero Macmita6a o6biuHO 06OCHOBBIBAETCS C NOMOLIBIO aHAJH3a
pa3MepHocTell, B 4acTHOCTH, OOGBIYHO CUHTAIOT NPUGJHIKEHHO BbI-
MOJIHEHHBIM CJefyloluee ycJoBHe,

[IpyHuun HHepPUHAABHOrOo MOJAEJNHPOBAHHSA.
De3pa3mepHble BeJHUYHHBI OCTAlOTCA Ge3 H3MEHeHHS NpPH Bcex npe-
o6pa3oBaHusx BHAa (22).

Tak, ecan L — xapakTepHas AauMHa u V — XapakrepHas cCko-

pPOCTb, TO CYMTAIOT, YTO V’lu(L'lx) HHBAPHAHTHO MO OTHOILEHHIO
K npeo6pa3soBanusM (22). B kauecTBe c/ieACTBHSI MOXXHO HOJNYYHTb,
HCXOJf H3 3HayeHHS BEJHUYHH HA MOJENH U(X), AeHCTBHTENbHYIO Be-
JHYUHY V(Y) NoCpeaCTBOM COOTHOLIEHHS

V=" u(4).
rpe L’ u V/ — xapakrepHble IJIHHA H CKOPOCThL MOJHOro Macuitaba.
[MTonoGubiM ke 06pa3oM AOMYCKalOT HHBAPHAHTHOCTL OTHOCHTEJIBHO
npeoGpa3oBannft (22) kospdHuunenta aasaenus C,==(p —pa)/lzp'zﬂ,
rie ps— NaB/ieHHe B OKpYyKaiouwled cpeae. B cayuae neBaskod
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MHAKOCTH H3 3TOr0 CJefyeT HHBapHaHTHOCTb Ko3dHUHeHTa
Cp= D/% pV?A, rae D — no6osoe conpoTHBJieHHe H A — nuowans
OONepeyHoro ceyeHusi, 3aMeTHM, OfHAKO, YTO HEH3MEHHOCTb BeJH-
QHHH p/-;—pv2 He npeanosaraercsi (cM. § 72): aHaaus pa3Meprocreft

OXBaThIBaeT He BCe.

B neficTBHTENIbHOCTH METOL HHCNEKIHOHHOrO AaHaJH3a no3Bo-
AReT HaM oGofiTHch Ge3 BCex NPeANOJNIOXKEHHWHA aHaau3a pa3Mep-
Hoctel. B 4acTHOCTH, NPHHUHN HHEPUHAJAbHOrO MOLEAHPOBAHHA
MOXHO CTPOTO 6bi6eCTU H3 CTAaHAAPTHBIX YPaBHEHHA A/ HECKH-
MaeMoil HeBI3KOW XXHAKOCTH MPH YCJIOBHH OTCYTCTBHs CBoGOAHOR
NOBEPXHOCTH.

Tak, NoyTH TPHBHAJbHLIE BHIKJAAKH NOKa3bBaloT, yTo mpeobpa-
soBaHus (22) B coueTaHHH C npeo6pa3oBaHHAMH W' = au/p, p’ =
= qp/a® u p’ = (7/af?)p COXPAHAIOT HEHM3IMEHHLIMH KaK YPaBHEHHH
ABHXEHHs Dfisepa H ypaBHEHHe HepPa3pHIBHOCTH, TaK H YCJOBHE
orcytcTBHa BHxpeRli V X u=0. ITHM AOKa3aHa cjeaywouas Teo-
peMa.

TeopeMa 5. B cayuae HecHumaemo20 Te4eHUR K YPABHEHURM
Osunacenus Jdrepa, YpaeHenUr0 Hepa3PolBHOCTU U HE3ABUXPEHHOCTU
U K xpaesvim ycaosusm Jdaepa Ha TEepObiX CTEHKAX NPUMENUM
RPUHYUN URePLUAAbHO20 MOOEAUPOBAHUS.

IMockonbKy cGOpPMYyAHPOBAaHHHE Bhillle YCJOBHS ONpeaensioT
KOPPEKTHO TNOCTaBJEHHYI0 KpaeBylo 3ajauy (3apauy Hefimana,
cM. § 4) Ans CTalHOHAPHOrO TEYEHH NPH 3aNaHHOM p,, OTCIOAA
BHTEKaeT CNeJCTBHE.

Cnenctsre. Ecan cnpaBeasHBH ypaBHeHHs Dflaepa ans 6es-
BHXPEBOro HeCXKHMaeMOro TeueHHs, TO H3MepeHHoe 3HaueHHe Cp ne
AOMXKHO 3aBHCeTb OT Pa3MepoB, CKOPOCTH ABHXKEHHS H MJOTHOCTH
MHAKOCTH.

QakTHuecKkH, BBHAY napagokca JlanamGepa, 3TOT pe3yabTaT Me-
mee HHTepeceH caM no ce6e, a HHTepPeCeH B KauecTBe HJJIIOCTPALHH
paxxHoro Meroaa. OHAaKO NpPHBeAEHHBle PACCYXKAEHHS PaBHLIM 06-

a30M npHMeHHMH K TeueHusM JKykoBckoro (§ 8), k «ciepam»!)
Hpxroda (§ 39), x Teuenusm leabMronbua — Bpuanosua (§ 47)
B K TeOpHH BHXpeBHX nopoxek Kapmana (§ 56). IlpuHuun uHep-
OHaNbHOTO MOJAENHPOBaHHS CNpaBeMJIMB TaKXKe AJis NPHMHTHBHOM
HBIOTOHOBOA KHHETHYECKOi TEOPHH CONPOTHBJEHHS BO3AyXa M AJs
KBa3H3MnupHueckoR ¢opMyan JSfinepa, Buipaxalouleit so6osoe

1) To ecrts x XxaBepHaM. 38METHM, 4TO, NMOCKONLKY TEOpHH Tewemnft Sftnepa
[ )<K'y)xoscxoro obpatumul, B npeo6pasoBanuax (22) moxHo paccMarpmsath Jaxe
a<0.
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COMpPOTHBJIEHHE H MONXBEMHYIO CHJY B BHIe omnpelelleHHbiXx HHTe-
rpanosl).

Ecau npuMeHHTb TeopeMy 5 K YCKOPEHHOMY JBHXXEHHIO, BO3HH-
KawlleMy H3 HayajJbHOTO COCTOSIHHS MOKOS, TO MOJYYHM, YTO KO3¢(-
¢bHHHEHT NPHCOeAHHEHHON Macchl R, BLIpaXawUIHACH OTHOLIEHHEM 2)

b— [Tpucoeannennan macca’
T Macca nepeMeleHHON WUAKOCTH

onpegeasietcss opmod paccCMaTPHBAEMOro Tela H He 3aBHCHT OT
ero pa3MepoB, OT H3MEHEHHsS YCKOPEHHS M OT TJIOTHOCTH KHAKOCTH.

OKcnepHMEHTaNbHO NPOBEPeHO, YTO NPHHUHN HHEPLHAJbHOro
MOJeNMPOBAHHS NPHGJIHKEHHO CNPaBeANHB NPH peXHMaxX, COOTBET-
CTBYIOIHX LIHPOKOMY AHanas3oHy H3MmeHeHuil Re. OnHako oH cpasy
nepectaer GbiTh CMPaBeIJHBLIM, KOT/a MIOSIBJASIIOTCS NlepeMexalole-
csl BUXPH H TypGOYyJEHTHOCTDb B IOrPAHHYHOM cJjoe (Hanpumep, BOAH3H
1/Re ==0,02 u 0,00005, cM. § 28).

§ 71. MoaeaupoBaHue no uucay PefiHoabaca

l'opa3no 64sbliee 3HayeHHe HMeeT NMPHMeHeHHe MeTo4a HHCMEK-
LIHOHHOrO aHaJlH3a K YPaBHEHHSIM I/ HEC)KHMAaeMbiX BSI3KHX XHIA-
kocteil. B stom cayuae, B cuy Teopemsbl 2 u3 § 21, nosyuaercs
crenywollas TeopeMa.

Teopema 6. Ecau ypasnenus Hasve — CTokCa Oan Hecxu-
Maemol 8A3KOU MUIKOCTU 8MeCTe C YCAOBUAMU HECHUMALMOCTU i
NPUAUNGHUA HA CTEHKAX NPUBAUNEHHO onpedeAstoT He3asucauee
oT 8pemenu (CTaTrucTu4ecKu) redeHue HUOKOCTU, TO cnpasedauso
coorHowernue (8).

He#crBHTeNbHO, cooTHOweHHe (8) BecbMa yGeaHTenbHBIM 06-
pa3oM GbiJIo MOATBEPXIAEHO 3KCNEPHMEHTAJbHO A/ CaMblX pasHo-
o6Gpa3Hbix xuakocted H raszos?). Kak nokaszaHo na pHc. 8, paspy-
wenue TevyeHHs [lyasefina B Tpy6ax A/l BO34yXa, BOALI H MHOIHX
APYFHX XKHAKOCTEH HacTynmaeT NpPH OJHOM H TOM Xe uHcae Pei-
#onbaca. [Ipu umcnax Maxa, menbuinx M = 0,3, ko3dPuuHEHTH

') 3Tu Teopum noapoGHo paccmoTpeHn B KHHrax Painlevé P, Lecons
sur la résistance des fluides, Paris, 1930 u Cranz [5), ra. I1.

2y [Tpucoedurnennas macca Tena B XHAKOCTH (ri. VI) — 3To pasnocTs Mexay
€ro HHEPTHOR Maccoil B XHUAKOCTH H B BaKyyMe.

8) CM. § 25 M npHBeleHHHE TaM CCHJIKH Ha JHTepaTypy, a Takxke [54],
ctp. 16—17. Teopuio paspabotan Croxc, [13], T. 3, c1p. 17. Tak kak TypOyJeHT-
HHe [BHXKEHHS OGHYHBX JKHAKOCTEX H ra3oB AHHAMHYECKH MOLOGHH, MO-BHAH-
MOMY, MaJOBEPOSTHO, YTOGH TYpOYJEHTHOCTL MOXHO OHJIO CBA33Tb C KHHETH-
yecKOf Teopuell WHaue, yeM KOCBEHHHM 06pa3oM — uyepe3 BA3KocTb. [ToM0GHBIM ke
o6pa3oM OHJH HccnenoBanW Macha —Boswall R O, Brierly J. C,
Proc. Inst. Mech. Eng., 122 (1932), 423—569.
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J060BOT0 CONpPOTHBJEHHS cdep H UHAHHAPOB YAOBJETBOPSIOT COOT-
HowleHHIO (8) npH oaHOM M ToM e 3HaueHHH Kp(Re) ans Bcex
KHAKOCTEH W MPH Bcex pa3Mepax H cKopocTfix. CoOTBeTCTBYIOLIHHA
pe3yabTaT chnpaBedJIHB JJsf NOBEPXHOCTHOrO TPEHHS NJAACTHHOK,
napaJJesbHbiX HalpaBJeHHIO NOTOKaA.

[Ipn onuiTHO# mMpoBepKe 3THX pe3yasLTaToB Heo6xoauMo co6.Jio-
AaTh CJAeAylolLiHe JBe NPEeROCTOPOXHOCTH, HHaye He o6ecneyHBaercs
MogeJHpoBaHHe No yHcay Pefinonbaca. Bo-nepBuix, HYXHO NoJab30-
BaTbCl MOMAEJSIMH C aHAJIOTHYHOHN iepoxo8aToCTbl0 nosepxHocTell.
3710 CylIeCTBEHHO BJHSAET Ha MofBJeHHe TypOYJeHTHOTO TeYeHHs H
Ha Mepexox B MOrpaHHYHOM CJIO€ OT JaMHHAPHOro TEYEHHs K Typ-
6ynentHoMy. Tak, B6/u3H Re,p MOKHO HAMHOrO YMEHBIIHTb J1060-
BO€ COMPOTHBJEHHe c¢ephl, YBEJHUHB ROMKHHM 06pa3oM LIepOXO-
BaTOCTb €e MOBEPXHOCTH.

Bo-BTOpHIX, TYp6YyseHTHOCTS c80600K020 NOTOKA ROJXKHA OCTa-
BaTbC TOH ke caMofi!), oco6eHHO B aIpOAHHAMHYECKHX TpyOax
C 3aMKHYTHM KoHTypoM. HafineHo, uto Benanunsa Reyp. ans coep
B a3pPOJHHAMHYECKHX TPY6ax MOXeT YBeJHYHBATbCA B 2 pa3a B 3a-
BHCHMOCTH OT TypOyJeHTHOCcTH B TpyGe. IlpakTH4yecKoe pelleHHe
370il npo6neMbl Gynet onucaxo B § 75.

MonpeaupoBanHe npu 60abwinx uuciaax PefHonbaca B ManaoM
Macwitabe pas GoJblIHX CKOpPOCTeR B NMOTOKe — BeCbMa HeJerkas
3ajaya. Ecan Hcnoab3oBaTh JaHHYIO XKHAKOCTb (BO3AYX HJH BORY)
npH aTMochepHbX YCJOBHSAX, TO BCSAKOe YMeHblleHHe AHaMeTpa MO-
JeNH J0/XKHO KOMNEHCHPOBAThCS YBEIHUEHHEM B TOM K€ OTHOLUEHHH
cKOpocTH, B cayuae Bo3ayxa BA3KOCTb v MOXHO YMeHBLIHTb, HCMOJb:
3ys CKaThiif BO3AyX, 4YTOOH KOMNEHCHPOBaTh yMeHbllleHHe MacliTa-
6a anun (cp. koHer § 73 u § 75). K coxaneHuio, Mbl He 3HaeM HH
OodHOMl XXHAKOCTH, Y KOTOPO# 3HaueHHe v Obljl0 661 HAMHOrO MEHbLUE,
UeM y BOAbI, XOT MHOTHe XHIKOCTH HMeEIOT 3HauHTeJbHO GoJbliee
3HayeHHe v. ITostoMy ToOJbKO aspoaHHaMHuecKHe TPYyOHi?) patoT -
3KOHOMHYHble ModesaH no uHcay PefiHoabaca npH MOAENHPOBAHHH
Te4eHHH BOAHI.

§ 72. MopeaupoBanue no uucay dpyna
H N0 YHCAY KABHTAUHH

HUHcneKUHOHHHA aHa/MH3 MOXHO TaKXe NPpUMEHATH RJAA NOoJay-
YeHH 33aKOHOB MOIEJNHDPOBAHHSA SIBNIeHHH, B KOTOpPHIX BSAI3KOCTb H

) [3), crp. 431; cM. Takke § 28, rae NpHBeleHHW AHANOTHUHHE PE3YABTATH.

2) O6 HcnOJb3OBAHHH 83POJHHAMHYECKHX TPYG BMECTO THAPOARMAMHUECKHX
oM. Keller C., Escher Wyss News (1940). Feanit s ycnosusnx cBepxTekyuecty
(§ 20), no-swaumMOMYy, He TOAXOAHT,



144 T2, 1V. Modeauposanue u anasus pasmeprocred

CXKHMaeMOCTb He HIPaloT CyLIeCTBEHHOH POJIM, HO 3aTO HMeeTcs
«CBOGO/IHAR MOBEPXHOCTb», HAXOAAILASCA NMOA NOCTOSIHHBIM AaBJe-
HHeM. B uyacTHOCTH, TakHe 3aKOHbl NMPHMEHHMbl K FPAaBHTALHOHHBIM
BOJHAM H K SIBJEHHIO KaBHTalUHH B XHAKocTax. CrnpaBeasuBa cie-
Ayoouiasi Teopema.

Teopema 7. B 00HOpOOHOM 2paBUTAYUOHHOM nOAe UHTEHCUS-
HOcTu g Siinepossl ypasHewus OBUICEHUSR U Kpaesble YCAOBUA HA
T8epObix 2panuyax, a Takxce ycaosue 0Ge38UXPEHHOCTU U Yycao8ue
Ha «c80000H0l nosepxrocTu» p = const na epanuye cped wHuo-
KOCTb ~— 2a3 OCTAIOTCA HEU3MEHHbIMU npu 8cex npeobpasos8anusx
guda (22), ocrasrsroujux Heudmennoim wucao dpyda Fr = YigL.

HokasatenbcTBo. B cuny teopembl 5, AOCTaTOyHO pac-
CMOTpeTb ycJIOBHe Ha cBOGOLHOI MOBepXHOCTH p = const, T. e. ycJo-
Bre TOro, yto6el Vp Gbl1 HOpMaJeH K OrpaHHuMBalolleli mnoBepx-
HocTH. [ns foKa3aTenbcTBa YMHOMHM ypaBHenus (23) ua L/V?,
KaK NpH BbiBojJe ypaBHeHHH (28); Mbl monyuuM Ge3pa3mepHoe ypas-
HeHHe

D L <ﬂ> _ 20V @31)
Df  Fr\g ox)

Tak kak gi/g ecTb (-l HaNpaBJASIOLIHA KOCHHYC HHTEHCHBHOCTH
rPaBHTAllHOHHOTO MOJST H TaK Kak u(x, f) onpeaenser Vp, 1o Mbl
nojsy4yaeM AMHaMHuyecKoe MOAOGHe NMPH NPONOPUHOHAMBHOCTH Ough-
tepenyuaros Kospduunenra nasaeHus 2p/poV? (XOoTs M HeT OGbIY-
HOR NPONOPUHMOHANBHOCTH BEJIHUYHHBL 2p/peV?), ecnu ToMBKO uHcaa
Fr 6ynyr paBHbL

HeiicTBHTENIbHO, AaBlieHHe B OKpYyxkalouieill cpexe P — 3710 06bly-
HO€ JIOKaJIbHO@ aTMOC(epHOe NaBJieHHEe Pa NMPH MOJAEJHPOBAHHH rpa-
BHTAUHOHHBIX BOJIH; NpPH KaBHTAUHOHHOM MOJAENHPOBAHHH HYIKHO
paccMaTpHBAaTh TaKiKe NaBJeHHe napa pP,. DTO CTAJ0 BMNOJHE SICHO
auiub B 1924 r, korna Toma!) BBes uHCJI0 KaBHTALHH

pP—
Q=" (32

1) Thoma D. Experimental research in the field of water Power, Trans.
First World Power Conf, T. 2 (1924), 536-—551; cm. Takke Taylor H. B,
Moody L. F., Mech. Engineering, 44 (1922), 633—640. SBxo 3To BHICKa3an
Lerbs H. na ctp. 290 B Hydromechanische probleme des schiffsantriebs,
Hamburg; cm. Takxke Rossell H. E, Chapman L. B, Principles of naval
architecture, Soc. Nav, Arch. Marine Eng., New York, 1947, 1. 2, crp. 177,
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o storo cuutajoch O6LIENPH3HAHHBIM, YTC KABHTAUHA 3aBHCHT OT
OQHOPOAHOTrO 6e3pa3MepHOro napaMetpa

Q= 1'/:7 ' (32))

BXoAsllero B ypaBHeHHe (28), uTO HemocpeACTBEHHO CJelyeT H3
06bIYHOr0 aHaJH3a pasMepHocTelt ).

IToaHbII HHCIEKUHOHHBIH aHAJH3 BMecTe C TNpPeANOoJIOKEHHEM,
YTO KaBHTalLlMsl BO3HHKAeT CAMONPOH3BOJbLHO NpH p < Py, RaeT Teo-
peTHueckoe O6OCHOBaHHe s npeanouyteHds ¢opmyan (32), u6o
3TO NpeANnoJoXKeHHe PaBHO3HAYHO MOCTYJHPOBAHHIO Pa3pPbLIBHOIO
ypaBHeHus coctosiius ra. 111 (14):

pP=pyp €CAH Pp>p, (33)

P="Pop ecau P=Dy.

[pu 3aganubix P u p, npeo6pasoBaHHe noao6us (22) He H3Me-
HAeT cooTHoweHHH (33) Torza M TOJbLKO TOrAa, KOraa OHO He H3Me-
HSeT BeJAMyHHYy Q; HOKa3aTeJbCTBO aHaNOTHYHO JMOKA3aTeNbCTBY
‘TeopeMbl 7.

Ilpu MOReNHPOBAaHHH MOXHO OCTaBHTb HEH3MEHHLIMH KAK rPaBH-
TAllHOHHBIE, TAK W KAaBHTALHOHHLIE uJleHHl NPH JHHeAHOM Maclurtabe

1 :a, B39B AJas cKopocTH Macuita6 1 :V a (01HO K TO XKe g) U H3MeHss
P takum o6pasoM, uto6el P — p, mpeo6pa3oBnBajJOCh B OTHOLIe-
HuH 1 : a. Takoe «MojeaupoBanHe no yucay Ppyna ¢ noHHKeHHeM
JdaBJIeHHs1» cedyac LIMPOKO HCNOJb3yeTCs NPH HCCAeJOBAHHH KABH-
TallMH CYAOBbIX BHHTOB; MOXET OKa3aTbCfl, YyTO B TAaKHX MOAeNasAX
IaBJeHHEM Napa HeJb3sl npeHeGpeys.

§ 73. Moaeanposanne no uucay Maxa

Eme co BpeMeH onwitoB Po6una (1747 r.) 2) u3BecTHO, 4TO CO-
NPOTHB/NEHHe CHAapsiia He NPONOPLHOHAJBHO KBaApaTy CKOPOCTH;
CNIeR0BATENbHO, HH OJMH CocOo6G HHEPUHAJbHOrO MaclITaGHPOBaHHA
He sBJsieTcss npHeMaeMbiM, B o6Gosnayenusx npumepa 3 us § 61
Kp 3ametHo Bo3pacraer BGJH3H CKOpocTH 3ByKa. [losatomy Kp
o6biyHO Ta6yJHPOBAJH KaK (QYHKUHIO U.

B0 npu3HaHo ¢ caMoro HayaJa, YTO NMPHUHHOR STOTO ABAAETCA
CXXHMaeMOCTb BO31yXa, Ho 6oJjiee palHOHanbHOe TaGyaHpoBanue Kp
Kak (QyHKUHH yHcaa Maxa M OTHOCHTCR JHWIBL KO BpeMeHH NepBoft

1) Cm. Lorain F., L’hélice propulsive, Paris, 1932, ctp. 129. Bucking-
ham E, Jour. Am. Soc. Naval Eng., 48 (1936), 147—148; Taylor D, W,
The speed and power of ships, 3-e Hanaune (1943), crp. 17.

%) To nosoay ucropun Bonpoca cM. Cranz [3) crp, 44—45
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mupoBoii BOHHBL. TIn Jiornke Bewleil cjeayeT, 4To Ha AAJbHOCTb
noJietTa CHapsAOB AOJIKHA BJHATbL HE TOJbKO IMJOTHOCTb, YTO BHAHO
yxe H3 BbIpaxeHus, onpepeasioulero Kp, HO W TeMnepaTypa BO3-
ayxa. OpHako sIBHBIM 006pazoM 3To GblJIO BrnepBbie YCTAHOBJIEHO,
no-BHAHMOMY, MOCJe NepBOH MHPOBOH BOHHBI 1),

Haunnas npumepno ¢ 1935 r. B ¢BfAA3M ¢ co3aHHEM CKOPOCTHBIX
CaMOJIETOB, Aa3POAMHAMHMKH CTajH HWHTEpPecoBaThCs MOJeJHpOBa-
HHeM 1o uucay Maxa. AapoanHaMHuueckne TpyGol, paGoTawouine npH
ckopoctn 30 mM/cex, MOXKHO HCMOJIL30BAaTh AJISl BOCNPOHU3BEJEHHS YC-
J0BHH moJsieTa cOo ckopocTaAMH Ao 120 s/cex, ecam perysnnpoBarthb
JOMKHBIM o6pa3oM «3ddexTHBHOe» uHcao PeiiHosnbaca, Ho 8 HuUX
BOBCE HE CKa3blBAeTCs BJHSHHE CHHMaEeMOCTH, KOTOPOe NPOosiBIASeTCH
npu 66abwux ckopoctsx. IlostoMy Haumnas c 1935 r. aspoaHHa-
MHKH ¥ 6GaJJIHCTHKH OGBEAMHHJH CBOM YCHJHS AJSl H3YyYeHHs CXKH-
MaeMbIX TeyeHHil.

BrnepBble 3aKOHBI MOAeJMPOBAHWST MNPH COXPAHEHHH 4YHCAA
Maxa aas noJMTPONHOro ypaBHeHHs coCTOSIHUS BbiBesl JlanKeseH
(cM. MPUM. HA 3TOH CTP.) NMPH NMOMOWH «HHCMEKIHOHHOTO aHaJju3a»
YpaBHEHHH ABHXKEHHS CHUMAEMO20 He8A3K020 ra3a 6e3 yyeTa CHJ
TAXKeCTH. Mbl H3/10XKHM pe3yabTaThl JIaHXKeBeHa B HECKOJbKO 06006-
ILIEHHOM BHJe.

Og@pawascby cHOBa K TeopeMe 5, Mbl BHAHM, UTO ypaBHeHHe He-
pPa3pbLIBHOCTH HHBApHAHTHO OTHOCHTENbHO BceX npeobpa3zoBanuit
nogo6us. OueBHAHO Takxe, uTo J060e 3afaHHOe YpaBHEeHHe CO-
crosauus (30) He M3MeHsileTCA HH NPH KaKoM npeo6Gpa3oBaHHH, KO-
TOpOe He H3MeHsieT p U p B COOTBETCTBYIOIWHX Toukax. Ctano ObIThb,
OHO He H3MeHsIeTCsl, B YaCTHOCTH, NPH Npeo6pa3oBaHHiX

X;—>ox;, t—>af €CaAH p,p,U He HIMEHAITCA. (34)

HHcnekHOHHBIA aHau3 yKasbiBaeT, uTo B ypaBHeHHsX (23) caa-
Y .
raemple Du,/Dt = D u, 01;/0x, + 0u;/0t u dplpdx;, npu npeoGpa-
3oBaHuu (34) ob6a ymHoxaiotcs Ha l/a. B pesyabTate noayuaem
Teopemy.
Teopema 8 OcHOBHble YpagHeHUA CHUMAEMO20 HEBA3IKO20 Te-
YeHUA UHBAPUAHTHbL OTHOCUTEAbHO npeobpasosanus (34).

Kak nokasaHo B ra. I, 3TH OCHOBHbIe YpaBHEHHs He ONpPeAeNsioT
KOPPEKTHO MOCTaBJIeHHYIO KpaeByio 3ajauy. [lo MeHbuell mepe He-

'y Darrieus G, Mem. Art. Frangaise, (1922), ctp. 242; Hilliar H. W,
Dept. Sci. Res. Exp. Report RE 142/19 (1919). Darrieus yTsep:xaaet, 4To H3Me-
HeHWe [a/IbHOCTH [losieTa MO 3TOR MPHUMHE MOXKeT COCTaB/IATL NpHMepHO 1%.
Ra60'ra JlanxkeBena, uMTHpyeMasi HHKe, HameyaTaHa cpasy nocje pa6ota Dar-
rieus, O6ocHOBaHHOCTh MoOZeNHpOBaHWs No uncay Maxa nokaszan Bucking-
ham [48], ctp. 275—278. O npaktuueckofi ctopoue gena c¢cM. Kent R. H,
Mech. Eng., September 1932,
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o6xoauMo 106aBHTb K HUM ypaBHeHns Psnkuna — loronno aas
yaapuuix BoaH (§ 14). Oanako nockoabKy nocieaHHe ypaBHeHHs
MOXHO BLIBECTH H3 YPaBHeHHSI COCTOSIHHSl M 33KOHOB COXPaHeHHs
MAacchl, KOJIHYECTBA ABHXEHHUS H 3HEPrHH — a 3TH 3aKOHbl He H3Me-
HAlOTCs npu Jo6oM npeoGpa3oBanun Buaa (34), — tTo mpousoiiger
COOTBETCTBYIOLlee H3MeHeHHe Macwitaba W B ypaBHeHHsX Pai-
kuHa — loronno.
3akoH u3MeHeHHs Macuitaba (34) cnpaBeasUB TaKXe B TEOPHH
YyNpYrocTH, TEOPHH IJIACTHYHOCTH H B JHHAMHKEe B3PBIBHBIX MpoIlec-
coB !); oH Ha3BaH 3akoHoM Kpauua. Boo6uie oH cnpaBeaaus Bceraa,
KOTla TeH30p Hanpaxenuli ecTo QYHKYyus T0AbKO OT Oeghopmayuu
H He 3aBHCHT OT ee CKODOCTH, U BCFIKHI pa3s, KOrZa B HEKOTOPOM
HaMNpsXKeHHOM COCTOSIHHH OCBOGOKAaeTcs onmpefefeHHas (B pacue-
Te HAa elMHHIY o6beMa) XHMHUecKas 3Heprus, Kak 3To TpebyeTcs
B ycaosuax Yenmena — )XKyre ([6], § 87). Jlio6onbiTHO, uTO 3TOT 3a-
KOH CNMpaBelJIHB TaKXe B PeAATUBUCTCKOU MeXaHHKe MXHAKOCTEeH.
Hekotopble aBTOpBI XOTeM C MOMOLIbIO YaCTHOrO HMHCMEKIH-
OHHOrO aHaJu3a 060CHOBaTb MoJeNHpoBaHHe no ukcay Maxa. [Tycts
c=YVdpldp o6o3unauaer JIOKaJIbHYI0 CKOPOCTb 3BYKa, H nycth C—
CKOPOCTb 3BYKa B HeBO3MyllleHHOM mnotoke, Torpga, ecau npeneG6-
peub CHJIaMH BA3KOCTH H TAXeCTH H o6o3Hauuts M = V/C, 10 coot-
HolleHHe (23) npuMeT BHL
ou, upou; 1 (c )'-’ op
Ft"_+2 0xy, + C/ pox; =0. (35)

D10 naer chedywollee NpaBaoNORoGHOe MpaBUIO: Modeauposarue
npu nocToaRHOM wucae Maxa, 4To NS JAaHHOrO HEBO3MYILEHHOrO
NOTOKa 3KBHBaJEHTHO npeobpasoBaHuam (34).

Oxnako B o6uieM cayuae 3TO MPaBHJIO OKAa3bIBAETCH AONCHBIM,
€CJIH paccMaTpPHBAaTb Pa3jiMuHble ra3nl (rasbl ¢ pa3HbIMH ypaBHe-
HUAMH cocTosiHus (30)) MAM Qaxe OQMH H TOT XKe ras, HO NpPH pas-
JIHUHBIX TeMmepatypax H AaBieHusx. CpaBHHM, HanpuMep, AHHA-
MHYeCKH Mofo6Hble 6apOTPONHbIE TeYEHHs rasa, Y KOTOPhIX YCJAOBHS
CBOGOIHOrO MOTOKA OTHECEHbl K ABYM TOYKAM Ha OHHOH M TOH Xe
agunabate. B cuny ypaBnenuit (22), BEJHYHHH U H p BCIOAY YMHO-
KaTCA Ha NOCTOSIHHbE MHOXHTeNH. [ToaTOMy B cHay ypaBHeHus
(35) gradp ymHOXaerca HA NOCTOSHHLIA MHOXHTeAb a(a), rae
o — OTHOIIeHHe MIOTHOCTeH B cBOGORHOM mnotoKe. CjaenoBaTesbHO,
ecin F(p) = p(p) — ps (ps— RaBneHne B CBOGOAHOM MOTOKE), TO
F(ap)/F(p) = a(a) ne 3aBucHT oT p. Takum o6pasoM, aas Bcex
p, p’, a cnpaBeaauBo F(ap)/F(p) = F(ap’)/F( ‘). Ho 3To, oueBugHo,

1) Cm. [10], crp. 195; Schardin H., Comm, Pure Appl. Math., 7 (1954),
223—243,
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SKBHBAJIEHTHO COOTHOIUeHHI0 (16) u3 § 64. OTcriona no teopeme 4
F(p) = kp¥ u, cnenosatenbHO, cripapeisHBa CJelylolasl TeopeMa.

Teopema9. [as 1020 4T066L MOOCAU CHCUMAECMBLX NOTOKOB NO
yucay Maxa 6oian dunamuyvecku nodobuer npu aw0bbix Ycaosusx 8
HEBO3MYUWEHHOM NOTOKe, YPABHeHUE COCTOAHUR OOANHO UMETb cne-
yuarsHeLl suo:

p = kp7+ const. (36)

[Tpu atoM gocTaToyHO, YTOGL! y GbLIJIO OAHHM H TeM e BIOJb
Bcex anuHabaTtuueckux KpHBbIX. O6o6lienHe Ha HeaguabGaTHUeCKHe
TeYeHHs OUeBHIHO.

JluneapusopaHHoe MoaeaHupoBaHHe no Maxy.
Wutepecublii npumep addHHHOrO MOAENHPOBAHUS LaeT JHHEapH30-
BaHnHoe npubauxkenve (IIpanaras — [nayspra) crauxMoHapHoro
CXKMMaeMoro oOTeKaHHs TOHKHX TeJs, yxe ondHcaHHoe B § [10—11.

Boamyuenue ¢ notenunana ckopocreit U = ax + ¢(x, y, 2) yao-
saeTBopsier AHddepeHUHanbHoMy ypasHenuio [ra. I, (14*)]

a
(M2_ 1) Prx = Pyy + Pezr M= " (37)
B Jdossyxkosom cayuae (M < l) OHO 3KBHBAJEHTHO YDaBHEHHIO
V2@ =0, rae V2= 02/0x"2 + 02/0y? + 02/022 u x' =x/Y1— M,
B CHJY uero 3tor cayuail agpguunoim npeobpasoBaHHeM CBOLHTCSH
K CJIyualo Heciumaemozo NoToKa,

R csepxssyxosom caywae (M > 1) Mbl nomno6HeiM xe o6pa3oM

NPUBOAUM 3TO ypaBHeHUE K BHAY

92 1 02 g2 M2 1
=

4TO npeacTasiaser co6oH B804HOB0e ypaBHenue. B o6oux cayuasx
Mbl TOJlyuaeM npu COOTBETCT8Ywuix wucaax Maxa agdunno no-
Jobnble Tewenus 0aa apguuno skeusarentnoix modesed. Cayuaii
3BYKOBOH CKOPOCTH HYXHO paccMaTtpuBaTb otaelbHo  ([10],
pasa. 9.6).

Takum o6pa3oM, s a@PHHHO NMOAOGHBIX TeueHHil H3IMEeHeHHe
3HaueHHss M 3KkBHBaJeHTHO (no KpaitHefi Mepe B Teopuu!)) HaMe-
HEeHHIO «OTHOleHHs TosulnH». CJlefoBaTeNbHO, 33 HCKJIIOYEHHEM
O0GHIKHOBEHHOTO MOJeNHPOBaHHs no Maxy (35), MOXKHO H3MeHSTb
MaciitaGel B ABYX NEPNEHIHKYJNSPHBIX HANPAaBJEHHAX He3aBHCHMO
APYr OT APYra, TaK Xe Kak B TEOPHH JJIHHHBIX BOJIH.

) Yunteisas § 12, K 3TOf TEOPHH HYIKHO OTHOCHTBCH HECKOJbKO KPHTHYECKH,
Ona He paccMaTpHBaeT YX3PHBIX BOJH,
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MonenupoBanue aiBoRHwx coynapenni'). [lpeot-
pa3oBaHHe pacCTOSIHHA M MJIOTHOCTH B OGPaTHOM OTHOLIEHHWH TNPH
COXpaHeHHH CKOPOCTH H TeMnepaTypul

x,—>ax;, t-—»af, w-—>u, p—>pla, 80

o6sajfaeT HEeKOTOPbIMH HeoGbUHLIMH cBoWcTBaMH, B coBeplueHHOM
raze (§ 3,14) oHO coxpaHsieT HeH3MeHHbIM YAENbHYIO TemJoeM-
kKocth C,, agna6aTHYECKYI0 NMOCTOSSHHYIO 1 H CKOPOCTb 3ByKa B OK-
pyxamwoueii cpene C. CaenoBaTesibHO, OHO cOXpaHsieT uHcao Maxa
M= V/C.

KpoMme Toro, 3To nmpeo6pa3oBaHHe cOrjacyercs W C KHHeTHue-
CKOli TeopHeil rasoB, ec/H pPacCMaTPHBATL TOJbKO ABOHHLIE coyla-
peHnsi Mosekya. CieqoBaTesIbHO, OHO COXpaHseT HeH3MeHHbIMH Bs3-
KOCTb 4, MPOBOAHMOCTb %, a CPeAHION AJMHHY cBoGoaHOro mpotera
MOJIEKY/bl A M3MeHsieT B OTHOWIEHHH | :a. 3HAYHT, OHO COXpaHseT
Takke uucao Pednonbaca Re = Vip/p, unciao Tlpauaras Pr =
= Cyu/x u uucno Kuyacesa A/L. Takum o6pa3oM, OHO NPHroAHO
NS MONENHPOBAHHS CXKHMAEMOCTH, SBJEHHH yJdapHbIX BOJH, siBJje-
HHHl BA3KOCTH, NMOBbILIEHHS TeMNepaTypu BcJeJCTBHe Harpesa IoO-
FPaHHYHOTO CJIOS M sIBJIeHHHA B pa3pekeHHOM rase (6oabluas cpel-
HSsA AAHHA cBoGoAHOrO mpo6era).

HaxoHel, naHHOoe mnpeo6Gpa3oBaHHe cOXpaHsieT Bce BTOpHYHHIE
npouecchl XAMHYECKOH KHHETHKH, c/le0BaTe/bHO, OHO MPHTOAHO A
MOAE/NHpPOBaHHS MHOTHX SIBJEHHH, pacCMOTpPeHHBX B § 34, KoTophle
He YKNaALBalOTC B PaMKH MeXaHHKH KOHTHHyyma. C apyrofi cTo-
POHBI, OHO MMeeT To 6oJbllioe NMPEHMYLLEeCTBO, YTO MO3BOJseT BOC-
NPOH3BOAHTL NMyTeM MOJAeNHPOBAHHS MHOTHE a3pOTEPMOAHHAMHYE-
CKHe fiBJIeHHs, IPOTEKalollHe B BEPXHHX CJlosiX aTMocdephl, npH HC-
NLITAaHHAX HA MOAeNsX HeGOJbLIHX pa3MepoB BOJH3H MOBEPXHOCTH
SeMJIH.

§ 74. AcumnToTHYECKOE H3MeHeHHe MacmiTaba

AdduHHOe MolenHpPOBaHHE — KAK M B TEOPHM TOHKHX Tesn—
MOXHO ()OpPMaJibHO paccMaTpHBaTb B PaMKaxX aHa/lu3a pas3MepHOC-
Tell, NPHNHCHBAs Pa3Hble «Pa3MEPHOCTH» AJMHAM B pPa3HBIX Hanpa-
BJIEHHSIX 2).

OnHako ropasao Gojee AeACTBEHHBIM 5BJAAETCA MeTOJd HHCIEK-
LIHOHHOTO aHalH3a, KOTOPH MOKa3HnBaeT, YTO TAKOM «aHaJH3 pas-
MepHocTeii» 06bIYHO PaBHOCHJIEH 0ocoGof Teopuu 803mywenud, 1. e,
8CHMNTOTHYECKOMY HHCNEKUHOHHOMY aHajH3y.

1) Heony6aukoBaHHas %Gon aBTopa W dkkepmMana uz3 AVCO Corp.

f) Cv. Williams . Phil. Mag., 34 (1892), 234—271; Moon P,
Spencer D. E, J. Franklin Inst., 248 (1949), 495—522, Yacro meToan BO3e
MylleHHfi caMy He MOryT OHTb CTPOro O0GOCHOBAHWI,
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Mb paccmotpenn cayyaik MHEapH30BAHHOFO MOAENHPOBAHHS
no uncay Maxa. Ce#iyac Mb NMpHBeleM HeCKOJbKO NPHMEpOB MPH-
MeHEeHHS! TOH e HIeH.

Buith MoxeT, Hau6Gosee BaXXHHM MPHMEPOM CJYyXKaT ypaBHeHHA
noepanu4nozo cnos Tlpauatas aAs NaMHHAapHOTO TeyeHHS BOJH3H
raaakoi TBeppoit rpaHuun (§ 27). Tak, cTauMoHapHOe NJAOCKOe
TeueHHWe B norpasHiuHoM caoe onpeaeasercs [ra. II (14)] ypasne-
HUAMH

Jdu du 1 dp  du du dv
Hx Uy T oo ="y ax Ty =0 (8

H KpaesbiMH ycaoBuaMmu u(x,0) = 0, u(x, 00) = u.

OTi ypaBHeHHs, BhiBeJleHHble B NPHG/HKEHHH, KOrla TOJLHHA
NOrpaHHYHOro cJ0A CuHTaeTcsi OGECKOHEYHO MaJlof, HHBAPHAHTHH
OTHOCHTEJbHO rpynnu ap¢HHHHX npeo6pa3oBaHuil BUAA

x—>Bx, y—>By, u—»u, vy, (39)

a TaKXe OTHOCHTEJbHO Tpynnbi, onpejaensioules MOAeTHPOBaHHE
no uucay PeftHoabaca.

Hpyroii npumep naet Teopus Ge3BHXpeBbHIX [PABHTALUHOHHLIX
BOJIH B MEJIKHX BOJAOEMax C MeAJeHHO H3MeHsioweRca ray6uHon A.
B camom rpy6om npuGanxkeHHH CpPeAHAA CKOPOCTb YacCTHUW u(x, f)
B 3THX <BOJIHAX Ha MeEJKOBOJAbe» JJsl ABYMEPHOTO IBHIKEHHSA
[58, pa3n. 2.2] ynosaerBopsieT ypaBHEHHIO

uy==2¢g (’m).u' (40)

YacTHbi HHCMEKIHOHHLIA aHA/H3 NOKa3nBaeT, uTo ypaBHeHHe (40)
HHBAPHAHTHO OTHOCHTEJNbHO Npeo6pa3oBaHUs

t—>Bt, h—>p"’h (41a)

npu mo6Gom B > 0. Tak kak ypaBHeHHe (40) OAHOPOAHO H JHHERHO,
TO OHO HHBAPDHAHTHO TakKXe OTHOCHTEJbHO ﬂp806p83OBaHHﬁ

u—>3%u—+s¢ npu aobex 3>0 u e (416)

Kak yxe 6nl10 oTmeueHo B § 15, BOJIHH Ha MeNKOBOAbe MOXHO

npeAcTaBHTh 60jlee TOYHO YPaBHEHHSMH NMOJHTPOMHOrO TeYEHHs TMPH

= 2. U3 cka3zanHoro B § 73 caeayeT, YTO OHH HHBAPHAHTHH MpH
BCeX H3MeHeHHsX MacwTaba Buaa

X—>ax, t—af, u—>u, p—rkp. (418)

B ra. V Mu nokaxeM, Kak ¢ MOMOLLbI0O TaKKX IPynn MOXHO no-
nyyaTh B fIBHOM Biie 4YacTHbie peuleHHs KpaeBbiX 3afay.
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3aechb e Mbl FnaBHbIM 06pa3oM paccMaTpHBaeMm NPHMEHEHHs
TEOpHH MoleaHpoBaHHsi. Ee BaXHBIM npunoxeHnHeM sBasetcs o6oc-
HOBaHHE H3MEHeHHs BePTHKa.JbHOro MacwiTtabd B THAPaBIAHYECKHX
Moleasx !'). Mul paccMoTpuM 3toT Bonpoc B § 77.

§ 75. AspoauHamnueckne TpyOnl

B HacTosillee BpeMs MHOrHe Bejaylive Ja6OpaTOPHH B nepBYIO
oyepelb 3aHHMAIOTC NPOBeJeHHEM H HCTOJNKOBAaHHEM ONBLITOB Ha
Mozensx. B cBi3H ¢ 3THM Ha npaKTHKe GHJH BbIPaGOTaHBI HEKOTO-
pble MPOCTble MOJNOMKEHHA OTHOCHTEJNbHO NoA0GHSA, BPode OMHCAHHBIX
B 370 rnase. OQHaKO NepBOHAuaJbHO NpocThie HAeH GbiIM 3HAuM-
TeJIbHO YCOBEpIUEHCTBOBAHbWI C Pa3BHTHeM 3THX PaboT, H Mbl MmoJy-
yHan Ob BecbMa HCKaXKeHHOe MNpeacTaBjeHHe O MOJeJHPOBaHHH,
ecnd Gbl He paccMOTpeJH HEKOTOpble NpaKTHYeCKHe acNeKThl 3TOMH
Tembl. [Io3TOMY B 3akaioueHHe MBI AAAMM KPATKHH HCTOPHYECKHH
0630p pa3BHTHA 3KCMEPHMEHTANbHON TEXHHKH HEKOTOPBIX CrelHalb-
HbIX BHIOB MOAENHPOBAHHS.

Aspoannamuueckne TpyOnl npeacTaBAsioT, GbITb MOXeT, HaWGo-
Jee COBeplIeHHble YCTPOMCTBA [Js NPOBeJAeHHA 3KCNEepPHMEHTOB C
mozensiMu. IlonyueHHble B HHX [JaHHBle NePBOHAYaJbHO HCTOJKO-
BbIBAJIHCh TOJILKO C MOMOLUBIO HHepPUHANbHOro MacwTaGHpoBaHHS,
Hanpumep B cayyae 3amepoB ko3pouumuentoB Cp, Cr, Car ans npe-
NATCTBHS WM KPHJa 3alaHHOIl (pOpMbL NPH 3a[aHHOM YrJje aTakH.
K ToMy e, 3TH rpy6bie naHHbe TPeGOBaNH «NONPaBOK TapHpoOBa-
HHA» Ha BAMSIHHE NePXaBOK MOJeJH, a TaK:Ke MONPAaBOK Ha BJAHSA-
HHe cTeH ¥ najaeHHe nasjeHHs (§ 102). IlockoabKy onuiThl MPOBO-
JHJAHCH MPH Pa3NHvHBIX yHcaax PeiiHonbAca, 4acTo BO3HMKAAH pac-
XOXIEHHS, B 0OCOGEHHOCTH B OKPeCTHOCTH Reyp, H KOHKypHpylOUIHe
na6opaTOPHA HHOTAA 3asABASJIH, YTO 3TO Pe3yabTaT OWHOOK 3KCne-
puMmenTa ?).

OcTpoyMHas Hles, NO3BONAOULAS NOAyuyaTh pa3Hble yHcaa Re
Ha MaJblX MOAeNsiX, COCTOHT B TOM, YTOGbl HCNOJAb30BATL a3pPOAHHA-
MHyecKHe TPYGH ¢ nepeMeHHoi maotHoctbio ({3), pasa. 102); Tak
KaK BA3KOCTb | He 3aBHCHT OT JaBJjeHHs, To uHcao Re = VLjy =
= pVL/pn nponopUHOHANBHO NJIOTHOCTH.

OnHako onbITH NOKa3biBalOT, YTO HIeH, H3NoxKelHble B § 71, He
Ge3synpeuHbi H B TOM OTHOUIEHHH, YTO TYpOY/JE€HTHOCTL B a3pOJAHHA-
MHYecKoH Tpy6e MOXeT BJHATH Ha BenanunHy Cp(Re). Utobul 31O
yuecTb, 6bi10 NPeAJIoKEHO ANS BCAKOH NaHHOH a’podHHaMHYyecKo#H
Tpy6nl onpeienuTb TaKOH MHOXHTeNb A, 4TOoGbl B 3TOH TpyGe

'y Craya A. [50, Doodson A. T. [51], crp. 148.
?) Mo Bocnomuuansiam mnpodeccopa B. Tlparepa. Koueuno, wepoxosarocts
MOAE/H TakXe mpeicTasiaser cOGOM napameTp, KOTOPHIt MOAMEKHT yuery,
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«3¢dekTHBHOEY yHCI0 PeifiHoabaca Regy, 6uiio paBHo AVL/v. B Ha-
CTOsIlllee BPEeMSl B CBSI3H C CO3JlaHHEM a3POJHMHAMHYeCKHX TPYyO HATy-
pajbHBIX pa3MepoB ¢ MaJiofi TYpOyJeHTHOCTbIO, He TOBOPA yxe 06
HCCNeOBaHHSAX B CBOGOAHOM INoJeTe H O CTAaHAApPTHBIX HaGopax
npodunell, 3KCnepuMeHTHl B a3pPOJAHHaAMHYecKHXx Tpy6ax ¢ MaJoH
CKOPOCTbIO B 3HauHTeJbHOH Mepe M36aBHJHCH OT ObLIOH CBoelt He-
onpejeeHHOCTH.

TexHHKa HCNONB30OBAaHHSI CBEPX38YKOBLLX a3POJAHHAMHUYECKHX
Tpy6 HMMeer ropasgo MeHbuylo HcTopHio. [lepBhle Takue TpyGnl Gbl-
Ji BBeJeHnl B JeHCTBHE BO BpeMs BTOpOH MHPOBOH BOMHBI, H HX
61uoM 6blIO HenmpeaBHAeHHOE BO3HHKHOBEHHE CKAaYKOB KOHAEHCALHH
M naxe o6pa3oBaHHe CHera-— sIBJE€HHSl, KOTOpble TPYAHO HCCJENO0-
BaTb C MOMOILLBIO TOJILKO aHa/NH3a pa3MepHOCTed.

AHanH3 pa3MepHOCTeHl YKa3biBaeT Ha TO, YTO B CBEPX3BYKOBBIX
a’poaHHaMHuyecKux Tpy6ax (M Bo BHewHell G6aJJHCTHKE) HYXHO
cuutath Cp ¢yHkuuedn or uucens M u Re. OnHako npakTHUeCKH
yucio PeiiHonbaca, mo-BHAHMOMY, Hrpaet BTOPOCTENEHHYIO pOJib,
BONPEKH IIHPOKO pPacnpocTpaHeHHON NPOTHBONMOJIOXKHOH TOYKe 3pe-
uua '), Tak, noBepxHOCTHOe TpeHHe OOBLIYHO COCTABJSIET TOJBKO
10% oT noJHOro COMPOTHBJEHHS NpPH NBHKEHHH CHapsja, a 3TO,
CKopee BCero, HMEHHO Ta COCTaBJfIOL(as, Ha KOTOPYIO BJHSAIOT lue-
pOXOoBaToeTh MOBEPXHOCTH H BA3KocTb. OfHaKo BenHuHHA Reyy. OKa-
SHIBaeT BJHSHHE M Ha pa3jMuHble MeHee CYLUeCTBEHHLIE SBJEHHS,
CKaXeM, Ha TOJIUHHY YAAapHHX BOJH M Ha A-0o6pa3Hble yaapHhe
BOJIHBI, OTKPHITHIE AKKepeToM 2),

§ 76. OnnitoBbie GaccediHbl

HaunGonee BaxKHHIM NpPHMEHEHHEM MOAENTHPOBAHHA MO YHCJY
®dpyna ABAAIOTCA HCNBITAHHS MojeNlell CYAOB, XOTS OHO TaKXKe
NPUMEHseTCs TNPH MOJEJHPOBAHHH BOJIH H celilief, BXOXAEHHS
B Boay (§ 78) W ucnosb3yeTcss AJS FHAPaBAHYECKHX TYypGOHH, HMelo-
1IHUX CBOGOAHYIO MOBEPXHOCTD %),

Yxe NaBHO CNOPSIT O TOM, KOrO Hajo CYHTAaTb aBTOPOM «Moje-
JUpPOBaHHA no uucay Ppyna» npH HCCAeNOBAHHH Ha MOAENSAX CO-
NpoTHBJeHHs cyaoB, — Puua uan ®pyna. [Tockoseky daktm mpo-
BOJIbHO JIIOGOTLITHH, Mbl NIPHBEJEM HX.

1) Teopetndeckne BuBoAW B The Mechanical Properties of Fluids, Blacklie
B gap., 1935 ocHoBaHM Ha oOAHON-eAHHCTBeHHON TabnHle, NpPHBeNeHHON Ha
ctp. 37 B [5]. B GannucTHueckHx onuitax, nposefenHnix 8 CIIA, He oGHapyxuJu
yero-1u60 naxke OTAa/NeHHO HANOMHHAIOUIEr0 RAHHble 3TOM TaG/IHLH.
%) Ackeret J., Mitt. Inst. Aerodynamik Zarich, Ne 10, 1944,
}) Cm, Bertrand J, /. de 'Ecole Polyt., 19 (1948), 189—197,
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B 1831 r. Puu!) npeanoxun B TOYHOCTH TO, YTO OOGHIYHO HA3Hi-
BaloT «3akoHoM {pynas, a HMeHHO HCNLITHBATL MojenH KopabJaed
NpH paBHuix yHcaax Ppyaa W OLEHMBATL CONPOTHBJEHHe o6bexkTa
¢ noMouiblo npeoGpa3oBaHus mnoaobus (22). Boabuwias 3acayra
dpyna COCTOMT B TOM, YTO OH Molles jajiblile 3TOr0 NpoCcToro 3a-
KOHa.

Y GoabwmHCcTBa TOProBuix Kopabaed 90% BeAHYHHB COMPOTH-
BJIEHHS NPHXOAMTCS Ha TPEHHe, H, CJNEAOBaTeNbHO, AN HHX NPHIOA-
HO He MoJeaHpoBaHHe no uucay dpyaa, a MofeNHPOBaHHe MO YHCHAY
Pefinonbaca. UTo6u OlLEHHTL COMPOTHBJEHHe Kopmyca Kopabas mo
MCMLITAHHAM Ha MOJeNsX, HYXKHO ero npeiCTaBHTb B BHAe ABYX CO-
CTaBJSIOILHX: BOJHOBOE CONPOTHBJEHHE H COMPOTHBJEHHe TPEHHs.
Bnepsble 310 660 npeasoxeHo B 1874 r. ®pyaoM?), H 9TO OCHOB-
HOe JonyllleHHe MOXKHO NPEeACTaBHTb B BHAe GOPMYJH

Cp=Cy (F1)+C,(Re). (42)

A y Toprosbix kopa6aeit o6biyHo npesaanpyer Cy(Re)!

OaHaKo TOuHble «33aKOHBI» MOJAENHPOBAHHSA ellle NaNeKO He Bbl-
sichennl. Haunnas ¢ 1935 r. Cy(Re) o6bIYHO pacu/ieHSIOT Ha «Mno-
BEPXHOCTHOE TpPeHHe» H «COMPOTHBJEHHe GOPMH» (CONPOTHBJEHHE,
BbI3BAHHOE HaJIHUHEM Clefla HIH BHXpefi).

INMepexon oT conportnBaeHHs ¢GOPMBI MOAENAH K MOAENHPYeMOMY
CONPOTHBJIEHHIO B 3HAYHTENLHOH Mepe OCHOBLIBAETCS Ha JHYHOMH
HHTYHUHH HccaenoBatens. HauunHasa npumepuo ¢ 1945 r. o6biu-
HbHIM NPHEMOM CTaJlO CO3JaHHe HCKYCCTBEHHON LIepOXOBAaTOCTH NO-
BePXHOCTH MOJeNH, ¢ TeM 4TOOH MOAYuHTb «3¢(eKTHBHOe UYHCIO
Peiinonbacas Reyy. H Ko3ddHUHeHT conpoTHBAeHHs ¢opMm Goaee
G6JH3KHMH K COOTBETCTBYIOIUHM KO3 dHLUHEHTAM AN PealbHOro Koe
pa6as. ABTOpYy He H3BeCT€H HH OAHH TEOPETHYeCKHH NpPHHUMA, No-
3BOJIAIOILHI ONpejesiHnTb, KaKas HMeHHO TpefyeTcsi LIePOXOBaTOCTb
MoJesH, 0COGEHHO €CIH y4yecTb, YTO «06pacTaHHes KOpHyca CHJbLHO
H3MeHsleT MOBEPXHOCTHOE CONPOTHBJIEHHE TPEHHS y peasibHOro Ko-
pa6asi 3a BpeMs ero cayxo6bi.

HenaBHo GbiI0 MpefsiokeHO 8bi4UCAATL BOJHOBOE COMPOTHBIe-
HHe Kopalsisi TeOPETHYECKH, a CONPOTHBJIEHHe TPeHHs (M GHOpMH)
paccMaTpHBATb KaK HeKHi#i OcTATOK., TaKHe BHIUMCJIEHHS NOKa He
NpoBe/leHbl: HENHHEHHOCTb KpaeBblX yC/JIOBHA Ha «CBOGOAHON rpa-
HUle» JeNaeT HX YCTPallalolHMH,

B cayuae nuHeapH3oBaHHOTrO NMPHGJHKEHHsT «TOHKOro Kopabiss
(§ 74) Teopernueckoe BhuyHcaeHHe Ko3d¢HuHeHTa Cw(Fr) npuso-
IHT K NATHKPATHOMY HHTErpanay (HHTerpana Muuenns). B neckosb-

8\31') Reech F, Cours de I'Ecole d’Application du Génie Maritime, Lorient,
%) Trans. Inst. Nav. Arch., 15 (1874), 36—59,
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KHX MPOCTLIX C/Ay4yasx OH Obia noacuutad. OQHAKO 10 cHx nop ue
AICHO, yeM OODbACHAETCS PacXOXAeHHe MEXAY BBIUMCJEHHbIM 3idtue-
HueM Cw(Fr) u nonyyaembiM H3 onbiToB 3HaueHHeM Cp — Cy(Re)—
HeJIHHENHOCTbIO H/IH HaJlHuHeM cuena').

§ 77. MonesH pex H rasaHeh

O6DbsicHeHHe Pe3yJbTaToB, MOJYUYEHHBIX NPH MOAENHPOBAHHH ra-
BaHeil, PeK, yCTbeB, NJIOTHH, BOJOC/JHBOB H T. A.2), eiue Gonee 3a-
BHCHT OT NMPAKTHYECKOTO ONnbiTa H HHTYHURHH. JlOCTaTOuHO CJOXHO
TaKXe MoJeJHpOBaHHe MOTOKA XHAKOCTH B TaK Ha3blBaeMbIX «He-
NOABHXHLIX JIOXKaxX»; elle 60Jee TPYAHO C MOMOLLUBIO NPOCTHIX MaTe-
MaTHUYECK!X MOHSTHA HHCMEKUHOHHOrO aHa/JH3a OCYLIeCTBITb MOJE-
JHpOBaHHe 3pO3HHHOrO AEHCTBHA H OTJOMXKEHHH B cJyyae «NOABHXK-
HOro JIoXa».

[Tpu u3yyenHu ABHXKEHHS XHAKOCTH Ha MaJbiX MOJAeNsX Henoj-
BHXXHBIX pyceJ B NepBOM NPHOJHXEHHH MOXHO HCMOJb30BaTb MO-
neanpoBaHHe no udHcay Ppyaa. 3To 3HAYHT, UTO €C/IH yMeHblleHHe
AJHH paBHO L : 1, TO CKOPOCTb JO/MXKHA YMEHbUWHTLCS B OTHOLIEHHH
V L:1, a o6beMubiii pacxog— B oTHoweHHH L% : 1, kak npeamno-
Aaraiaock B § 72, Ho Bce 310 BecbMa npHOaHxeHHO. (ITepuoant oT-

JHBOB H NpPHJIHUBOB TOXe€ H3MEHSIOTCA B OTHOUIEHHH VL:1)
OaHaxko NMpaKTHKa MOAENHPOBAHHA No uHcay Ppyaa ckopo 3a-
CTaBJfieT NpH3HaATh 11e06XOMIMBIMH pa3/HuHble orpaHHuenus, Tak,
3aTVXaHHe BOJH H IpyrHe 3¢dexThl BA3IKOCTH OKa3blBAlOTCHA 3aBH-
[UeHHBIMH Ha MOJeasX MaJblXx pa3MepoB, B ne6Goabuinx Mogenasix
raBaHeil BOJIHbl He pa3OHBAIOTCA TAK, KaK HAcCTOAl(He BOJHLH: pe-
UalolU(HM OKa3biBaeTcs AeficTBHe KanuaasphocTH3). Kpome TOro,
3axBaT BO3AyXa B HeGOJbIUHX MO pa3Mepy MoJeasX BOMOCH-
BOB H BOAOMNAJ0OB ropa3fo MeHbllle, YeM B €CTECTBEHHBIX YCA0BHAX 4).
Bonee Baxen 1ot (akt, uto (§ 71) CHAN BA3KOCTH B MOAeaAX
OTHOCHTE/NbHO BEJIHKH H, CJIeA0BaTeNbHO, TYPOY/JIEHTHOCTb («BHXpe-
Basi BA3KOCTb») CPaBHHTEJbHO ¢ HHMH MaJna. Uto6bl 3TOrO0 H3Ge-
XaTb, OGLIYHO B MOAENAX UHOYYUPYOT TYpOJEHTHOCTb, HCKYCCTBEH-
HO yBeJHYHBas LIEPOXOBATOCTb MNOBEPXHOCTEH WIH AaXe CO31aBast

) Birkhoff G., Kotik J, Korvin-Kroukovsky B. V.,
Trans. Soc. Nav. Arch. Marine Eng.. 62 (1954), 359—396.

?) KoMmeTeHTHOe H3JOXKeHHe oOHuHbIX noxxopoB cM. Warnock H,
Engineering Hydraulics, Hunter Rouse ed., ra. II; em. taxxe Am. Soc. Civ. Eng.
Manual of Engineering Practice, Ne 25.

3) Yto6H X MOAEIHPOBATb, HYXHO OCTaBJATb HEH3MEHHHWM «uHcjao BeGepa»
W = Y/pV2L, rpe Y -—mnoBepxHoctHoe HaTskeuHe [cM. Bashforth,
Adams, Capillary Action (1883 r.)].

) Cm. Escande L., Génie Civile, 16- dec. 1939, Camishei C. and
Escande I, Similitude Hydrodynamique et Technique des Modéles Reduits,
Paris, 1938 (peaxas KHHra),
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—

NpensTCTBUS ABHXKEHHIO XKHAKOCTe#A B BHIEe BEPTHKAAbHLIX NJACTH-
HOK HJIH JKeCTKMX MPOBOJIOUHbIX CETOK. JTO yBeNHUYHBAET BHXPEBYIO
BAI3KOCTb, TaK UTO CHJbl BA3KOCTH B MOJEAH CTAHOBSATCH Aaxe OT-
HOCHTeAbHO GOMbUIHMH, YeM B APYTHX YCAOBHSX.

BnpoueM, npu noctatouso Goabuinx uncaax Peiioabica, TaKylo
A0 HEKOTOPOH CTeneHH MapajaoKCadbHYl0 MPAKTHKY MOXHO 4aCTHu-
HO OGOCHOBaTb C MOMOLILIO HHCMEKUHOHHOTO aHaJiH3a, Ha 4TO yKa-
3ana aBtopy C. Poii. B ykasaHHBX yCJIOBHSIX CHABI BA3KOCTH ropa3nuo

MeHbllle, uyeM «HanpsixeHus PefiHonbaca» uj u,’. rie u’— BeKTOp
TypGYyJEHTHON CKOPOCTH, a uyepra O3Hauaer ycpeaHeHHe (cM. [5},
crp. 192). IMoatoMy, ecan oTHocHTeabHast TYPOYJEHTHOCTb BO BCeX
TOYKax O[HAa M Ta Ke, MOXKHO PacCyMTHIBaTh HAa TO, YTO pacmpeje-
JIEHHS CPeIHHX CKOPOCTEei Ha MOJEJNH H B HATYpe CXOMAHbI.

IlepeHoc TBepaAbIX 4acTHI (3arpsA3HeHHH, necka, rpaBKa) ABHXKY-
utefics BOJOH B CHAY ero 6OJbLIOrO NPAaKTHYECKOrO 3HayeHHs s
peK, raBaHel H YCTbeB 4acCTO H3YyalOT Ha MOJe]siX THNAa «NOABHX-
Horo Joxa». Hcnoab3oBaHHe Takux Mojenet Tpe6yer G6O/bLIOro
MHAHBHAYaJlbHOTO HCKYCCTBA M CBSI3aHO C O4YeHb TOHKHMH coolpa-
KEHHAMH 1),

MonennpoBauue no uncay Ppyana secbMa nPHOJIHIKEHHO cOXpa-
HAleT KaK CKOPOCTH, Bhi3BaHHBie CHJIOH THAMECTH, TAK H BOJIHOBblE
JBHXKeHHs (B Mojaeasix raBaHefl), HO TOJbKO B cayuyae TypOy/eHT-
HOro pexHMa TEeuYeHHS HJIH B CJyuae, KOrjga MOXHO npeHe6peub BA3-
KOCTbIO 2).

Ha Moznenn yacto 3aBbIIAIOT OTHOCHTEJbHble pa3MepH YacTil,
OTYacCTH, YTOOH H306€XKaThb CHJbI CLEeNJeHHs, OTYaCTH, yTOON coXpa-
HHTb yHcao Re, a Takxe, 4To6bl O6JErYHTL H3roTOBJCHHE MOMENH.
Takoe 3aBbillieHHe pa3MepOB NPENATCTBYeT YBJEUEHHIO YacTHL MO-
nenH BOAOA. DTO sBJeHHe KOMIeEeHCHpPYyeTcs®) yMeHbllleHHeM HX OT-
pHUATeJbHOR NJ1aBYYeCTH py — p.

3acayxHBaeT YNOMHHAaHHA TakXe oObiyHOe B TaKHX MOAeNsAX
HCIOJIb30BaHHe PAa3AudHbiX Macuitabos no 20puU3OKRTAAU U nO 8ep-
rukase. B AHIIMH NPHHATO 3aBblllaTh BePTHKaNbHHA Maciutal
(cnenys Pefinonbacy W T'u6cony), uroGb H36eXaTb ype3MepHOro
MenkoBoAb. OGOCHOBAHHOCTh TAaKOTrO 3aBMUIEHHS 4aCTO OCNapHBa-

) INoapoGHoe paccMOTpeHHe HEKOTOPHX TPYAHOCTER MOXXHO HafiTH B pa-
G6ote Proc. Am. Soc. Civ. Eng., 71 (1944), Trans. No 3, 4. 2. B HexoTOpHX
MOJeNAX ' NPHARBOB CHAY KopHoMHCa HYMHO MOAeNHpOBaTh NOCPEACTBOM H3Me-
HEeHHS KPHBH3HH pycaa; cM. [49], crp. 78.

?) MoXHO 3aBHCHTb HAaKAOH [HA PEKH HJH YCTbH, 9TOGW NOAY4HTb MOAXO-
AfilHe CPeJAHHe CKOPOCTH TeyeHHs, Koraa 4dncao Re mano. llepoxoBatocTh mpex-
cTaBnfeT co6oft BaxHuA dakTop.

3 Cm. Camichel C,Escande L., Comptes Rendus, 199 (1934), 992.
O1aMuHoe H3NOXKeHHe 32KOHOB MacWITAGHPOBAHHA B CJAyYae TepeHoca HAA CM,
Einstein H. A, Miiller.R, Schweiz. Archiv, 6 (1939), Ne 8,
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nacb!) Bo PpaHuuH, rge HMeeTcs TEHAEHUMS HPHMEHATHL MOJENH
GosblIMX Pa3MepoB. ITO MOMHO HCTOJIKOBATb KaK HeuTo Bpoje
acCHMNTOTHYeCKOro MaciutaGupoBaHus (§ 74).

Ha npaxkThke npu H3yueHHH THAPaABJHYECKHX MOJeJield peK M ra-
BaHell pelKo o6pallalOTCs K TeOpeTHUeCcKHM aosoaaM. HanexuocTn
A0GHBAIOTCS TEM, YTO BOCNPOH3BOIAAT Pa3JIMUHbIE aCMEKTHl PeXHMa,
Ha0J101aeMoro B peasbHbIX ycaoBHsiX. [Ipu 3TOM HageloTcs, 4TO
H3MEHEeHHs] B YC/NOBHSIX OOGTeKaHHs TaKxe GYAYyT BOCMpPOHM3BeJEHH!
B HOBOM Maclutafe — XOTsl He HMeeTCS HHKAKHX TeOpeTHUeCKHX ZO-
BOJOB B NOJAAEPKKY TAKOro NMpeanoJioxKeHHUs.

§ 78. Moaeauposanue BXoaa B BOLY

HOns noasogHo#t GaJVIHCTHKM MOXET HMeTh GOJbLIOe 3HavYeHHe
MO/IeJIHPOBAHHEe SIBJIEHHH NMCBEPXHOCTHOTO M IMyGHHHOrO CMBIKaHHS,
KOTOpble COMPOBOXAAI0T BXOA B BOAY, Kak ykasauo B § 53. ITosto-
MYy BO3HHKaeT npo6JseMa, KaKk BOCMPOH3BECTH 3TH SABJEHHS B JPYroM
MacuuraGe.

Ha ocHOBaHHH 3KCNepHMEHTAJIbLHOH aHAJOIHH MOXHO MOALATHCA
MCKYUIEHHIO MCMOJIb30BaTh NOMPOCTY MOJEJHPOBaHHe MO YHCAY
dpyna ¢ NOHMIKEHHBIM JaBJIeHHEM NPH MOCTOSAHHBIX yHcnax Fr u Q
uan Q*; M HeficTBHUTENBHO, TaKoe NpeAJoxKeHHe 6blio caenano. On-
HAKO Mbl pajbl 3asBHThb, YTO Ha 3TOT Pa3 NMPAaBUJIbHOE pellieHHe B
clyyae MOBEPXHOCTHOTO CMBIKaHHSl, MO-BUAMMOMY, GbLJIO AaHO He
HH)XXEHEPOM, HCXOIMBILHM H3 (HU3HUYECKOTO OMbITa, a C MOMOLUBIO
MHCMEKIHOHHOIO aHa/JH32 «MaTeMaTHKOM B ero KaGHHeTe», HMEHHO
aBTopoM 3To#t KHHrH?). Pewenne 6b10 MOACKa3’aHO C/AEAYIOLIMMH
coo6paKeHHSIMH,

[TpocToe pa3aMbllujieHHe NMPHBOAHMT K MBIC/H, YTO MOBEPXHOCTHOE
CMBIKaHHe O6YCJIOBNEHO MJAOTHOCTBIO BO3[YyXa: HMeeT MeCTO CHHXe-
HHE JaBJEHHS B rOPJOBHHE KaBepPHH Ha BeJHuHHY p'v’%/2 (p’— naot-
HOCTb BO31yXxa, U’ — CKOPOCTb BO3AYXa), H 3TO BBHI3LIBAET BCIJIECK
M CYXeHHe TOpJIOBHHBI. Takoe ABJeHHE HEBO3MOXXHO BOCNPOH3BECTH
Ha MOJE/NH, eC/IH IJOTHOCTb p’ YMEHbLIAeTCsl BCEACTBHE MOHHXKEHHS
JaBJIeHHS!; HO eCJIH [aBJieHHue He NMOHHXXAeTCs, TO, NO-BUAHMOMY, He
MOJIEJIHPYIOTCS pa3MepHl My3bips, 06pa3yloLIerocs nocje CMbIKaHHS
KaBepHBDI.

1} Camichel C, Fischer E, Escande L., Compfes Rendus, 199
(1934), 594. SKcnepHMEHTAJBHBIA KOHTPIPHMED, TMPHUBECHHHA MMH, He SBASeTCH
TPHMEPOM TIOYTH TFOPH3OHTANBHOTO NOTOKA.

%) Birkhoff G., Modeling of entry into water, Applied Math. Panel,
National Defense Research Council, Ma¥. 1945 (paccexkpeueno); Waugh J. C,
Stubstad G. W, Water-entry cavity modeﬁng, Rlavord Rep. 5365, De-
cember, 1957. OTHOCHTEAbHO MOJC/HPOBAHHS BXOJda TBEpIAOTO Tela B BOAY
cM. Takke May A, J. Appl. Phys, 19 (1948), 127—139; Levy J, Rep.
E-12.19, Hydrodynamics Lab., Caltech., August 1956,
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[Tocko/bKy Mbl HMeeM JeJlo He C BOAAHLIM NMapoM, ypaBHeHHE
COCTOSIHHSA yKe He HMeeT BHaa (33), a BhIpa)kaercsi NPHOIHKEHHO
COOTHOLUEHHEeM

p=kp'". 43)

[Tpu6ankeHHO 3TO ypaBHeHHe YAOBJETBOPSAETC AJsi NOABOAHBIX
ny3blpbKOB ra3a, H ecJH TOJbKO Mbl He HMeeM Je/1a ¢ HaChLUEeHHHM
rasoM, paBseHcTBo p’ = p, + kp’¥ He Buinoansercs. [lo sToft npuunHe
HaJ0 HCNoJb30BaTh yHcao Q* BMecTo uHcaa Q.

C MaTeMaTHUYeCKOll TOUYKH 3peHHsl, ypaBHEHHs Hepa3pbIBHOCTH,
COCTOSIHHSl H JBHXXEHHsi COXPaHSAIOTCA NPH npeobGpa3oBaHHH

xlzdx, t1=Va_t’ ul=V.a~ll, szap»
pi=ap', p,=p =0 k, =ak,

rle HHAeKcoM o6o3liaueHb npeoGpasoBaHHble nNepemenHble. HMrax,
MbBl MOXEM MOJNYYHTb MOJeNb, €C/IH Y Hac OyleT ras, ypaBHeHHe cO-
CTOSIHHSL KOTOPOro HMeeT BHA p;=akp;l'm, rae p’ = kp'"*® ectb
ypaBHeHHe COCTOSIHMS BO34yXa. TaKHM rasoM, HanpuMep, BnoJiHe
MoxeT GHTb BO3AYX NPY HH3KOH TeMnepartype, HO 3TO HENPaKTHYHO
C TEXHHYECKOH TOUYKH 3pEHHS.

[To-BnauMoOMY, NpakTHUHee HCNOAbL30BaTh ¢PEOH HAH Kako#-1H6o
Apyrof «TsixKennlii rass, y kotoporo ¢ % 1,4, H0O NJIOTHOCTb KOTOPOTO
B HECKOJIbKO pa3 6oJibllle MJOTHOCTH BO3AyXa NPH NOHHXEHHOM [a-
BJEHHHM H MPH TeMnepaType aTMocdepbl; B MaJoM Maclitabe Takoe
MojaesHpoBaHHe 6bi10 BoinoaHeHo (cp. [29]). Ocraercst Toabko BHI-
NONHHTb MOJeNHPOBaHHe p H dp/dp Ans rasa.

Moaenupytounit npouecc, ONHCaHHHH BHLIE, [O-BHAHMOMY, He
oTpaxkaer rayGHHHOro cMbikaHHs. Ecan ono npeacrasiasier coGoit
3¢ deKT BA3KOCTH, KaK Mbl npeanonoxuau s § 53, ero MoxHo moze-
JHPOBATh, JHIIbL COXPaHAR YHCIO Re, 4TO NPAaKTHYECKH HEBO3MOXHO.
OnHako, NOCKOJbKY MAaKCHMAJbHO BO3MOXHOE MOHHXKEHHe AaBJe-
HHA yMeHbLIaeTcs A0 HyJs BMecTe ¢ Q* (B NpeanoJioXeHHH, 4TO
pactsaxeHHe p < 0 HeBO3MOXHO B TeyeHHe pacCcMaTPHBAEMOro Npo-
MeXyTKa BpeMeHH), riy6HHHOe CMBbIKAHHEe JOJIKHO NOJYYaThCsl XOTSH
6b H He COBCEM TOYHO NMPH MOAENHPOBAHHH no uHcay ®pynpa ¢ no-
HHXKEHHbIM J1aBJieHHeM, ¢ MPHMeHeHHeM HJH 0e3 NPHMEHEHHS Ts-
XeJjoro rasa.

Heo6xoguMocTh Gojlee aKKypaTHOro aHaiH3a, yeM OOBIYHBIA
aHaNH3 pa3MepHOCTel, BHAHA H Ha mnpuMmepe Oe3pa3mepHoro na-

pamerpa N =V Fr p’/p. 3Tor napamerp, kak HexaBHO!) 6HJ0

') Birkhoff G, Isaacs R, Transient cavities in air-watter entry,
Navord Rep., 1480, January 1951,
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NOKa3aHo, BecbMa NPHOAHXKEHHO onpejensieT BHA CMbLIKaHlif NpH
BXOJ€ B BOAY: NOBEPXHOCTHOE HJH raybuHHOe.

Hcnoas3osanue napamerpa N B KauecTBe HeOo6XO1HMOro Kpii-
TepHs NOKa3biBAWOT CJAEAYMliHe onbiTHble faHHble. CoraacHo skcne-
puMeHTaM BpeMsi T, Heo6xoanMoe ANA TMYOHHHOrO CMbIKAHHS, B

rpy6oM npuHGIHXKEHHH NPONOPUHOHAJBHO BEJHYHHE V'Ljg. C npy-
roji CTOPOHLI, YCTAaHOBJEHO (HampHMep, € MOMOLUBIO HHCNEKUHOH-
HOTO aHaJH3a MHePUHMAJbHOrO MeXaHH3Ma MOBEPXHOCTHUIO CMbIKa-
HHs1), UTO NPOJAOKHTENbHOCTb Inc. NMOBEPXHOCTHONO CMBIKAHHA
nponopuxoHanbia pL/p’V, rme L — xapakTepHas AnuHa, a V —
XxapaktepHas ckopoctb. [103TOMy A/nf NOBePXHOCTHOro CMbIKaHHA
ycnosue Tro. > Tpe npuHHMaeT BHA N > Nyp.

[Ip# O6BLIYHOM HCNONbL3OBAHHHM aHAJNH3a pPa3MEPHOCTEH Mbl NPH-
uan Gbl K BBIBOALY, YTO CPeIdHHe pA3HOCTH AaBJeHHH, Bhl3nBaoLlHe
NOBEPXHOCTHOE M rNyGHHHOE CMblKaHHE, NOJKHH GbITh MPOMOPLHO-
Ha/lbHH COOTBETCTBEHHO BedHuMHaM p'V?/2 u 2pgl, a 3to npuseno
6bl K NpPERJIOXKEHHI0 HCNOJNb30BaTh 6e3pasmephoe oTHouleHHe N’ =
= Fr p’/p B KauecTBe KPHTEPHS NOBEPXHOCTHOTO cMbiKanuA. [locaea-
Hee Pe3Ko PacXOAKTCS C HAaGMIOREHHSAMH,



Fnasa V
TEOPHSA TPYNII H THOAPOMEXAHHKA

§ 79. Bmenenne

B ra. IV 6bl10 moka3auo, uTo mousiTHe CPynnel LEeHHO AJS THA-
pOMEeXaHHKU B TpexX OTHOlIeHHAX. Bo-nepebiX, 3T0 MOHATHe NOMO-
raer MateMaTHuecKH OGOCHOBAaTb MO/JeJ1HPOBAHHE C MOMOLIbI0 HH-
CMEeKLHOHHOro aHaJnu3a, KOoTophlii 6oJiee COOTBETCTBYET CYTH Jena,
yeM OO6bIUHO TNpHMeHseMblH aHaau3 paaMmepHoctell. Bo-BTopbix, ¢
NOMOLLbIO MOHSITHS TPYNNbl MOXHO NMPOBEPSiTb CNpaBeAJHBOCTb Ma-
TEMATHYECKHX TEOPHH FHAPOMEXaHHKH [AaXe B TeX CJayuasx, Koraa
HEBO3MOXHO NPOHHTEPHPOBATh TEOPETHUECKH BbIBeJEeHHbie ypaBHe-
HHS B 4aCTHHIX NPOH3BOAHBIX. M| HakKOHel, KaK H aHaJH3 pa3MepHoOC-
Teil (HO Gosiee o6uiMM 06pa3oM), OHO YaCTO AaeT CPeACTBO CHH3HTh
YHCJIO MOAJIEXKALUHX PAaCCMOTPEHHIO NMapaMeTPOB; TeM CaMLIM MOHSA-
THe TPYNMNLI BHOCHT 311aYHTe/IbHbIE YNPOLIEHHS.

Teneps Mbl 06CYAHM BO3MOMKHOCTH NPHMEHEHHS 3TOr0 NMOHATHS
K uHtezpuposanuro AH¢depeHuHaNbHBIX YpaBHEHHH THAPOMEXaHH-
KH H, KOHEYHO, ypaBHeHHH MaTeMaTHuecKo# ¢Hu3uku Boobuie. Boab-
as yacTb TOro, YTO Mbl HaMepeHbl BbICKA3aTb B CBS3H C 3THM, B
TOM HJH HHOM BH/e yXe HMeeTcsl B Apyrux pa6orax. Ho ecawu, kak
Mbl roJiaraes, NpHMeHEHHe MOHATHA TPynnbl B TeopHH AH(GepeH-
lHaJbHbIX YPaBHEHHH TOJbKO HauyHHaeTcs, 70, NMO-BHAHMOMY, leJe-
c006pa3Ho CBeCTH BOEAHHO OTHOCSILIHECS K 3TOMy Bompocy coolpa-
XKEHHs,

Cnayana Mbl ONHUIEM TO, YTO MOXXHO Ha3BaTb METOAOM NOUCKA
CUMMETPUYHbLX peluert/s yPaBHEHHH B 4aCTHBIX NPOH3BOAHLIX. [Tpen-
NOJIOXKHM, 4TO CHCTEeMa ypaBHEHHH B YACTHBIX NPOH3BOAHKIX ¥ HHBA-
puaHTHa Hajg rpynnoil G, 371eMeHTaMH KOTOpOMH NBJAIOTCA BXOAf-
uHe B CHCTEeMy 3aBHCHMLIe W He3aBHCHMble nepeMeHHble. Mertol
COCTOHT B OTHICKAHHWH pelileHHsl, HHBADHAHTHOrO HaA HEKOTOpoil noa-
rpynnoit rpynnbl G. IpyruMu cJoBaMH, OH COCTOHT B OTbICKAaHHH
u8TOMOOeAbHbIX DPEIIeHHH, 06MafalolHX BHYTpEHHed cummeTpued
oTHocuTeqabHo G.

IToT MeTod TaK 4acTo NMPHMEHSJCS NpH peuleHHH OTAeJbHbIX
¢u3HUECKHX 3ajay, NTO VAHBUTEJIbHO, moueMy OH ne Obll GoJee
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OTYeTJIHBO C(POPMYyJHpPOBAH ropasfo panbuie'). Mbl nokaxem cei-
qac ero 3¢ppeKTHBHOCTb Ha HECKOJbKHX YaCTHLIX NpHMepax.

§ 80. CuMMmeTpHuHbIe pellleHHA YPaBHEHHA TeNJONPOBOAHOCTH

Meroa «noMcka CHMMETPHYHBIX pelleHHH» NPUMEHHM K KOHTH-
HyanabHoit dusnke Boobute. CoBceM MPOCTO €ro NpHMeHeHHe K ypas-
HeHHI0 AHGdY3uH; U 3TO MBI pacCMOTPHM npexje Bcero. [las nio-
CKO-TapaisenbHOro Teuenus ypaBHeHuss HaBbe — Crokca cBOAATCSH
K ypaBHeHHio Auddy3un?), Ho HauboOJee H3BECTHO NPHMEHEHHE
ypaBHenusa audQys3uu B TEOpHU TEMJONPOBOAHOCTH. BBHAY TOro yTo
MepeHocy Tenja M NepeHocy KoJlHuecTBa ABHIKEHHS B BASKOH XKHA-
KOCTH COOTBETCTBYET OJHa M Ta )K€ rpynma CHMMeTPHH, B HEKOTO-
pbIX 3ajayax, OTHOCSILUHXCH 4 K TENJONPOBOAHOCTH 4 K KOHBEKLHH,
MOXHO NPHMEHATb aHaJOrHuHble paccyxiaeHHsa. Hanpumep, MOXHO
paccMaTpHBaTh 3aJaud ¢ H3MeHeHHeM (a3bl Ha MOABHIKHBIX I'DaHH-
nax (3agaya Credana) unu 3afaud o pocte CHepHyYECKHX My3bliPb-
KOB mapa B PaBHOMepHO NeperpeToit Boje.

Hrak, paccMoTpuM Anbdy3HI0 Tensna U3 TO4EYHO20 UCTOHHUKA
B CpeAe C NOCTOSHHON TenJONPOBOAHOCTLIO ¥. YpaBHEHHe TenJonpo-
BOJHOCTH ]S TBEPALIX TeJ HMeeT BHA

n
ou U
- = VU =1x o (n=1, 2 uau 3), 1)
(=1
rae U — teMnepatypa B TOuKe X = (Xy, ..., X,) B MOMEHT BPeMeHH &.

Beuay cdepuueckoit cMMMeTpHH 3anayH 6yleM HCKaTb pellleHHe
n

suga U(r, 1), rae r’= > X% DTHM HcyepnbIBaeTCH HCMOJb30BaHHe
=1

B 3ajJlaye YHCTO 2eomeTpudeckol cummerpuu siBnenusa. Ho Tyt eute
HMeeTcsl Quauueckas cummeTpus B TOM CMbiciae, uTo AHGdepeHLH-
anbHOe ypaBHeHHe (l) HHBApDHAHTHO OTHOCHTEJNbHO IPyNnul NpeoG-
pa3oBaHUH NMPOCTPAHCTBA, BpEMEHH H TeMNepaTyphl

r=ar, t=da%  U=pU+7, (1*)

saBHcsilllel OT TpeX NMPOM3BOJbHbLIX MapaMeTpoB a, B, 7. DToH rpyn-
noit 060611aeTCs KJIACCHUECKHHA 3aKOH BPEMEHH, COrJIaCHO KOTOPOMY

1) Bnepsrie on 6us Bhickasan Hexeprom [62]. Bonee nonnas dopmynanposka
6una paua JI. U. Cenosum [72] u [57], ra. IV, § 1; cm. rakxe K. I1. Cranioxo-
puy [73] n [74].

? (71, n. 345—347. PesyapTaTh storo naparpada OunH OnNyGJHKOBaHH
B [63], npexxne uem HaM CcTa/no H3BeCTHO O paloTaXx, HAa3BaHHLIX B NMpHMeyaHHH 1,
OTHOCHTEIbRO TNPHMEHEHHA K MCC/JeNOBAHHMIO pOCTa TNy3bIDLKOB MNapa  cM,
Birkho!ff G., Horning W. A, Margulles R., Physics of Fluids,
1 (1958), 201-—204,
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BpeMs, Tpebylollleecss A PacnpoCTPaHEHHs TenJa, NPOnopLUHOHalb-
HO KBagpaty pacctosiHHs. [Ipu n1060M MOJIOXKHTENbHOM uHcae /M
TpexnapameTpuueckas rpynna (l*) coaepXHT oaHomapamerpuue-
CKYI0 MOArpynny, onpeaessieMyio COOTHOMEHHAMH

r'=ar, t = a?¢, U'=am{. (2)

Tak kak y =0, To 3Ta nOArpynna coxpansier cjeiyloliee KpaeBoe
ycaosre U(oo,t) = 0. Mot Gydem uckare pewenus U(r,t) ypasne-
nusa (1), unsapuanTHbie oTHOCUTEAbHO nodepynn suda (2).

B paccmatpuBaeMOoM cayuae, BBHAY TOro uto rpynma (2) co-
CTOMT H3 CKaJfipHbIX YMHOXeHHH, MO)Ho npHMenHTh Il-Teopemy.
[MepeMenubie y = r?/t u U/t™? yuBapHaHTHbl OTHOCHTEJIbHO npeos-
pasoBauuit (2). ITostomy, coraacdo II-Teopeme, Bcsikoe pelneHHe
(I), MHBapHaHTHOe OTHOCHTENbHO nNpeoGpa3oBaHHi (2), MOJMKHO
UMeTb BHA

U=t""f(x). x=rit. 3)

B § 89 Mbl mokaxeM, uTo ypaBHeHHe (1) Bcerja MMeeT pellleHHs
cuMMeTpHuHoii gopmbl (3) (aBTOMoaenbHble), Mo KpaiHed Mepe Jo-
KaJbHO.

[Toxa Mbl OFpaHHYMUMCS MCCJELOBalileM OJHOTO YacTHOTO c.ay-
yan. INoacraBass cootHomeHne (3) B ypaBHenHe (l) u mens na
NOAXOAALLYIO CTeNeHb BeJHUHHBI f, MOJyuaeM ypaBHeHie

4xxf"+(2ﬂl—{—x)f'——r;—l-f=0. (4)

[Tepexon x nepemenHoit § = r?/4xt (koTopas O6e3pasmepHa B
OGLIYHOM CMbIC/Ie, T. €. HHBAPHAHTHA OTHOCHTENbHO I'pPynnbl npeos-
paszoBanuit (22) u3 ra. IV) agaer Gosee npocThie BblipaXKeHHN:

U=t"F(@), rre e+ (5+ ) Fe— g F=0. @)

[Tocne moacTaHOBKH x = —§ noc/eflHee ypaBHEHHe NepPexOnuT
B KOH(QJAY3HTHOe rumepreoMerphueckoe ypasHedHe!). OngHako He
3TO IVIABHOE; IMIaBHOE TO, UTO pewlenus ypasnenusn (1) moxcno Hai-
TU, UHTe2pupys o0bbikHOBeHHOe dupdepenyuaronoe ypasrenue, UT0
BCerJAa MOXHO MPOesaTh YHCJAEHHO.

He Bce «cumMerpuunblie» peuleHusa ypaBHenus (1) [r. e. (4)]
npeiacTaBASIOT OAHHAKOBLIA u3nueckHil untepec. IIpenmyluecTBen-
HO HHTepecHbl pelieHHs, aast Koropeix U —0 npu r— oo, TaK uto

lim f(x)=0.
LF>x

') Kamke 3., CnpaBouHHK N0 O6HIKHOBEHHHM NuddepeniuaLibiM ypaBHe-
HuAM, usa, 2-e, M., ®usmarrus, 1961, ypasuenne 2.113, o
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Hac takie HHTepecyeT no.iHoe KoauvecTso renaa, KOTopoe nponop-

-]

ILHOHAAbLHO HHTErpany f U(r, t)yr*-'dr, a cneaoBatenbHo, H BenH-
0
YHHe amat == om+a, yay ™2,
B 4acTHOCTH, HHTepeceil cAyuad, KOraa noJiHoe KOJHUEeCTBO Ten-
212 NOCTORKKO, 4TO COOTBETCTBYET PACNPOCTPAHEHNIO OrpanHyeHHoro
KONMHYeCTBa TeNAOBOH 3HEPrHH H3 Hayana koopawuatr. Torpa m =
= —n; eCIH NONOXHTb n = 2h, TO ypaBHeHHe (4’) nocse npHBeae-
HHS NOAOGHBIX 4JIEHOB CBOAHTCS K BHAY

0=EtFg+(E+h) R+ hF=8F+ P+h(FR+F, h=75. (4%

YpaBuenue (4*) MOXKHO NPOHHTErpHPOBaTH B 3aMKHYTOM BHAe.
Yro6u nonyyutb U(oo, ) = 0, pynkunu F u F; ROMKHBI CTPEMHTD-
cq K uyaio npu § — + oo, H, caefoBatenbto, F(E) = et. M noay-
yuayn peweline Jlanaaca

U= Ct "e " : (5)

KOTOpoe B GOAbLIHHCTBE Yue6HHKOB BbIBOAHTCS C MOMOLULLIO npeob-
pasoBanna Pypoe.

Ipyroft HHTepecHHR cay4af — 3T0 cyyafl TO4EYHO20 UCTOUHUKA,
BHIAENAIOLIEr0 TENNO (33 CyeT XHMHYECKOro HJAH PailtOaKTHBHOrO
npouecca) ¢ NOCTOSHHOR CKOPOCTbIO HayHHasi ¢ MoMeHTa £ = 0.
3gecb m + n =2, 1. . m = 2 —n, BCAEACTBHe yero ypaBHeHHe (4')
NPHHHMAaeT BHI

g+ E+h) F+(1—hF=0, h=3=15",

Hurerpansl Takoro BHAa KOH}AY3HTHOro rHnepreoMeTpHyecKkoro
ypaBHeHHs (OHH GbIIH NOJNYYeHBl APYFHM NyTeM) MOryT ObiThb Bbpa-
XeHbl B 3aMKHYTOM BHAe'). OnHaKO 3TO He CTO/Mb BaXHO, KaK TO
06cTOATENLCTBO, YTO NOAY4YeHHOe aAHPdepeHUHANbHOe YPaBHEHHE AB-
nsercd O6LKHOBEHHBIM.

§ 81. Cnupaabhbie TEHEHKS BA3KOR XKHAKOCTH

Tenepb Mbl NPOHANIOCTPHPYEM METOA <«NOHCKA CHMMETPHYHBIX
pewleHHA» Ha KAACCHYECKOM NpPHMepe «CNHPaNbHBIX TeyeHWfs» He-
cKHMaeMoRt BA3KOA XHAKocTH. Bnepsbie okoHuaTenbHbie GopMyJH

') Cu. Carslaw and Jaeger, «Conduction of Heat in Solids». Oco-
Genno npoct caywadl r =2, tak kak toraa (| —h)=0. [Ha pycck s3. Kap-
cnoy, Teopua tenaonposoanoctd, M,—J1., I'TTH, 1947, — lTpus. nepes.)
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6bl1it nonyuenwvl dxepdpn n Xamenem'). Haubonbuiee 3Hauenne
AN TPHJIOXKeIHiT HMEIOT 4acTHbie CAYyuaH BLIPOKAEHIHS: paaHanb-
HOe Teuellile B Kallase U kpyroBoe teuenine Kystra. Bee xe mbl pac-
CMOTPHM o6GUIHA cayyal, TaK Kak OH MPeACTaBJdeT HHTepec ¢ MaTe-
MaTHUeCKOH TOUKH 3PEeHHSI.

Xopouo H3BECTHO, YTO B cJyuae MJOCKHX HECXKIMaeMblX 1I0OTOKOB
ypaBHelHe HePa3PbIBHOCTH IKBHBAJIEHTHO BBEAEHHIO «(DYHKILHH TO-

Ka» V=J.(udy——'vdx), tak uto (9V/dy, —AdV/dx) ectb BekTOp

ckopocti. Toraa Buipaxeniie —V 2V = du/dx — du/dy naet 3asux-
pexrocts. KpoMe Toro, ypasHeHus aBHxeHns Hasbe — Ctokca ans
TaKHX MJOCKHX TeueHHil 3KBHBAJIEHTHbI 2) ypaBHeHiio

O(VV, V) 1 9(VV, V)

WiV = d(x, y) =7 a(r, 0)
_ 1[0V O(FIV) 9V 9 (VIV)
“—F[‘J(T——or —or ol ] (6)

rae d(p, q)/9(x, y) = pxqy — Gxpy — 06bIUNOe O603HAUEHHE SKO-
6uana, a v, KaKk 0Gbluno, KHHEMATHUeCKas BA3KOCTb p/p.

Aunanus pasMepHocTell MOKa3biBaeT, YTO NpH FeOMETPHUECKH 10~
J06GHBIX VCJOBHAX NOBeleHHe HECXKHMAaeMbIX BA3KHX XHIAKOCTeH 3a-
BHCHT TONbKO OT Geapa3MepHoro napamerpa Re. Tenepbp Mul 6ynem
HCKaTh (BTOMOOenbHble TJIOCKHE TeueHNUs AAS OJHonapameTpHue-
CKHX MOATPYNN rpynnsl noAo6HA

r=er, 6 =648.

D710 3HauMT, 4yTO Mbl 6yleM paccMaTpHBaTb TeUEHHs|, HHBAPHAHT-
Hbleé OTHOCHTEJIbHO HEKOTOPO# cnupaabHod NoArpynmsl

Y =e°r, e +Cﬁ, (7)

rae napaMeTp ¢ XxapaKTepH3yeT CIHpaJb.

[Mpeo6pasoBanus (7) nepeBOAAT NJIOCKOCTb caMmy B cebs. Tak
KaK p nocTosiHHO, (GopMyabl (7) QalT aBTOMOAE/bHOE ABHXeHHe
NpH MOCTOAHHOM yHcJe Re Toraa u ToabKO TOraa, KOraa 3HaueHust
ru. W ru, B COOTBETCTBYIOLIHX TOUKAaX o4HHaKoBb. Ho andodepen-
1lHaJel 3HaueHH#A GYHKIHH ToKa V nponopuHOHaNbHbl NPOH3BELEHHAM
paccTosiHHil Ha ckopocTH, Tak kak dV = (dV/dx)dx + (dV/dy)dy.
[Tostomy auddeperunansl V OyAyT uH8apUAHTHOL OTHOCHTENBHO
cnupaabhoit rpynnel (7). Utak, npi 3agaHHOM B nOJAIPHLIX KOOPIH-

) Jeffery G. B, Proc. Lond. Math. Soc., 14 (1915), 327—338; Ham-
mel G., Jahr. Deutsche Math. Ver., 25 (1916), 34—60.

2) 310 MoxkHO BHBecTH i3 ra. Il gll), TaK Kak rol g = 0 B KOHCEpPBaTHBHOM
node u -y =0 B cuay Toro, utol, =gy =0/0z = 0. 10T  pe3yAbTaT MOXKHO
HaiTh Takxe B (8], ctp. 573, npumep 7,
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HaTax cooTHoweHHH (r, 8) = (e*, 0) nocpeacTBoM npeo6Gpa3oBaHHA
(7) npH a = — A nojyyaeM COOTHOLUEHHA

Ve, 0)— Ve, )=V, 0—c\)—V(l, 0)=F(x), x=0—c\.
8

IMo Tof e nMpHuHHe B C/lyyae ABTOMOAENbHHX OTHOCHTENBLHO
rpynnul (7) TeueHH#i paBHbie H3MEHEHHSl A BH3bIBAlOT PaBHHie H3Me-
Henus V(e~*, cA); mostomy V (e, cA)=ar+b ects JauHelinas
¢yHkuus ot A. ([TocTosiHHas b He BJAHSET Ha CKOPOCTb, H ee MOXXHO
MOJOXHTh pPaBHOH HyJ10.) KOMOGHHHpPYS 3TOT pe3ysbTaT ¢ COOTHO-
wenneM (8), Mu noayuuM dopmyany

Vi, )=ar+F@), *=Inr, y=0—c\ )]

Cornacho 3tofi ¢popMyJe, TeueHHe onpenensieTcsi NPOH3BOJILHOR
nocTosinHoi a H ¢QyHkuHesi oaHo#t mepeMenHoit F. HanGonee Hure-
peceH cayuad, KOraa Aunuu T0KQ — Cnupaiu, T. €. xorna a=0 B
tdopmyae (9).

Kak 4 paublue, Mbl cienaeM noactatosky B AHddepenuHanbHOe
ypaBHeHHe ofitero Buaa (6); nanee cneayloT BBIKNAAKH.

B o6mem BHae noayuaercs ypaBHeHHe

P L () @

oTKyna, B cuay dopmyan (9), V2V =e-2(c24-1) F".
CnoBa AH(depeHUHPYs, NOAYuaeM CleLyiOLIHe YPaBHEHHs:

S (PV)=—eB (1) [cF"+2F),

9 VV)=e"2(*41)F” (10)
T} = :

M3 ¢opmyan, naiowed oOTHOLleHHe mnJowaned B skoGHaHax,
d/0(x, y) = r2d/d(, 8) caenyer, uto ypaBHenus Hasbe — Crokca
(6) 3KBHBaNEHTHH YPaBHEHHIO

vfor , o _ 1oV amV) oV a(™V)
(553 W] =7 [ m e e
Bunoanss ykasaHHole aeficTBHs, Hcnoab3ysa pasencrBa (10),
(10Y) u coxpaumas Ha o6wufi MHOKHTeNb (c?+1)/A=e-%(c?+1),

Mbl NIOJlyyaeM ypaBHeHHe

V(24 1) F\V + 4cF" 4+ 4F"|+aF" +2FF' =0.  (11)
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310 H ecTb 0ObIKHOBeHHOe AH¢depeHUHANbHOE YPaBHEHHe, NOJY-
ueHHoe O3eeHoM !); TPyAHO HAHTH ApYroii crosb ke npoctofi ero
Buioa. C noMouwbio noacraHoBkh G = F’ MOXHO npHaaTh ypasHe-
HHio (11) Heckonbko GoJsiee mpHBAEKaTeNbHBI BHIA; KpOMe TOrO,
OHO yaoBneTBopsierca Bceraa, Koraa F” = 0. Bo BCcAKOM cayuae,
peuleHHss MOXHO MOJAYyYaTb YHCJAEHHHIM HHTErDHPOBAHHEM,

§ 82. MorpaHHyHbie CAOH Y KJIHHbEB

PaccMOTpHM Tenepb 3aJauy HHTErPHPOBAHHA YPaBHEHHH JaMH-
HapHOrO MOrpaHHYHOro CJ0S B CJlyuae CTAallHOHAPHOTO NJIOCKOTO Te-
YeHHs; OHH YyXe Obuly npHBeleHbl B § 27. DTH ypaBHenus HMeloT
BHA

ou ou du,, 0%u ou dv
Bt UGy The e TV T oy =0 (12)

a KpaeBble YCJIOBHSl TAKOBAI:

u=v=0 npu y=0, x>0 (13)
H
lim u(x, y)=u,(x). (13)
y+oo

Kak 6bi1o oTMeueHo B § 74, npHBeeHHblie YDABHEHHS BbiBeAeHbB!
B ACUMNTOTU4ECKOM TMPHONHXKEHHH. DTO NMOJACKA3bIBAET HAM MbIC/Ab
paccMaTpHBaTh MactiTabbl X H Y Kak He3aBHCHMble H3MEPEHHs H
HCKaThb pelIeHHs, CHMMeTDHUHble OTHOCHTENbHO HETPHBHAJbHHIX
MOArpynn uerbipexnapamerpHueckor rpynnbi adpduHHBIX npeobpa-
30BaHHMA

x—>ax, y-»By, u—tu, v->3v. (14)

MoXHO HafeaTbCsl Ha ycrnex B cayuae o6TekaHuss GeCKOHEUHOro
CHMMETPHYHOro Kauxd. B 3TOM ciyuae ¢ NOMOULbIO 3/IEMEHTapHOro
KoH$OpMHOro npeo6pa3oBaHHsi MOMXHO 10Ka3aTh, YTO 3HJEpPOBO Te-
yeHHe BHe MOTPAHHYHOrO CJIOSi HMeeT BHA?) U (X) = cX™ npH nmoa-
XOAALMX 3HAYEHHAX NMOCTOAHHBIX ¢ H m. Cayuait m = C coorBer-
CTBYeT MJIOCKOH MAacTHHKe, MapajjeibHON NOTOKY; cayuait m =1/,
COOTBETCTBYET MJOCKOR MJIaCTHHKE, NepneHIHKYASPHOH MOTOKY.

IMposepss ycaosust (12) u. (13’) Ha HHBAPHAHTHOCTb OTHOCH-
TeAbHO rpynnal (14) npH uo(x) = cx™, MBl noJiyyaeM OIHONapa-
MEeTpPHUECKXYIO NOATpynmy, onpeaensieMylo COOTHOLIEHHAMH

B =al-m2, y—qam (TpuBHabHO), d=am-B=1/B.  (14%)

1) Cu. Oseen C. W, Arkiv for Mat., 1—11, 19271928, wu [71), ra. 1L
OTHOCHTEIBHO ACHMNTOTHYECKOrO MOBEAeHHR ApH matom v cm. Kuerti G,
J. Math. Phys. MIT, 30 (1951), 106—115.

2) Jloxkasateabctso nany Falkner u Skan [77); cm. Takke [3], § 64.
Cayuafi naockoit nnacTHHKM Brepsuie paccMorpen Blasius [65]; cm. Takxke
Weyl [66], Geis [67).
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[lepemennan n = (u./x)'hy HHBapHAHTHA OTHOCHTENBHO 3TOH NOA-
TPYNNBl; NOCKOJAbKY BeJIHYHHA V=fu dy noayyaercsa B BHAE

am+b2Y 1o HHBapuaHTHA TaKxke H GyHKuHusa [, onpedensemas pa-
BeHCTBOM V = [(x, y). [To3TOMY MBI HIUEM pelueHHe YACTHOrO BHAA
V= xmiD2f(xq), 1. e. pelieHHe, HHBAPHAHTHOE OTHOCHTEJbHO NOA-
rpynnel (14%),

Bceskoe pewenne V takoro Buaa yaosaersopset ycioBusM (13),
(13’) u BTOpoMy ypaBHeHHio H3 dopmya (12), ecau ['(o0) = c. das
TOro utoGbl YAOBJAETBOPSJIOCH OCTaBllUeecs ypaBHEHHe, HEOGXOAHMO
H A0CTaTouHo, 4To6nl yHkuusa f(n) yaoBIeTBOPANA YpPaBHEHHIO

m(f*—1)— kL g (15)

INocneanee ypaBHeHHe MOXKHO NPOMHTErPHPOBATL UYHCJEHHO ')
npu KpaesbiX ycaoBusix f(0) = f(0) =0, [/ (o0) = c.

§ 83. CTpyH H caeant B BA3KOA MHIAKOCTH

C nomolbio paccyaeni, aHaJOrHYHbIX NMPeAbIAYWIHM, MOXHO
paccuHTaThb, B NPHOAHKEHHH NMOrPAHHYHOrO CAOS, aCHMNTOTHYECKHI
npodHabL cKopocTeil JaMHHAPHBIX BSA3KHX CTPYH Kak [AJS .NJIOCKOro,
TaK H ANS OCECHMMETPHUYHOrO TEeueHHii.

Bouay unBapHanTHOCTH ypaBHEHHS NOTPAHHUYHOTO CJIOS M ypaB-
HeHHs Hepa3puiBHOCTH (12) ornocuTenbHo addHHHBIX npeo6paso-
BaHHil Mul 6yaeM HCkaTb NPodHAH cKopocTell, yAOBJeTBOpsiOUIHE
rHnoTe3e nolo6us

u=x-rf(n), 1= (16)

rae y o6o3nauaer paccTositiHe OT OCH X HA MJIOCKOCTH HJH B MpO-
crpadctBe. Jlas toro uto6bt ypaBHeHust (12) ObliM HHBapHAHTHbI
OTHOCHTEJNbHO npeo6pa3sosating (16), neo6xoaHMo M AOCTAaTOYHO,
ytobp] 2¢ = p + 1.

Mu onyckaem BHIKAAAKH 2) OAK&KO 3aMeTHM, YTO B X0le BHIYHC-
NAeHHil noarBepxnaercs ¢opmyra B =a'"™? = a9 H3 rpynnu
(14*) ans paccmorpentoro B § 82 cayyas p = —m,

Hns 1oro 4106bt 0np21esHTh P, HYKHO TaKKe HCMOJb3OBATh
3aKOH COXPaHeHHS MOJIHOTO KOAUYeCT8A ABUNEHUS CTPYl, PABHO KaK
3aKOH COXPAHEHHS KOJHYECTBA NBHIKEHHA cjela, PACCMOTPEHHHH B
§ 57. Ha naockocTH 3TOT 3aKoil cOXpaHneHHs 3KBHBajeHTen COOT-

)
oldstein S, tam xe, 35 (1939), 338—34]; Stewartson K, Tam xe,
(1954), 454—465.
2) [17), cTp. 271.
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HOIIEHHIO 2p = ¢, a B NPOCTPAHCTBe — COOTHOLIEHHIO P = § B npeg-
NOJIOXKEHHH, YTO CAPABEJIHBO COOTHOUEHHe (16).

Pewas npeabinyiiHe ypaBHenHsi, Mbl NOJYYHM 1Js1 NMPOCTPaH-
CTBEHHOro cayyas p = ¢ = |. 3To BecbMa npHMeYaTesabHO, TaK Kak
nonHaa cucreMa ypaBHeHHH Hasbe — CToKca HHBapHaHTHa OTHO-
CHTeNIbHO HalJeHHOH yacTHOi rpynnbl nMogo6GHs, uTo BnepBhle GbLIO
noayueno SfueenpiM u CxBaiipom !). Ypasueunsa Hasbe — Crokca B
chepHueCKHX KOOPJAHHATaX 3KBHBAJIEHTHBl YpaBHEHHIO

=442 —)f' —2(c P+ a1 +c), 1= =cosb, (17)

rae ¢, €y, C3— MOCTOSIHHble MHTErpHpoBanusa. Kpome Toro, u3 ecre-
CTBEHHHIX (U3HUECKHX KpaeBblX YCJOBHH CJAedyeT, 4YTo € = Cp =
= ¢3 = 0; B TaKOoM cayyae ypaBHeHHe (17) MOXKHO JIerko NPOHHTe-
rPHpPOBATL H MOJYUYHTb CAedyOUIH pe3yabTar:

2sin? 0

J=aFT=cos0 an

npu npoussoabHoM a. [ToBeneHHe 3Tix pewtenyii «B GoJabiioM» Gy-
et paccMoTtpeHo B § 89.

AHaJOrHYHO MOXHO paccMOTPeTh JaMHHapHble cJaelbl B BS3KOil
JHAKOCTH, eC/IH U CYHTATb BO3MYILEHHEM CKOPOCTH ¢BOGOANOro mno-
toka U, Tak uro6bl U + u mpeactasiasno co6oil JOKanblylo CKo-
poctb. B 3TOM cayuae, kpoMe runotesnt nogo6us (16), Haro mpH-
BJleub 3aKOH COXpaHeHHsi koau4ecTéa dsuxcenus caeda (§ 57), uto

RaeT p = g = - LS IJIOCKHX CIeA0B H p =1, § = 5 ana ciaenon

B NMpoCTPpaHcTBe. MOXHO TaKkKe BBIYHCJAHTL M MpPodHAH cKopocTeit
no-npexHemy B NPHOJNHIKEHHH JaMHHApHOTO TOTPAHHYHOTO CJIOS.

ITpumepHo TakuM 3Ke 06pa3oM HccaeayloTcs TypOyJeHTHbie
crpyn u caeppl. OnnaKo B HacTosilllee BpeMs OGIMENPH3HAHO, YTO
JAONYIIEHHs, HCNOJb3YIOIHC TNOHATHE <«IJMHHBI TepeMeuIHBaHHA»,
ansg nomo6us B TypOyJeHTHOM cJyudae, NpPHHATbIE B 0nyG6JH-
KOBAHHBIX TEOPeTHueCKux paborax, BecbMa coMHMTeabHbl (cM. [17],
ra. XIV, § t1).

§ 84. Teuenus Ipaugras — Meiiepa

B xauecTBe eie 0fHOro mpuMepa NpHMEHEHHs METOJa <NOHMCKA
CHMMETPHYHbIX pelleHHii» B 3a4a4ax KOHTHHYaJbHOH (HU3HKH MB
nepeiileM Tenepb K YCTaHOBHBUIHMCA Ge3BHXPEBBLIM TEUEHHAM CHH-
MaeMHX HeBs3KHX XHAKocTed. IduddepeHunanbhele ypaBHEHHS

Y Quees B. JI., X3TP, 20 (1950), 1031—1034; Squire H. B, Q/MAM,
4 (1951), 321—329. OtuocuTenLHO KpaeBbix ycaosuit oM. [17), crp. 278,
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TAKKX TeUEeHHA HHBAPHAHTHH, KaK MH BHAeAH B § 73, OTHOCHTE/IbHO
oaHOomapaMeTpHYecKofi rpynnbl MOAEAHPOBAHHA MO WHcay Maxa:

X, —>ax;,, f(-—>af; p, p, 1 HE HIMEHAIOTCA. (18)

Cnenys MeTOAy MOHCKA& CHMMETPHUHHLIX pemeHHfi, 6yaeM HCKaTb Te-
yeHHsl, HHBADHAHTHHE OTHOCHTeAbHO rpynnk (18); crauHoHapHule
®e TeyeHHs 6yAyT HHBAPHAHTHH H OTHOCHTENbHO rpynnu npeoG-
pa3oBaHHil

t—>t+- (18"

NPH HeH3MEHHOCTH BCEX MPOYHX MepeMeHHHIX.

[pu paccMOTpeHHH TeueHH#, HHBAPHAHTHBIX OTHOCHTEJNbHO npe-
o6pasoBaununfl (18) u (18’), yno6Ho nonb3oBaThcs NOAAPHHIMH (7, 0)
u cdeprueckumu (r, 6, ¢) koopaunataMu. Ilycts 4, u uy — coorner-
CTBYIOLlHe pajfHa/bHas H TPAHCBEPCaJbHAS COCTABJASAIOUIHE CKOpO-
CTH. Ml paccMOTpPHM JHWDb cayyadt u, = 0, T. e. cAyyadt OTCYTCTBHA
HHPKYJAUHH B CTAaHHOHapHOM (6e3BHXPEBOM) MNJOCKOM H OCECHM-
METPHYHOM TEYEHHH.

onylieHHe HHBAPHAHTHOCTH OTHOCHTEJAbHO npeoGpa3oBaHHA
(18) u (18) o3HayaeT AN TaKHX TedeHHH, YTO HHIKeCJAeAYIOUIHe Be-
JHYHHB 3aBHCAT TOJABKO OT YIJIOBOfl mepeMeHHOR (AOMOJHEHHS UIH-
poTHI):
u=g (0), uy=h (0), pP=r (0),

=10, H=rm=c

[lnockue TeuyeHHA, YHOBJAeTBOpAlOUtHe ycaoBHAM (19), HasH-
BaloTcs Tedenuamu Ilpandtan — Medepa; B § 92 Mol gaguMm HX
o6oGwenne (cM. Tam pHc. 26). [IpocTpaHcTBeHHBIE TENEHHS, YIOBe-
TBOpsiloWHe ycaoBHAM (19), HAa3LIBAIOTCA OCECHMMETPHUHBIMH KONU-
HeCKUMU TeYEeHHSAMH. A

[Mpeanonoxenne 06 OTCYTCTBHH BHXpPefi PaBHOCHABLHO YCJOBHIO

u,dr+4uyrdd=0 pans Bcex SaMKHYTHX KpHBHX, OTKyAa 0 =
= 0(ruy)/Or — Ou,/08 = h — g’, ¥ M noJslyyaeM PaBeHCTBO
h=g" (20)

Tak xak TeueHue Ge3BMXpeBoe, TO YpPaBHEHHsI HNBHXXEHHS IKBHBa-
JIeHTHH ypaBHeHHIO BepHyaaH, KOTOpOe MOXXHO 3amHcaTh B BHAE

1 d
?uz_g..f_PE=.;-(g2+g’?)+f—i£=const, @n
HNH Kak aHGdepeHuHaNbHOE YDaBHeHHe

°=udU+-d,£=g’(g+g”)+0’(%)- (@)

(19)
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[pu noautponnom ypaBHeHHH COCTOSIHHSA p = kpY + p,, 2= 1kp1~},
H Tak Kak fdplpxk’[pf"l/(’f-——l)=02/(1—1)+C0nSt, TO, CJejo-
BaTeNbHO, B 3THX YCJOBHSX NOJyuaeM ypaBHeHHe

7@ +e") -+ =const=C. (21%)

Bce cka3zanHoe Q0 CHX NOp CnpaBelJIMBO H A/ KOHHYECKHX Te-
YeHHH.

Ons tevyenuit Ilpanarasi — Mefiepa ypaBHeHHe Hepa3pLIBHOCTH
div(pu) = 0 MoxHO 3anucaTh B BHAE

0 0 ’
0 = 5, (era,) + 55 (ous) == put, + (puta)’ = (u, + s) +¢'uts.
Hcnonb3oBas (19) u (20), Mbl nonyynM ypaBHeHHe
e+ &)+ (%) e =o. (22)

YMHoxas ypasuenne (22) Ha g’ M BHYHTAs NoJydyeHHoe ypaBHeHHE
u3 paBeHcTBa (21°), npuaeM K pesynabTaty

c+8)e—g) (%) =o. (22)

CootHowennsi (22) u (22’), o4eBHAHO, IKBHBAJEHTHb YPABHEHHAM
ABHXKEHHS W Hepa3pblBHOCTH. Mbl nojyuaeM, Takum o6Gpa3oM, ABa
ceMeMCTBa peLIeHHH.

Cayuat I. o =0. Toraa, cornacHo ypaBHenHw0 (22), noay-
yaeM g/ + g = 0, otkyaa u, = Acos (5 — a). Uto6bi NOAYyuHTH Uy,
Mbl Mcnoab3dyeM ¢opmyan (19) u (20) u HaxoaHM, UTO TeueHHe pas-
HOoMepHOe ¢ NOCTOSHHBIM BEKTOPOM CKOPOCTH.

Cayvait Il. ¢2 =g’ uan ¢ = = g’. Mbl BHANM, 4TO pajuychl
5 = const ABAAIOTCA XapaKTEPHCTHKAMH B TOM CMbic/ie, UTH NephneH-
AHKYNSpHAsl K HMM COCTaBJAIOLLIAA CKOPOCTH Bcerja paBHa CKOpoO-
CTH 3ByKa ¢. 3TO Tak HasbiBaeMble 804Kbi pa3pedxcerus [Ipandr-
A3 — Medepa'); OHM MOrYT 3anoJNIHATH KJIHHOBHIHBle 00JaCTH,
NaBHO NepexoAsilive HAa TpaHHile B 06JacTH PaBHOMEPHOro Teue-
Hus. Mpi yacto BHAHM Takue obnaactu Ha ¢ortorpadHax AEHCTBH-
TeNbHBIX TeueHHH; TakuM o6pa3oM, npeanoJoxkeHHe, uto p = p(f),
HENoCPeACTBEHHO MOATBEPXKAAETCH IKCMEPHMEHTOM.

B nonuTpONHOM cayuae, noAcTaBasAs c? = g’? g ypaBHeHue (21%*),
Mbl cpa3y noJyuyaeM aHddepeHiHaIbHOe ypaBHEHHe

+Dg*+(r—Ng=2(r—1C. (23)

1) [69);, Meyer T. VDI Forschungsheft, 62 (1908), 31—67,
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OHO Jerko HHTerpupyercs B 3aMKHYTOM BHJIe, npuueM Kaue-
CTBEHHO XapakTep pelleHHH B anuabaTHueckoM ciayuyae 1> 1 co-
BEPLIEHHO OTJHUYeH OT XapakTepa pelweHud npu =1, npH
—1 <7< 1 uan npu 7= —1 (KpyroBoe Teuenue).

B ofmem (HenoauTponmHOM) CJyyae ypaBHeHHe (22) M cOOTHO-
menHe ¢ = *g’ oCTAlOTCA CMNpaBeAJHBBIMH. B cHJY cUMMeTpuH no-
CTATOYHO paecMoTpeTb cayuall ¢ = g’. C nmomolbio ypasuenus (21)
Mbl flonyyaem cHayasna Ilnp= ¢(c) = ¢(g’), a 3arem ypaBHeHHe

(g+&")+8&'g"v(g)=0, (23')
KoTopoe uHTerpHpyercsi uncaeHHo ({14], pasmen 7.1). (Ecan
g’y (g’) = —1, o uMeerca ocoGenHocTb.) CaenoBaTenbHO, 80AHbL

paspexcenusn Ipanorana — Medepa maremaru4ecKi 603MONCHbL OAR
obuyezo guda ypagHeHus COCTOAHUA.

§ 85. Konnveckue Teyenns Tedaopa — Makkoaa

B npocrpanctBe n u3MepenHi ((QH3HUECKH, pa3yMeercs, npen-
cTapJsier HHTepec cayyalt n = 3) ypaBHeHHe HePa3PbIBHOCTH AJIA
CTAllHOHAPHBIX OCECHMMETDHUYHBIX TeueHHH# NPHHHMAaeT BUA

0= -gr— (pr*—! cos"~20u,) 4- ”o(ze‘ (pro-2 cos™ 2 fug) =
= pr”"2 (COS"_26u:))I + [(fl - 1)Pur + P,uf)] ro-2 cos"-20.

Pa3pgenns Bce ujeHbl YPaBHEHHS Ha BblpaxeHue pri-2cos?-20 n
BOCMOJIb30BaBIIHCh cooTHoweHHsMH (19) u (20) (HanoMHHM, uTO
ypaBuenns (19)—(21’) cnpaBeanuBBl 4151 NPOCTPAHCTBEHHBIX Teye-
HHH), BMecTO ypaBHeHHs (22) Mbl [OJyuHM claefqyoouiee ypas-
HeHHe:

(n—Dg—(—2g'tgl+g +¢ (£)=0. (4

YpaBuenue (21’) B naHHOM cayyae Bce elle CNpaBediHBO, OHO
3KBHBAJIEHTHO ypaBHenu1o (21*) B moJHTPONHOM cJlyyae, H yYMTHI-
Basg ypaBHeHHs (21) m (21*), Mbl noayyaeM COOTHOlUIeHHe

N get+g)__&@+ted Tl
(%)__ 2 =T G=D {7(E'+g2)—cj

INoactaBHB 3TO COOTHOLIEHHe B ypaBHeHHe (24), KOTopoe MOXHO
sanucarb B BHJe

@+o+n—2(—gei+o+e(5)=0, @

-1
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NpeACKa3blBaeT CYLIECTBOBAHHe TEUYEHHA ¢ «OTolueAiueil yxapHOA
BOJIHOM».

[Topo6Hble TeueHuss 6yayT paccMotrpeHnl B § 88. 3mech pocra-
TOYHO OTMETHTb, YTO TEOPETHYECKH BblUHC/EeHHble FPaHHUBI KOHHYe-
CKOro peXHMa, laBJeHHe Ha KOHHYECKYIO FOJIOBKY M Yros NpHCOeIH-
HEHHOM yAapHON BOJHBI (Kak ¢GYHKUMH uHcna Maxa W yraa npH
BepilHHe KOHYCa) HeHaMHOI'0 OTJAHYAIOTCA OT 3KCNePHMEHTaJbHBIX
JaHHbIX.

§ 86. Pacxoasisecs BOAHLI JaBJeHHS

CyHiecTBYIOT TaK¥Xe BaXKHHE CeMeHCTBa HeCTalUHOHApHHIX Teue-
Huii, o6najaloune BHyTpeHHeli cuMMeTpuedr (18). M3 Ttakux ce-
MeilcTB 0coGeHIIO 3aCJAYXHBAlOT YNOMHHAHMA pacXoAslllHecs BOJ-
Hbl — MJIOCKHe, UHAHHApHueckHe H cdepHueckHe. [lnockue pacxo-
NAWHecs BOJHLI BO3HHKAIOT, HAanpuMep, Koraa B yaapuoit Tpy6e
pserca anadparma B 06,1acTH no3ajH CNOSA B3pbIBYATKH, B3OPBaH-
HOro € OHOH M3 CTOPOH, HJIH MOo3aJAM NOPIIHA, KOTOPbIH MFHOBEHHO
HayHHaeT ABHTraThCsl C NMOCTOAHHOH CKOPOCTbIO B 6ECKOHEYHO AJIHH-
HoM umauugpe !). ChepHueckHe BOJHbI BO3HHKAIOT NMpH PpaBHOMep-
HOM pacluHpeHHH cdephl.

HHTepecHo OTMeTHTB, YTO ¢ PacXOAALIHMHCA BOJHAaMH JaBJe-
HHSl CBSI3aHO OZHO M3 NepBBIX CO3HATeJbHbIX NPHMEHEeHHil Meroja
NOHCKA CHMMETPHYHBIX pelueHuil 2). Mbl paccCMOTPHM HX JIHILUb C Ma-
TEMaTHYECKOH TOYKH 3peHHA.

3aech ynoGHee nepefiTH K nepeMeHHbiM Jlarpauxka. O6GoaHauuM
yepes @ Maccy, onpeaesaseMyl TIyTeM HHTErpHpPOBaHHSA OT KaKoOH-
JH60 HHKCHPOBAHHOH MaTepHaJbHOH TOUKH (HanmpHMep, OT CTalHO-
HapHOTO LeHTpa CHMMeTpHH). Jlns naockux BOJH, eciin onpejesiTe
noJOXKeHHe KOOPAHRaTOi x = f(a, {) H 0603Ha4aTh NJAOTHOCTH Ye-
pe3 p = p(a, t), ypaBHeHHe Hepa3pHIBHOCTH 3KBHBaJEeHTHO COOTHO-
WeHHIO o = Of/0a Mex1y yAeabHbIM o6beMOM ¢ = l/p, BeHuUHHOIN
x H Maccoit a. [ToatoMy aonycTHMHe AAsi AaHHOrO ypaBHeHHs CO-
CTOSAHHA p = po— F(0) = po + kp' TeueHHs COOTBETCTBYIOT pelue-
HHAM ypaBHeHHH ABHXkeHHs. [locnelHHe CBOASATCA K YPaBHEHHIO

02 o AN
w=FOE=t(E)" % (26)

) Tlo noBoAy PpacXOARIIHXCA TJNOCKHX BOJH («UEHTPHPOBaHHWE BOJNH
pa3apexenHa») cM. [6], § 46. O BoAHax NaBeHHs, BO3HHKAIOWIMX MPH PACLIHPEHHH
chepu, cM. Taylor G. I, Proc. Roy. Soc., A 186 (1946), 273—292.

2) Cm. [62), [72] w [74). O Hux uger peub u B [57], ra. IV. B [57], ra. II,
§ 13, npuBommuTcA cchinka Ha Gonee panHIOIO pa6oTy 06 aBTOMOJE/bHWX rpaBH-
TaunoHuwix Boanax H. E. Kouuna, Tpyaw Mar. Hucturyta um. Crek.noma, 9
(1935); cM. Takxe [7], n. 277,
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Kak ykasaso B [6], § 18. (Jlerko npoBepHTb, uTo 4 = Of/0t ecTb CKO-
pocTb, 0%f/0f? — cy6eTaHUHOHANbHOE YCKOPEHHE H 4YTO NMpaBas yacTb
npeacrasaser coboit — op/pox.)

Tax xak ckopocts 4 = Of/0f, TO aBTOMOAE/NBLHOCTL OTHOCHTENLHO
npeo6pasopanuit (18) 3KkBMBaJeHTHa CcoOTHOuweHHIO f[(aa,af) =
=af(a,t) nmas Bcex a >0 H, CcJeAOBaTeNbHO, COOTHOLIEHHIO
f(a, at) =af(1, t) = ag(?). Nonaras t = t/a, nonyuum paBeHCTBa:

x=f@a H=af(l, )=ag(®), <=7 (26)

Takum o6pa3oM, paBeHcTBa (267) cayxar Bbipa)KeHHeM HHBApHAHT-
HOCTH OTHOCHTEJLHO npeo6pasoBanuii (18).

[Moacrasus dopmyay (26') B ypaBHenue (26), mosydum COOTHO-
1LieHHe

0=a"1g"(x) {1 — ykpr+1<?}, 27

TaK Kak NPAMOil MoAcuyeT nokasmiBaer, uto 0*f/da? = tg”(t/a)/ad.
‘UTaK, «ieHTpHpOBaHHBLIE» IIOCKHE BOJHE, O6najalolliie CHMMeT-
pueii pacwupenus (18), npeacraBasioT coGoi pellieHHs OGbIKHOBEH-
Horo auddepenunanboro ypasrenns (27). (Iapaaokc SpHuioy yT-
BEpIKIAAeT, YTO TaKHX pelleHHH, 06/alaloUIMX CHMMeTpHeH nepe-
Hoca, HeT.) YpaBHeHHe (27) uMeeT ABa ceMeiicTBa peleHuid. Ecau
g =0, 10 f=a [C,+ Cy(t/a)] = Cia + Cal. D10 TpHBHANbHBIHA
cayuail, KOraa HMeeM paBHOMEPHOe TeueHHe C MOCTOAHHLIMH U H o.

Bo BTopom cayuae, 1 == t1kpT*!t, oTKyna cjenyer COOTHOLIEHHE

+1
(g_ﬁ)'r — 014—1 —_ "{k"-'2i (28)

Cornacxo ¢opmyae (26), df/da = g(t/a) — (t/a) g’ (¢/a), n, caeno-
BaTeJbHO, NOJNYyuaeM YCJOBHe B BUAE

g— g’ =[] (29)

ecan 1 #+ —1. 310 nuHeiiHoe HeoAHOPOAHOE OOLIKHOBEHHOe AH(de-
peHuHaabHOE YpaBHEHHe MepBOro MOps/Ka Jerko NPOMHTErPHPOBaThL
¢opmanbHo. Ero oflliee peuieHue HMeeT BHA

g (x)=Cr—+ Ac¥atDh, (29’)
rae A=[(1-4+ /(1 —DI[74""*", a C npoussonsho npu ycnoeum,
auip ecau |7l # 1. Ecan 1= —1, T0O peuienHs He CyLlecTByeT, TaK

KaK TOrAa BBHAY cooTHouweHus (28), 1 = const. Ecau 1= 1, 10 06-
wee pemenne uMeer BuA g(7)=Crt— Yk <lnx.

AHaJOrHY1HO MOXHO Pa3o6paTh C/yuaH UEHTPUPOBAHHBIX UHAHHA-
pHUECKHX M cgepuueckHx BoaH. [as cayuas m + | uamepenuit
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yPaBHEHHS ABHXKEHIis 3aniCbIBAIOTCS B cjefyiolleM BiHe:

0%r 0 or or

— pm ! m — pm

P ——— G) — — —_— _—
=P O] =g (30)
YcaoBue aBTOMOAENBHOCTH CTHOCHTeNbHO mnpeoGpasoBaHuii (18)
3KBHBAJIEHTHO CJEAYIOILHM COOTHOMIEHUAM, aHaJOrHUHbLIM (hopMyJe
(26):

— bg (), c=L, p—qrmm, (30')

IMoactaBus cootHowenus (30°) B ypasHeuue (30), Mbl cHOBa moJay-
uiHM OObIKIIOBeHHOe An(pdepeHlHanbioe ypaBHeHe BTOPOro nopsi-
Ka, pelleHHs KOTOPOro MpeacTaBasiioT coGoH uuJHHIpHUeCcKHe H
chepHUecKHe BOJIHbI.

Kak n B § 84 u 85, MOXHO NONYYHTb BOJIHbI, aHAJOTHYHBIE OMH-
CaHHBIM Bbillle AJs 06lilero ypaBHEHHsI COCTOSIHHSA, He Tpe6ys ycJao-
BHSl MOJIMTPOMHOCTH 1).

§ 87. MoaurponHas cCHMMeTPHUs

B noautponHom cayuae p — pg = kp' (cp. ra. 1V, teopema 9),
a ypaBHEHHs CXHMaeMOro HeBSI3KOro GapOTPOMHOTrO TeyeHHS 06-
JafalT AByXmnapaMeTrpHueckoid rpynnoii cimmerpuu. Ona npeacra-
Baser coboil NoArpynny tpexnapameTpHueckoil rpynnet npeoGpaso-
BaHU:

X —> ax, t— B¢, u— (a/f)u,

p—>%,  (P—p)—>8(p—py).
[TonutponHoe ypaBHeHHe COCTOSIHHA M ypaBHeHHe Hepa3pHIBHO-
cTH dp/dt + div(pu) = 0 HHBapHAHTHBI OTHOCHTEJbHO BCKOro fpe-
obpasoBaHus Buaa (31). YpaBHeHHS ABHXKEHHS (HeBA3KOH XKHAKO-
CTH) HHBAapHaHTHBI OTHOCHTeJbHO rpynnel (31) Torga W TOABKO
Toraa, Koraa 37! = a?/g2. Otciona, AByxnapaMetpHueckas moarpyn-
na rpynnsi (31), coxpausiiouias HeH3MEeHHbBIMH YPaBHEHHSI JBHXKEHHUS
Jiinepa, onpeneasietcsi yeaouem d = (a/f)* 10,
3a HcKJAIOueHHeM TPUBHAJBHOTO cayuasi B= 1, BO BCAKOM OfHO-
napameTpHueckol noarpynne rpynnst (31) cnpaBeAsHBO paBeHCTBO
a=8" npu HEKOTOPOM MOCTOSIHHOM NoKa3aTede 1. [loaTomy, ecau
ypaBHeHHs] ABHXKeHHs1 Jiljlepa MHBADHAHTHB OTHOCHTEJNbHO TaKOil
noArpynnsl, To 8 =824~ y Mb nonyuaeMm caenyoliHe cOOTHO-
IIeHHS:

(31)

x—f'x, t—Bt, u—»{i""u,
p—>p2-Da=Np,  (p— po)—>BHE-V-D(p— p).

') OtnocuteabHo maTepnanoB § 86 cM. opuruHaibHYIO JAuTepatypy na pycs
ckom s3pike [8*], [l14*]. — [Tpum. ped,

(32)
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ABToMOe. 1bHLIM TeueHHsAM H3 § 84—86 cooTBercTByer BLIGOp 1 = |,
H TOTJa BTOpas CTPOYKA 13 COOTHOUIEHHH (32) CBOIHTCH K p—-p,
p—p, Tak yto cooTHouweHns (32) Buipoxaaiorcs B dopmyasl (18).

OpGurtamu rpynnbl (32) (ee «MHOXKECTBAMH TPaH3UTHBHOCTH®)
B CHCTEME KOOPAHHAT NMPOCTPAHCTBO — BPEMsi HA3LIBAIOTCS KPUBbLIE,
1a KOTOPLIX NOCTOSIHHA BeanunHa y = X/(*. CnexoBatenbno, He-
BSI3KHE C/KHMaeMble TeYeHHs, KoTopble rpynna (32) nepeBoaHT ca-
MHX B cefsl, onpejaesiioTCs COOTHOIEHHAMH

w(x: )=1£ fi(x),  p=£0-D0-De(x), (33)

a Takme i 3aBIHCHMOCTBIO p — p,==kp'. Cpaenas NOACTAHOBKY B
ypanieHHsl ABIDKCHHS, NOJYYHM Heo6XoaiMOe i A0CTaToOYHOC YyCJ0-
BHE 04 TOro, 4To6Gbl TeueHHe 6blJI0 ABTOMOJEJbHBIM OTHOCHTENBHO
3TOIl yacTHO{l rPyNnbLl MOAENHPOBAHHA MO HHcay Maxa.

BaxHbIM NpHMepPOM TAKOrO TeueHHs ABJIseTCs aCHMITOTHYECKOe
TeyeHHe ra3oB B pe3ysibTare B3phIBA B CTBOJIE OPYAHsl NpH CO-
ofuleHiH YCKOPEHHSI CHApAAY nocTosiHHoil Maccel !'). TToab3ysich ne-
peMeHHLIMI Jlarpanxa, MOXHO HCKJIOUHTh YPaBHeHHe HePa3PbiBHO-
cti. Kpome toro, Kak i B nepsoM npimepe 13 § 80, umeercs ocobas
«TOYK3a KOHIIEHTpauuu» HauaabHON 3HeprHu npu ¢ = 0. 310 co0T-
BETCTBYET CJYYAal BLICOKON KOHUEHTPAUHW B3PBLIBUATKH B «AJHHHO-
CTBOJILHOM» OPYIHH, B NalHOM CJyyae MOXHO MpeanosaraTs, YTO
TeyeHue aduabarutHo.

YKazauunlii npuMep CBA3AH C NPHMEPOM uPe3BbLINANHO HHTEHCHB-
nbIX cheplueckuX H INHIHHIPHYECKHX B3PLIBILIX BOJH, KOI1a MOXIIO
npeHeGpeudb namaeniieM Blie o6aacti B3peiBa?). B 3tom cayuae 3H-
TPONHS 3aBHCHT OT CHJABl YA3aPHOil BOJHBI I YGBIBAET CO BpPeMeHeM;
yTOo6B COXPAHANACh BEJIIUIHA MOJMHON 3HEPTHH, HYXKHO NOJOXKNTD
n = 2/5.

Okonyartennubie (GOPMYJabl ANS 3THX CayyaeB 4ilTaTeslsr MOXKeET
HAHTH B JHTCPATVPE, HA KOTOPYIO Mbl CCHIIAJHKCD.

§ 88. Konnyeckue teyenus

Teueuusi, KoTOopbie Mbl 00 CHX NOp paccMmartpiBaax, oGnanaiwT
A0CTaTo4Ho# (PH3HUECKOH CHMMETPHeH B NMPOCTPAHCTBE H BPEMEHH,
TAK UYTO BCe XapakTepH3ylollHe HX BEJHUYHHB KAXIALIA pa3 MOXKHO
BLIPa3iTh QYHKUHAMK 00OHOU He3aBHCHMOH nepeMeHHol. B 3tux yc-
JIOBHSIX YPABHEHHS B HYACTHBIX NMPOM3BOAHLIX MEXAHHKN MKIAKOCTel

'Y Love A. E, Pidduck F. B, Phil. Trans., A222 (1922), 167—226;

f(]cnt R. H.. Physics, 7 (1926), 319—324. Yckopeune a~t""2%  Cum. takke
6. § 160.

%) Cm. [6], § 161. Takylo Moxear man Taylor G. I, Proc. Roy. Soc.
A201 (1950), 159—186. OtnocuTeabHO RadbHEAMuX peavabTaToB oy, [57) ra 1V
[B pycckofi amTepaType TaKHe BOJHK Ha3IbIBAIOTCA A«CHIBHBIME V3PHLIMH BO.-
Hamne, — [Tpum. ped.|
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cBoaATcs K OOLIKHOBEHHHIM AH(¢depeHUHANbHBIM YPaBHEHHAM.
OnHaKo HMEITCs ApYyrue BaXHble NPHIOKEHHS MeTOda MOHCKa CHM-
METDHUHBIX pellleHHH, KOoraa 3afauya CBOAHTCS K YPaBHEHHSIM 8 4acT-
Hbix npou3soOnsix. HauGonee oueBHAHBIH NPHMep NPEACTABASIOT
co60fi «KOHHUYecKHe TeueHHsI» 6e3 OceBOil CHMMETPHH, KOTOpbIe Briep-
Bble BBesl H HccnenoBaa A. Byseman!). 3To — cTaunoHapHble Teye-
HHs ¢ nojeM ckopoctell (B cepHUECKHX KOOPAMHATAX)

u=u(p, 0). (34)

[Mogo6GHble TeueHHS] MOJY4YaloTCs, HaNpHMep, OKOJO HdeNbTaBHI-

HBIX KDblJIb€B, TaK KaK TaKHe KPblJibsl 06/1afal0T KOHHYECKOH CHM-
MeTpHeil.

Bonee akkypaTHOe npHMeHeHHe MeToJa K PacCLIHPSIOMEMYCS

aBTOMOJEJbHOMY TeYeHHI0 HeOOXOAHMO NpH PACCMOTPEHHH BXOJa

B BOAY KJHHA HJH KOHYyCa ¢ MOCTOSIHHOH CKopocrthbio (cM. pue. 25),

Teepduvid Konyc

Puc. 25. BeprukaasHuil yaap
KOHYyCa O BO#Y.

NpHYEM CKOPOCTb JOJIXKHA ObITh HOCTATOYHO BeJHKA, 4TO6Gbl HA BXO-
Re mpeo6aafann cuibl HHepuuH. CHayaja Mbl paccCMOTPHM cayuaft
kJHHa ?). Kak H paHblue, npeo6paszoBaHue:

X;—> 0X;, t—>af, BeJHUHHBI p, p, U; He H3MeHsAloTc  (35)

OCTaBJIsIeT HHEPUHAJbHYI0O THAPOMEXaHHKY HEH3MEHHOH; Mbl Haxe
MOMXKEM CUMTATb KHAKOCTe cxHMaemon! IloatoMy MeTox «moucka
CUMMETDHYHHIX PELICHHH» B cJyuyae KJIHHA MpeJAcKa3blBaeT HAM BHI-
60p pelleHHH BHAA

Ulr y; =te(F. %) (36)

") Cm. NACA Tech. Memo. 1100 (1947) u nausyio Tam GubaHorpadHio; cM.
takxke [10], § 10.5; ®eppn A, crares B KHure OOuIas TEOPHA a3POAMHAMHKH
Gonbuwinx ckopocteit (pex. Cupc Y. P.), Boenusnar, 1962

2) 3ror Bonpoc 6ma HccaegoBan JI. U, Cenosum [14*]. — [Tpus. ped,



§ 89. Jlokasensie u 2n06arbhbie pewenus 177

ITOT MeTOA CBeJeHHA TPeX HEe3aBHCHMBIX NepeMeHHBIX K JBYM HC-
no/b30BaH B W3BeCTHOH paGore I'. Barnepa 06 ynape ruapbnnauna
npu nocaike Ha BoAy'). Paccyxnas, kak B ra. I11, § 2 Mbl MoxeM
CBECTH 3ajlayy K (YHKUHMAM O0OHOZ KOMIJIEKCHOH NepeMeHHQi, HO
[PH 3TOM YCJIOXKHSATCS KpaeBble YCJAOBHS.

OueBHAHO, TOT e MeTOA NPHMEHHM K 3ajaye O KOHYCe, BXOAS-
WeM B BOAY C NOCTOSHHOH CKOPOCTBIO, M pellieHHe HMeeT BH],

Ux, y, z =to(F. +. 5). (37)

T. €. Mbl Nepelld OT 4ersipex He3aBHCHMBIX NEePeMEeHHBIX K TpeM.

B cayuae npsiMOro kp:208020 KOHyca, BEPTHKAJbHO BXOASLIEro
B BOJy, 3ajaya HMeeT OCEeBYI0 CHMMETPHIO M pellieHHe MOXHO NO-
CTPOHTbL C MOMOUIBIO (YHKILHH

Ux, y,0; t)=t¢(ti. %)

T. €. OHOH eAMHCTBEHHOH (YHKUHH 08YX HE3aBHCHMBIX [l€DeMEeHHBIX.

B cayuyae Hec)kMMaeMOH XHAKOCTH TEOPHIO MOTEHUHAJJa MOXKHO
HCMONB30BaTh s CO3JaHHs IOJs TEeUeHHs ¢ MOMOLUbIo pacnpede-
ACHUA UCTOYHUKO8 HA CBOGOAHOH MOBEPXHOCTH, MOJIOXKEHHe H HH-
TEHCHBHOCTb KOTODHIX SIBJSIIOTCS HCKOMBIMH (YHKUHAMH OJHOM me-
peMenHo#t (aauHbl ayrd). Hcnoawsosas sty uaew, Uludppman u
Cnencep ?) nokasaJji, 4TO YCJIOBHe NOCTOSIHCTBA JaBJIeHHS HA «CBO-
6GoHOH MOBEPXHOCTH» MPHBOAHT K CHCTEMe HHTerpajibHHX ypaBHe-
HUA OTHOCHTENIBHO GYHKUMH O00HOd nepeMeHHOH. 3HAUHTENbHHIM
JOCTHXXEHHEM, KOTOpOe MNPHHAJJeXHT XHJAIMaHy, GblJI0 NPHGJIH-
XKEeHHOe YMCJIEHHOE MHTErpHpOBaHHe 3THX ypaBHEHHA [/ KOHyca C
yraiom B 60°.

§ 89. JlokaabHble H rao6aabHbe pelEHHs

[TpuBeneHHbie Bbillle NPHMEPLI MOKA3bIBAIOT, YTO BO MHOTHX CAY-
yafx Aas 3a]ay, MMEOUHX JaHHYI0 CHMMETPHIO B IIPOCTPAHCTBe H
BPEMEHH, CYyUIECTBYIOT aBTOMOJEJbHble MaTeMaTHuUeCKHEe pelleHHs.
Onanako chopMyanpoBaTh H 40Ka3aTbh OOLIYIO TEOPEMy CyLIECTBOBA-
HHSA ropasjo TpylHee.

Koraa vuMeercst CHMMeTpHsi, [OCTaToyHas Aas TOro, 4To6bl 06-
uive JHd@epeHUHaNbHbEe YPABHEHHS TEUEHHS MKHMJIKOCTH CBOAHJIHCDH
K 0bbikHOBeHHbIM M PePEHIIHANLHHM YPaBHEHHAM, Mbl MOXEeM HC-
NONb30BATb CTaHAaPTHHIE /AO0KAAbHbIE TEOPEMH CYUIECTBOBAHHSA.

'Y Wagner H, Zeits. ang. Math. Mech., 12 (1932), 193—215.
?) Comm. Pure Appl. Math., 4 (1951), 379—417, B o10fi ke cTaTbe H3A0-
sensl pesysbtaTe Hillman; cM, takxke [17]), ra. XI, § 9
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OnHako CylleCTBOBaliHe 2.100a4bHbLx pelleHHi, YA0BJIETBOPSIOUIMX
COOTBETCTBYIOUIUM KpaeBbIM YCJOBHAM, NpeAcKa3aTh ropasio Tpya-
Hee. SIpKHM NpHMepoM BCTpeyalOLUHXCA 3[4eCb TPYAHOCTeH MOXKeT
CAYKHTb CXUMaeMoe HeBsi3Koe IJOCKoe TeueHHe ¢ CHMMeTpHel Bpa-
ueHHs (CnMpasbHble JHHHH ToKa). Kak BnepBble moka3an Puur-
Jae6!), Takoe TeueHHe HEBO3MOXKHO B «0O0JBLIOM», NMOCKOJbKY e€ro
pafHajbHas COCTABJSAOLIAs MEHSIET CBOe HANPABJIEHHE HA NMPOTHBO-
T0JIO3KHOE BIOJIb «NpedesbHOH OKPYXKHOCTHY.

Takylo HeonpeneNeHHOCTb HArJSAHO MOXHO MNPOJAEMOHCTPHPO-
BaTb Ha TeueHusix Telsiopa — Makkosa (§ 85), A5 KOTOPBIX PeXKHM
KOHHYECKO# CHMMETPHH THNA NPHCOEAHMHEHHOH YAapHOil BOJIHBI
orpaHuueH YCJOBHEM JOCTAaTOYHOH MaJIOCTH Yria NMpH BepllHie KO-
Hyca (npu ganHoM uyucae Maxa). [las obuiero kjnacca cTauHOHap-
HbIX OCECHMMETPHUYHBIX TeueHHH, YHOBJETBOPSAIOLINX YPaBHEHHIO
(25), oueHb TPYAHO CTPOrO ONMpPENeNHTb CYLIECTBOBAHHE PElIeHHS B
«60JIbIIOM», H ony6GJAHMKOBaHHbIE Pe3yJbTaThl He BCerja HaAeXHbl 2).

TTogo6HbIM 06pa3oM, XOTs CyllecTBOBaHHe 0e3ylapHbIX LEHTPH-
pPOBAHHBIX BOJIH pa3peXeHHs BO3MOXHO, BOJIHbI CXAaTHSl CBS3aHbI
C YAapHBIMH BOJHAMH, H3-3a Yero BeCbMa YCJIOXKHSIETCs HCCJeloBa-
HHe CYILeCTBOBAHHS pellleHHs B «6OJbLIOM» [JSi aBTOMOJENbHbIX
BOJIH B3pbIBA.

JIlpyro#i HHTepecHbIii npHMep TPYAHOCTH OnpeaeseHHs raobanb-
HOTO pelleHHsi NMpeacTaBasiloT Co60H OCeCHMMETPHUHble cTpyu (na-
MHHapHble, Bsidkhe). Kak nokasano B § 83, ypaBHenus Hasbe —
CTOKCa MOXHO CBEeCTH K O6GbLIKHOBEHHbIM AHbdepeHHaNbHbIM YpPaB-
HeHHSIM, eCJIH HCIOJIb30BaTh aBTOMOJENbHOE 110J1e CKOPOCTeli, HMelo-
liee B chepHUECKHX KOOPAMHATAX BH[I

u=r-1(). (39)

K coxanenHio, kak nokasan bepan?3), pe3syabTHpyiolilee OOGLIKHO-
BeHHoe AuGdepeHuHaNbHOe ypaBHeHHe (17) He nMeeT ri06anbHbIX
pellenuii, YAOBJETBOPAIOUWMX €CTECTBEHHbIM KpaeBbiM YCJIOBHSAM
ANS CTPYH, BbITEKalolleff H3 KPYrJIOrO OTBEPCTHsi B NJIOCKOH CTeHKe
WJIH M3 Kakoro-nu6o ApYroro KOHHYeckoro oTBepcTHsi. Bonpeku He-
KOTOPbIM OMYGJHKOBAHHBIM Pe3yJbTaTaM, [0-BHAHMOMY, TOJbKO
CTpY#, BbITEKalollas M3 TPyO ¢ napajienbHbIMM CTEHKAMH, MaTeMa-
THUECKH COBMECTHMa B «6oJblIOM» ¢ Tpe6yeMoit cuMMerpueit (38)
H eCTeCTBeHHbIMH KDaeBLIMH YCJIOBHAMH.

JlokanapHas TeopeMa cymecTtBoBaHHUSsA Jlaxe o06-
llMe A0Ka/AbHble TEOPEMBI CYLIECTBOBAHUA HeJerko AokasaTth. OauH

1y ZAMM, 20 (1940), 185—198; cm. Takxe [15], ra. V § 4 u VII § 8.

2) Hau6oJee aKKypaTHOE HCCJA@lOBaHHe MPOBENEHO aBTOPOM H Youuuem,
W alsh J. M., Riabouchinsky Jubilee Volume, Paris, 1954, 1—12,

3) Beran M. Quar, Appl. Math., 14 (1956), 213—214,
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H3 MOJOXKHTEJbHBIX Pe3yabTaToB (GopMyJanpyer chaepyiouias ') Teo-
peMa (Mbl NPOCHM NMpPOLLEHHS Y uyHTaTens 3a a6CcTpaKTHYl0 MaTeMa-
THYECKYI0 TEPMHHOJIOTHIO, KOTOPOH MBbl BOCNOJIb3yeMCsi paid KpaT-
KOCTH).

Teopema 1. flycte X =T X E ecro npamoe npoussebenue
csoux nodnpocrpancte T u E u nycre dasa xamdozo uxcuposan-
#o2o & € E 2pynna G npeobpasosanuii npoctpancrea X TpanuTus-
na ?) na muoxcecTBe (Y. &), 20e nepemennan Y € I'. Ecau dugdppepen-
yuaasnoe ypasnenue D [u] = 0, onpedenennoe 8 X, uHsapuanTHO
oTHocuteasro G, 10 Ha E cywectsyer dugppdepenyuarvroe ypase:-
nue A[U] = 0 nopsadka ne 6oaee wem Dlu) = 0 u taxoe, 4ro u(x) =
=u(y. &) = U(E) ydosaersopser ypasnenuro Dlu]=0 r020a u
Toabko To20a, k02da U(§) ydosaerscpaer A[U} =0 dan & € E.

Joka3zaTeabcTBO. B OKPeCTHOCTH KaAOH TOYKH X ==
= (Y, &) u3 X MOXHO BBeCTH B X JlOKaJbHble KOOPAHHATbI
Yoo +-or I, B Ep, oo, &L, Besikan p-a wactHas npoussoaHaaX(Pfu] no
3THM KOOpAHHaTam 6yaer nMeTb npoctoil Bua IV [u] EP~™ ], rae
[ w E'’~™ _yacTHble NPOM3BOAHBlE N0 KOOPAHHATAM 11, ..., 1r
u &,..., &_, ana I'u E cootBetcTBeHHO. OTCI0Aa BCAKHiA one-
patop B uacTblX npoussoansix D=& (X)), ..., X9} nopaaka

g Ha ¢yHKumAXx u(x), onpejeneHnbiXx Ha X, MOXKHO 3aNnHcaTb B BHAe
COOTHOUIEHHUSI

D=wi{r(™), ..., T("s); EF~™), .., E¢sT™)), (39)

KOTOpoe MnpejcTaBiaseT co60i (QYHKUHIO YaCTHBIX NPOH3BOAHBIX HA
E nopsaaxa He 6oablue g.

Ho Te ¢dynkunu U(E) = u(Y, §), 3HaueHHe KOTOpPBIX B J060i
Touke X = (Y, §) 3aBHCHT TOJNbKO OT ¥ (T. e. PyHKUHH, HHBADMAHT-
Hble OTHOCHTeNAbHO (), vnepaTtop E; nepeBodHT B ApYTHe (PYyHKUHH
TOro e Kaacca, a onepartop I'; (rpynna (G TpaH3HWTHBHA) nepeBo-
aut ux B 0. [ToatoMy aast Takux ¢yHKUMi onepatop D 3KBHBaJeH-
Ten AuddepeHuHalbHOMY onepaTopy Ha E, noayueHHoMy oT6pachbi-
RAHHEM BCeX WJEHOB, B KOTOpHIX m; > 0. 3THM TeopeMa JoKa3aHa.

Canepctsue Ecau samaua D [u] = 0 koppekTHa 4413 HeKOTO-
pOro KJacca KpaeBbiX YCJOBHH, HHBapHaHTHOro oTHocHTeabHo G,
TO KOpPPeKTHa H 3ajaaua A [u] = 0.

XoTs npH J0Ka3aTe/ibCTBe JIOKAaJbHbIX TEOpEM CyUleCTBOBAHHS

) Cm. Takke Morgan J. A, Quar. J. Math, 3 (1952), 250—259. Ecau
Auddepenuuanpibie ypapHeHHsl JHHeAHM M rpynna G KOMNAKTHA, MOXKHO no-
JOATA K BONPOCY HHAye — C TOUKH 3PCHHA HHTEIPHPOBAHHSI Ha rpynnax.

2) Dro o3navaeT, yto ANA AaHHuX (Y, «) ¥ (v', ) B G cyuecTsyer Taxoe
g, uto g(v, ) =:/"y’, &). Mo npeanonaraem, uro [' v £ — auddepenunpyemuic
MHOroo6pasns,
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Ans OGHKHOBEHHHX AH(depeHIHaNbHbIX YPaBHEHHI aHAJMMTHUYHOCTD
HecyllecTBeHHa '), B TeopeMax CYLIeCTBOBAHHA A/ ypaBHeHHfi B
4aCTHHX MPOH3BOAHBIX TaKOe YCJOBHE 4acTO CYLIeCTBEHHO.

B cayuae anasutudeckux ypaBHEHHH ¢ 4aCTHHIMH MPOH3BOAHBIMH
(4 aHANHMTHYECKHMH FPynnaMH CHMMeTpHH) ypaBHeHHe (39) Takxke
6yzer aHaJHTHYHO. B 3TOM catyyae AJIsi MHOTHX 3aJay ¢ HA4aAbHbL-
MU YCAOBUAMU MBI pacrnosiaraeM XoTsl Obl A0KAAbHOIMU TeopeMaMH
cymecTBoBaHUA. Tak, NPeANosoXKHM, 4TO BCe MPOH3BOJHbIE N0 8pe-
MeHu BXOASILLHX B ypaBHeHHe QyHKUHA ¢;(X; {), x = (X1, ..., Xn) BbI-
paxaloTcs uepe3 ¢; H HX NepBble MPOH3BOAHbLIE 1O NPOCTPAHCTEEH-
HbIM KOODAHHATAM, TAK YTO MOXHO 3aMHCcaTh YpaBHEHHe

Op; [ Oy
= =F (‘Pp ﬁ) (40)

Torpa teopema cymectBoBanus Kown — KoBaneBckoi 2) yrBep-
XAaaet, yTo ypaBHeHHe (40) HMeeT 0AHO H TOMBLKO OAHO JIOKaJbHOE
aHaJINTHUECKOE pelieHHe AJA [JaHHbIX AHAJMHTHYECKHX HayaJbHbIX
ycnoBHi ¢; (x; 0) npu £ = 0.

A Tenepb MpPeANoJIONKHM, uTO ypaBHeHHe (40) HHBApHAHTHO OT-
HocutesbHo rpynnut G. ycte ¢;(Xx; 0)=G,(X) ecTb MHOXeCTBO
aHaJHTHYECKHX HAYaJbHBIX YCJOBHI, HHBADMAHTHOE OTHOCHTEJbHO
G. Toraa eaMHCTBEHHOE JIOKAJIbHOE pelleHHe, KOTOpoe CYLIEeCTBYeT,
cornacHo npeamiayiled teopeme, Toxke 6yneT HHBAPHAHTHO OTHOCH-
TeabHo G. CrnefoBaTesNbHO, Mbl HMeeM JIOKAaJIbHYIO TEOpeMy cyuye-
cT808aKUA (M €AMHCTBEHHOCTH) A NpHBeaeHHoro aHddepeHIHaNb-
HOTO YpaBHEHHsl, NOJYYEHHOrO0 METOAOM TMOHCKAa CHMMETPHUYHHX
peLieHHi, ecIH TOJbKO TaKOBaf TeopeMa HMeeTcsl [Jfi NepBOHA-
yanbHLX AHPGepeHHANbHBX YPaBHEHHH.

Kaxymeecs He3HauHTeJbHHIM OrpaHHuYeHHe, 4YTO NPOH3BOAHbLIE
Mo NPOCTPAHCTBEHHHM KOOPAHHATaM B ypaBHeHHsX (40) xosmxwb!
6LITb nepgozo NOpsiika, Ha caMoM JieJie OKa3biBaeTCsl BeCbMa CHJb-
ubiM. Tak, U3 Hero caeayert, yto cucreMa (40) ponxHa GBITh runep-
6oaHyeckoro THna. B cayuae cxkuMmaeMoil HEBA3KOH JKHIAKOCTH 3TO
BHIMOJIHSIETCSA, YEro Hesb3f CKa3aTb, HANpHMep, 0 HECKHMAEMOH He-
BA3KOM XMAKOCTH HJAU JIOGOA BA3KOA KHAKOCTH. Has Toro uto6ul
CTPOrO YCTAHOBHTb JaXe JIOKAJbHYIO KODPEKTHOCTb MeTOAa MOUCKA
CHMMETPHYHBIX pelieHHA, HYXKHH AalbHeHLIHe HcCNeJOBaHUA B TeO-
PHH YPaBHEHHA B YaCTHBIX NPOH3BOAHKIX.

') ABTop He H3yyaa BONpOca, KakHe TPe6YIOTCH YCJIOBHS A TOro, 4TobH
H36aBHTBCA OT TPYRHOCTell, KOTOPLIe MOrYT BO3HHKHYTb B CAy4ae TaKHX OGHIKHO-
BeHHHX AuddepeHUHANbHHX YpaBHeHHRl, kaK ¥y + y> + 1 = 0, «cTenenu» euime
nepsofl.

p’),Hadanmard J., Le probleme de Cauchy, Paris, 1932, ra. 1 [uau
Crenawos B. B, Kypc nuddepenunancumx ypasHewuhi; M.—JI,, 1950, —
ITpum. pedl]
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§ 90. Teopus rpynn U MeToA Pa3fiejeHHs MepeMeHHBIX

Peuenns ¢usnueckux 3agay, o6nanaiouiie BHyTpeHHeA CHMMeT-
pHeli OTHOCHTENbHO HEKOTOPOi rPyMmnbl, MOMHO MaTeMaTHUeCKH ym-
POCTHTb C MOMOLbIO CBA3aHHOrO C 3TOH rpynnoii Bbl6opa nmepeMeH-
HbIX. Mbl MOKaXeM Tenepb, KaKHM 06pa3oM 3TO NMPHBOAHT K MeToAy
«pasfie/leHHsl NepeMeHHBIX», KOTODblil LIHPOKO MPHMEHsieTcd B THA-
POAHHAMHKe.

PaccMoTpHM, HanpuMep, MHBAapHAHTHOCTb YpaBHeHHH Jiinepa —
JlarpaHxka /18 HeBA3KOH CXKHUMaeMOH XMXHIKOCTH OTHOCHTE/IbHO
rpynnet

t—>af, x,—>ax; p, p, U 6€3 H3IMEHEHHH. (18)
Mo onpenenennio, yacTHble «aBTOMOJEJbHbIE» TedeHHs, HHBAPHAHT-
Hble OTHOCHTeJbHO rpynnbl (18), MOXKHO BbIPa3uTh B BHAE

w=f0), p=pP) p=e@)=p(P() (41)
roe

*=0 Yo xa)=($, =, %):it. (42)
OueBuaHO, (42) ecTb YaCTHBLIA c/yyail COOTHONIEHHS
x=~h()x. (43)

Haiinem Tenepb Bce HeCTalHOHAPHBIE TEUEHHUS HEBA3KOH KHAKOCTH,
dbopMasibHO AOMYCKAKIUHE pa3jesieHHe NepeMeHHbIX no ¢opmyJaM
(41) u (43).

Haw nepBuifi pe3yabrar G6yleT OTPHLATEeNbHOTO XapaKTepa.
OKa3biBaeTcs, YTO BCSKOE TaKOe TeueHHe HHBAPHAHTHO OTHOCHTENb-
Ho rpynnnl (18): o6o6uienne cooTHoweHHs (42) no Buaa (43) uu-
yero He Jaer. _

Ouesuano, uto anaa Mo6oi auddeperunpyemoit pyHkunu F(y)
H3 coomowenua (43) CJIC}I)’IOT paseucma-

oF oF
t ZX” O Mo T =h o (44)

rie CyMMHPOBaHHe MPOH3BOAMTCA MO HHAeKCYy k. Ilostomy ypashe-
HHe Hepa3puiBHOCTH dp/df + div(pu) = 0 3KBHBaJIeHTHO ypaBHEHHIO

R D RE+ Y L] =, (45)

ecJH CIpaBelJIHBO COOTHoWeHHe (43). AHanorHuHo, ecau mnpexet-
peub CHJOH TSAXECTH, ypaBHEHHs] JBHXKEHHS HeBA3KOM XHAKOCTH 3K-
BHBAJIEHTHbl YpaBHEHHAM

() A+ Bt =0 @9
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Ecan h’/h? — nocTofiHHas, He 3aBHUCALLAA OT BpPeMelid H He paB-
1
Has Hyao, ckaxem —C, 10 -,;=C(t-to). [Mosatomy nocpeactsoM

OYeBHIHOrO H3MEHEHHS Hauyala OTCYeTa H eHHHLUL H3MepeHHs Bpe-
MeHH MOXHO CBeCTH Halll CAyuaid K cAayyalo TeueHH#i, yAOBAETBO-
PRIOIHX COOTHOWEHHIO (42) H, cAeloBaTe/NbHO, 06N1afAI0WHX CHM-
MeTpHell OTHOCHTeNAbHO rpynnul (18).

B npoTHBHOM c/y4ae, KAK MOXHO MOKa3aTb YacTHHIM AH(epeH-
uMposaHneM CoOTHoweHui (45), (46) no BpemeHn npu ¢HKCHpO-

BaHHOM j, 6yAeM HMeTb X %2 0p/0%s = X %, 0u;/0y, =0. B stom
cayyae, B CHAY paBeHcTB (44) 0p/0f = Ou/dt = 0 u, cnrenoBaTenbHO,
p=p(x), v =u(x). Ortciona, vacthnii BHGOp nepemenHoil h’/h?
B opmyne (45) naer Kak pa3 CTaUHOHAPHbLe KOHNYECKUE TeYeHHs
n3 § 88. Takue TeueHHs ynA0BNETBOPAIOT coOTHOWEHHAM (41) n (43)
apu ato6om h(t), B yacTHocTH npyu h(f) = l/t, kak B popMyne (42);
BCE OHH ABJAIOTCA aBTOMOAENbHLIMH OTHOCHTEJAbHO rpynnn (18).

HUrak, MeToaoM noKucka pelleHHH, CHMMETPHYHBIX OTHOCHTEAbHO
rpynnul (18), MOXHO MONYYHTbL 8Ce HEBA3KHE TEUEHHH, AONyCKaio-
wre (kaxyuleecs Gonee o6lHM) «pa3fieseHHe NMepeMeHHLIX» BHAa
(41) n (43).

Insa 6Ge3suxpesvix TeueHuit cooTHouleHHs (41) u (42) 3kBuBa-
JeHTHH NPeanoNOXKEeHHIO, YTO NoTeHuHan ckopocrteir U(x, f) nony-
CKaeT pa3jiefieHHe nepeMeHHbiX

U=tF(y)=tF(x/t), (47)

yTO yXe caenano B cootHoweHusix (36) u (37). Ipu stom ans Ges-
BUXpEBHX 6apoTPOnHbix TEUEHHH MOMXHO NPHMeHHTb 0606lueHHOoe

ypasnenue Bepuyanu us § 4, oU/ot + %VUVU-{- f dplp = C(?).
[lochennee BBHAY paBeHCTB (44) CBOAHTCA K YypaBHEHHIO

oF 1 op ,

FoO— Yue——+3 VFVF+ [22=C. (1)
B cayuyae Hecxkumaemod XHAKOCTH (p = po) MOXKHO MNONYYHTH

pacuiHpeHHe Kaacca NOAOGHHIX peuieHud, noaoxus C = C(¢).

HDanbHeRmwne o6o6mweHusn PaslenenHe nepeMenHuix
sHaa (47), x0T H IKBHBaJNEeHTHO ¢opMyne (41), HABOAHT Ha MbiCJb,
4yTo GopMaabHO CleAyeT PacCMOTPeThb BOOGlle Bce TeyeHHs, KOTO-
pbie a8TOMO00eAbHb O BPEMEHH B TOM CMBIC/e, 4TO A/ HHX Cnpa-
BEeJIHBO COOTHOLIEHHE:

u=g()t(x), rae yx=~h()x. (48)

B sToT knacc TeueHHA BXOASIT TaKXKe TeyeHHR, PacCMOTPeHHble B
§ 87, ans Kotopuix [Kak CKa3aHO B 3aMeuaHHH nocse popmyan (32)]
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HHBapHAHTHOCTb OTHOCHTeNbHO (18) 9SKBHBa/NeHTHa paBeHCTBY
=l

B Hero Takke BXOAHT HOBWA Kjaacc Hecacumaembix Ge3BHXpe-
BHIX CTpYHHHX TeueHHH, BBegeHHWA KapManom!). Iocneaune onpe-
JeNf0TCA yCA0BHEM NOAOGHSR

1
U=(x; t)=59(x), (49)
KOTOpPO€ COOTBETCTBYET MOCTOAHHOMY KO3((PHUHEHTY yCKOpeHHS.

§ 91. Cayuak sasxofi KMAKOCTH

Hutepecdo 6wno O6H onpeaeantb camoe obliiee TedeHHe HEBH3-
KOA XHAKOCTH, YAOBJETBOpSAIOLlee YCAOBHIO nono6ua (48), u npo-
BepHTb TeYeHHe Ha HHBAPHAHTHOCTb OTHOCHTEJbHO NOArpynn rpyn-
N nogoGusa. BMecto sTOro MW B BHAEe KOMIIEHCAUHH onpeje-
JIHM Hecocumaembie 6A83Kue TedyeHHs, YAOBJETBOPAIOUIHE YCJOBHIO
(48).

Kak u B § 3, ypaBHeHHR COCTOSIHHAA H Hepa3pPHBHOCTH MJf He-
CXKHMaeMoro TeYeHHsl, B3fiTHe BMecTe, 3KBHBAJIEHTHH OJHOMY YCJO-
Buio divu = 0. Tak kak g n A He o6palmaloTca B HyJab, TO 3TO pPas-
HOCHJIbHO PaBEHCTBY

/]
Pr-=0, (50)

H3 KOTOPOT0 HCKJIOYEHO f.

Ocraercsi paccMoTperb ypaBHeHHs aBHXKenHs Hasbe — Crokca.
[To teopeme | H3 § 21 cunoft TaxecTH MoXHO mpeHeGpeub. C yue-
TOM STOrO M nocje HenoCPeACTBEHHOH MOACTAHOBKH ycJsoBHA (48)
B ypaBHeHHs Hasbe — Crokca w3 ra. II, ¢popmyna (3), Mu nony-
YHM COOTHOLLEHHSA:

du,

F=en+ Devxn (F) =efi+ X (5 ) u L.

D gy = N erer () =T @ms 3

1 0 ) h(t [}
L :‘=(L(%ﬁ.)&£‘ ectn p=a(f)p(x),

W, = v (gh?) Y] %.{!L'
[

'} Annali di Mat., 29 (1949), 247—249; cu. taxxe [17] crp. 248.

gh’
k
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CnepoBaTtenbHo, AuddepeHuHanviblie ypasHeHHs Hasbe — Ctok-
Ca MOXHO 3aMHCaTh, Pa3feAnB nepeMeHHHe, B BHJe

5
J@l F;(G,(0)=0, (51)
rae
Fl=g” F2=gh’/h, F3=g2h’ F4=ah’ F5=gh2
H

2 (/)
G,=/,» 02=Xro—fx:—v 03=fno—{:v
1 dp

04=—‘—,°—-E 05=—v

OveBuaHo, yto ycaoBHe (51) SKBHBaJIeHTHO TPe6OBaHHIO, 4TOGH
Bektopul F = (Fy, Fy, F3, Fy, F5) n G = (G,, Gy, G;, G,, G;) npunaa-
JIeXaNH B3aHMHO OPTOZOHAAbLHBIM nodnpocTpancréasm. B 3asHCHMO-
CTH OT YHCJa JIHHEeAHO He3aBHCHMbIX COOTHOWIEHHA, KOTOpHM YAO-
saeropsier Gj;, «F-noAnpocTpaHCTBO», HaTAHYTOe Ha BeKTOpH Fy,
MOJXeT, KaK BHAHM, HMeTb 1, 2, 3 H 4 namepenusa. CHayana Mul pac-
CMOTPHM TOT HeBHIPOXAEHHwR caywafi, koraa Bce F; nponopuwo-
Ha/lbHH, TaK 4TO «F-NOANPOCTPAHCTBO® HMeeT OAHO H3MepeHHe.
Mb MoxeM caenath Fy nponopuHoHaabHHM F; noaoxus
a =ag? Kak H paHbule, HallHYHe paBeHCTBA g = A (NMOCTOSIHHHIE
MHOXHTEJIH MOXHO ONMYCTHTb) SKBHBaJIEHTHO NMPONOPLUHOHANbHOCTH
Fi u F3. Octaetcs ewe ycnaoBHe, 4To Fy N0AXKHO GHTb NPONOPLHO-
HaabHo Fs HJH NO/MKHO BHNOJHATLCH paBeHCTBO g’ = (—PB/2)g%h
A8 HeKOTOpoA nocTosHHOR £. Tak Kak g = h, TO 3TO ycJloBHE PaBHO-
CHABHO TOMY, uTO —2g°/@% = 8, uau 1/g? = B(f — ty). Haanexaumum
Bo6OPOM Haya/sia KOODAHHAT H WKaJAH BPEMEHH NocjelHee YCJo-

BHe MOXHO cBecTH K g = 1/ V¥ W, cnenoBaTenbHo, K yc/10BHAM

m =2 fi) n o p=L2B, [y=X] ()

1 ofi ofi 1 90 __, N %
—— Sh i ST A A 97
2 (i) Hhgt oo o 62
Hrak, B nonckax Gosee OGLIETO THNA CHMMETPHYHHLIX pelIeHHH
Mbl CHOBA CHH3H/IH YHCJIO HE3aBHCHMBIX NMEePeMEeHHHX Ha eAHHHuy!
PaccMmaTpuBaTth cooTHouenHs (52’) camu mo ceGe 3nech Mb He 6y-
aeM!).

1) Ha nxockoctn ycaoBre (50) SKBHBANEHTHO CyLIeCTBOBAHHI0 YHKUHH TOKa,
a 83 cooTromenus (52') MOXHO McRMONHTL p, mcnosnsys rot (grad p)= 0. Ipu
STOM YpaBHeHHe 4UeTBePTOrO MNOPRAKA B YaCTHBIX NPOHSBOAHMX (6) He H3Me-
HReTCH,
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310 cooTBeTcTByeT HHBapHaHTHocTH ypasHeHnit Hasbe — Crok-
ca OTHOCHTeJNbHO Npeo6pa3oBauus {—-af H X — fX NPH YCJAOBHH, 4TO
uncno Peitoabaca Re = vd/v~ (B/a)B, [v==const] He usmensercs,
TaK 410 B ~ V a. Pewennus (52) — B TOYHOCTH Te TeueHHS, KOTOphie
MHBAPHAHTHH OTHOCHTE/NBLHO STOA rpynnyl.

YpaBuenne (51) umeer Takxke «BHpoXaeHHbHe» pemeHns. Ha-
npuMep, PACCMOTPHM TeUYeHHs, Mapajfie/ibHble OCH X, TOTa MOXHO
3amHcaTh PaBeHCTBA:

u, =g fi(y, 2), ug=uy=p==0. (53)

B stom cayuae ycaosHe (50) Bcerga ynosaerBopsietcs. Tak Kak
h=1,10 F=0;, us p=0 caeayer F,=0. Boabmoe 3Hauenue
uMeet 10, uto G4 = [10u;/0x = 0 npu Bcex i; mosToMy AAsa Fs Her
orpannyennfi. Ocraetcs yA0BAETBOPHTb ycaoBkIo g'fy = vg (9%f,/dy? +
+ 8%,/d2%), KOTOpOe, MOCKOJNbKY g 3aBHCHT OT £, a fi 3aBHCHT OT
x = (y, 2), CBOAUTCS K PaBeHCTBY g’/g = — R H COOTHOLUEHHIO

- o o ,
uw,=eMf(y, 2), rze 7,{%+—,,%,‘=—ka,. (531

MocnenHee cooTHOLIEHHe OmpejenisieT XOpolIo H3BecTHoe!) 3Kc-
NOHeHUHaJlbHOe 3aTyXaHHe NapajijleJibHhX BA3KHX TeueHHHA, HanpH-
Mep, TeyeHHsl B AByMEPHOM KaHalle —a<y-< a npHu,=e *cos=y/2a
H kB = n?/4a.

§ 92. OGparHbie MeTOAN

[Mpeaniaywne nmprMepbl XapaKTePU3YIOT METOA «pa3jiefeHHs me-
peMeHHBIX» Kak 0606LIeHHe «MeTOAa NOHCKA CHMMETDH4YHBIX pelle-
Huii». B cBO0 ouepeab METOA pasfeNeHHs NepeMeHHHX npeacra-
BAsier co6ofi YacTHHA cayyall Gonee WHPOKOro Kaacca «o6paTHHIX
MEeTO4O0B», CHCTeMaTHuecKH H3yueHnbix I1. Hemenbh ?). ITonoxe-
HHEe B STOM BONMpoCe HECTPOr0 MOXHO ONHCarb CAeAYIOMHM
o6pa3om. Besakuft pas, Koraa TeopHs rpynn yKasbiBaeT Ha cyluecT-
BOBaHHe TeueHHA c pa3fieIeHHHMH NMepeMeHHLIMH HJIH TeyeHHR, 06-
JdajalolHEX KakuM-A1H6o ApyruMm cBoficTBoM P, anpuopno nocTyJH-
pyf cBOMCTBO P, Mbl MOJAYYHM MO MeHbllefi Mepe Te e pelleHHS,
HO, BO3MOXHO, H KakHe-JH60 JpyrHe.

'Y Cm. Taylor G. I, Phil. Mag., 46 (1923), 671—674. AHanorHuHOe
SKCMIOHEHUHANbHOE 3aTyXaHHe BO3MOXHO H RAS KPyrophx TeueHHA, Koraa p’(r)
ROCTATOYHO BEAHKO AJIA CO3AAHHR UEHTPOCTPEMHTENBbHOro yckopewHs; cp. [71] »
Berker R, Sur quelques cas d'intégration des équations du mouvement d’un
fluide visqueux incompressible, Lille, 1936.

?) Hemenbn I1. @, c6. [po6nremu mexanuku, HJI, M., 1955, c1p. 234—-257.
[Cu. Taxxe [44). — Tpum. ped.
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HanpuMep, cornacHo TeopHH Fpynn, CYLIECTBYIOT (JIOKaJdbHO)
BOJIHK paciuupenua [1panaraa — Meiiepa, ans KoTophiX

BekTopras CKOpOCTb MOCTOSHHA BAONb BCAKOR npsamoft HeKoToporo P1
OJlHONIBP3METPHYECKOro CeMeRcTBa.

«O6paTHBIil METOA® COCTOHT B HAXOMAEHHH BCEX CTALHOHAPHbLIX
Ge3BHXpeBHX TeueHHil CXKHMaeMofi HeBA3KOH MHAKOCTH, 06.analo-
wHx cBoiictBoM Pl. 310 noayuaercs cieayrownm o6Gpasom.

Mbl 3HaeM (§ 5), uTo ypaBHEHHs [ABHIKEHHS B CJyyae CTalHO-
HapHoro Ge3BHXPeBOro MOTOKA 3KBHBAJEHTHH! ypaBHeHnHio BepHyanu

u?/2 + fdp/p = C. TlosToMy ¢ NOMOLUbIO YHCJEHHOTO HHTErpHpo-

BaHHs AJs KaXAOro 3HaUeHHS <«NaBJIEHHS TOPMOMKEHHs» (T. e. NO-
CTOAHHOM HHTEerpHposa-
HHS) MOJYYHM OAHY H TOJb-
KO O0JHy napy ¢yHKUH#HA
p(u) u plp(u)), ymosner-
BOPSIIOUWHX KaK ypaBHeHHIO
COCTOSIHHSI, TaK H ypaBHe-
HHAM JABHXeHHsA. Kpome
TOro, TeYeHHs CO CBOHCTBOM
Pl — 310 Teuenus, y KoTo-
puix Takue p(u) u plp(u)],
UTO BUXDU OTCYTCTBYIOT W
ypasHeHue HepaspsieHo-

Pue. 26. Koopaunat ans BOAHH pa3- cru (T. e. 3aKOH cOXpa-
pexennsa Ilpanaras — Meftepa. HEHH MacChl) YIOBJETBO-
paercs.

B paccmMartpHBaeMoff 3ajaye MOXHO AOCTAaTOYHO XOpowlo pas3o-
6paTbCsi reOMeTPHYECKH, HCMONb3ys CMeuHaNbHYI0 CHCTEMY KOOp-
AHHAT, CBA3aHRYI0 C HauHM OJHOMAPaMETPHUYECKHM CEeMEeHCTBOM
npAMbeIX. B KkauecTBe cneuHanbHOH CHCTEMbl KOOPAHHAT PaccMoOT-
pHM yroa 6, o6pa3yeMblit OCbl0 X C NPAMLIMH, H HanpasjeHHoe pac-
CTOfIHHe h BJOJb JHHHH, OPTOTOHAJbHO MepeceKawlleil npsMble H
OTCYHTHIBAEMOfi OT HeKOoTOpol (HKCHPOBAaHHOH KPHBOM, Kak MOKa-
3aHO Ha puc. 26. Ecan BCOMHHTB, 4TO 3ajaHHble NPsAMble npeacra-
BASIIOT co6o#, «BoO6lile rOBOPSY, KacaTeqbHble K HEKOTOPOH NJOCKOi#
kpuBo#t T, To cpa3y BugHo: (1) auHuH § = const cyTsb Aanuble nps-
Mbie; (2) auHHH h = const 006pa3yloT OpTOroHa/bHOe CeMeHCTBO
ssoaloT Kpusoit I'; (3) ds? =dh®>+ r’d? rpe r=nh + s(8) ecrb
PaAHYC KPHBH3HH 3BOJIIOTH, & § O3HAayaeT AJHHY AyrH Baoab I

B sToft ecrecTBeHHO! reoMeTpHuecKOA CHCTeMe KOODAHHAT JIerko
3amHcaTh yc/lOBHe HE3aBHXPEHHOCTH H YCJOBHE COXPaHEHHS Macchl.

Mo onpenenennio, He3ABHXPEHHOCTb 03HAYAET, YTO WHPKYJSLHA
no M06of 3aMKHYTOH KpuBo# 1 pasHa uymio. Ecau a oGosnauaer



§ 92. O6parnse merodw 187

yron Mexay npamofl 0 = Gy H BeKTOPOM ckopocTH u(By) c MORyAeM
¢, TO UHPKYAALHA MO ¢ PaBHa

§Eu. dx, = § g(cos a dh+ sinardb).

Mo Teopeme I'pHHa, 3TOT HHTerpan o6pallaeTci TOXKAECTBEHHO
B HyJb TOrJa H TOJIbKO TOrAa, KOraa

%(q cosa)= 7:7 (rgsina).

Tak kak r=h + s(8), To dr/6h = 1, panee, B cuny cBoficTBa
Pl, BeaHuHHH ¢ H a cyTb YHKUHH ToAbko §. [losToMy ycaoBHe He-
33BHXPEHHOCTH SKBHBANEHTHO YCJOBHIO

% (gcosa)=gsina. (54)

Monoxus g(8) = gcosa H h(8) = gsina, GyneM umerb g’ = A, uto
o6o6aer popmyay (20) u3 § 84.

Ilns toro uytoGb 3anHCaTh YC/AOBHE COXPAHEHHs MacCH, 3aMe-
THM, YTO MOTOK MACCH BO BMEWNIOI0 06AGCTL 4Yepe3 KPHBYIO 1
paBeH

§ oq (— sina dh—+ cos ar do).
1

Mo teopeme I'pHHa, 3TOT HHTErpaa Toraa H ToAbLKO TOraa obpa-
LLaeTcs B HyMb, KOrAa

%(—-pq sin a.)=-;7 (rpq cos @) =pq cosa. (55)

B TOonbKO uTO BBeJeHHHX 0603HAYEHHAX MOCAeAHee YCAOBHe CBO-
RHTCA K. ypaBHeHEI0O (—ph)’ = pg, rie wWTPHX O3HavaeT aHdpdepeH-
nnpoBanHe no 8. [Tocse NoACTaHOBKH A = g’ ¥ YNpPOLLEHHA NOAYUHM
g +pg" +pg=0 nan (g +g) + (¢/p)g’ =0, 1. e. ypaBHenue
(22) u3 § 84.

ChenoBaTesibHO, 8Ce Texenus, yoosaersopaoujue ycarosurwo Pl,
MOXCHO noAaywutd u3 tevenud IIpandras — Medepa aameHol nyuef,
HCXOAALIHX H3 BepPLUIHHH (HKCHPOBAHHOrQ yraa, KacaTelbHHMH K
¢dHKkcHpoBaHHOA KpHBOA I', npHueM BeKTOpHAas CKOPOCTbL B COOTBeT-
CTBYIOLIHX TOUKaX OCTaeTcs Tof xe!).

1} 3ror pesyavrar nonyusn Less F. H, Proc. Camb. Phil. Soc., 22 (1924),
350—362; cu. Taxxe [6), cTp. 273—278, n npweenennywo TaM Gubamorpadmo,
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Ipeabiayutnii npuMep siBJsieTcsl 4aCTHLIM cayuyaeM GoJee obiueii
«06paTHON 3a/a4yH» HAXOXKIAEHHS BCeX TeYeHHH C OJHOMEpPHBIMH ro-
AorpadaMi, T. €. TaKHX TeyeHHIl, ANl KOTOPHIX BEKTOPbI CKOPOCTH
ONMHCLIBAIOT ONHY-€AHHCTBEHHYI0 Kpusyro'). (B obiuem cayuae rogo-
rpadoM Ha3biBaeTCsi reOMeTpHYECKOE MeCTO BCEX BEKTOPOB CKOPOCTH
noTOKA.)

§ 93. O6mue 3ameyaHns

OueBHIHO, UTO METOJ MOHCKA CHMMETPHUYHLIX PelleHHil Kak pa3s
ABJSeTCA OJHHUM H3 TAKHX METOJOB, NMPH KOTOPLIX 3aAalOTCs NpPOH3-
BOJIbHble (DYHKUHOHAJbHble COOTHOLUEHHA M 3aTeM HaxoasaTcs YAo-
BJIETBOPAIOLIHE HM TeueHHN. JIpyrHM TakiM MeTOLOM siBJsieTCsl pas-
Aenenne nepeMeHHbX. TakuM 06pa3oM, Kiacc «06paTHLIX METOLOB»
BKJIlO4aeT B ce6sl B KauecTBe YACTHHIX CJyyaeB METOA NMOHCKa CHM-
MeTPHYHbIX pelleHHH H MeTOJ pa3jieleHHs nepeMeHHbIX.

BosabmwuM npenMyiuecTBOM MeTO4a NOHCKA CHMMETPHYHBIX pe-
IUEHHH MO CPABHEHHIO C OCTAJbHHIMHM JBYMSl ABJSETCS TO, 4TO MJf
Hero Mbl pacmosiaraeM TeopeMaMH CYLIECTBOBaHHSi CHMMeETPHUHBIX
pelieHHit, no MeHbluefi Mepe B MaaoM (cp. § 89). A xorma pasge-
JIeHHe NepeMeHHbIX NMPHBOAHT K HETPHBHAJBLHBIM pElUeHHSIM, TO MO-
caeHHe OGBIYHO CBA3aHbI ¢ TeopHed rpynn.

3T0 nonoKeHHe MOXHO NPOHJIIOCTPHPOBAThL Ha NpHMepe ypa-
BHeHus Jlanaaca V2U =0 gas cTauHoHapHbix TeueHuit Dilnepa B
npocTpaHCTBe H Ha nNpHMepe YypaBHeHHa TleabMroasna V22U 4+
+ k2U = 0. Busio nokasaHo?), uTo B OGOHX CAyuasix CHCTEMH KO-
OpPAHHAT, B KOTOPbIX HMeeT MeCTO pasjesieHHe NepeMEeHHbIX, MNpH-
Ha@JeXaT K HeCKOJNIbKHM H3BeCTHbIM KJaccaM, 6oJibliasi 4acTb KO-
TOpHIX NpH Npeo6pa3oBaHHAX HAaA rPYyNno#, nNopoxkaaeMoi HHBep-
CHSIMH OTHOCHTEJNbHO c(ep, NePeXOAHT B ceMeACTBO NapaJjiielbHbIX
NJ0CKOCTeH, B NMYYOK MJOCKOCTeH, MPOXOAALWIHX uepe3 OAHY nps-
MYI0, H B ceMeHCTBO KOHIIEHTpHuecKHX cdep, T. €. B OJHY H3 CHCTEM
KOOPAHHATHLIX NMOBEPXHOCTeA [AS [eKapTOBbIX, UHJIHHAPHYECKHX
uAH cdhepHyecKHX KOOPAMHAT. DTO HABOJHT Ha MHBCJb, YTO K HaH-
HOM 3aJlaue MOXHO HENMOCPEeACTBEHHO NPHMEHHTb MEeTOA Kol¢opM-
HHX npeo6pasoBaHHii, pacCMaTPHBas HHBAPHAHTHOCTb OTHOCHTEJNb-
HO KOHGOPMHOHA rpynnHi.

OpHako yTBepXKIeHHe, Y4TO BCKOe pa3jeieHHe NepeMeHHbIX B
rHIpOMeXaHHKe CBSI3aHO ¢ TrpynnaMH (BHYTPEHHSA CHMMeETpHA),

') Cnyuah HecxkumaemoRl Bs3kofi xuaxoctn cM. Miller W, Einfiihrung
in die Theorie der zdhen Fliissighciten, Leipzig, 1932; takxe Zeits ang. Math.
Mech., 13 (1938), 395—408. Cnyuall cxHMaeMOli HeBS3KOW KWAKOCTH cM. [72),
a takke Giese J. H, Quar. Appl. Math., 9 (1951), 237—246.

2) Cwm. [70), a Takxe Moon P, Spencer D. E, Proc. Am. Math. Soc.,
3 (1952), 635—642 u 4 (1953), 302—307 n npHBEREHHYIO TaM /IHTEPaTypy.
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6bi10 66l npeyseanyesneM. HecMotpa na To yro pemenne!) Kap-
Mana ypasHennii HaBbe — CTOKca ans TeueHHs BGJH3H Bpaulaio-
Lerocs AHCKA He H3MeHseTcs npH ad¢dHHHOM npeo6pa3oBaHHH

r—>ar, z—>z, u,—>au,, Iy —> ally, u,—>u,

ypaBHeHuss Hasbe — CTOKCa He HHBAPHAHTHH OTHOCHTE@JNbHO 3TOFO
npeo6pa3oBaHus.

Auanornuno «o6paTHbie» JONYLIEHHA OTHOCHTENbHO NOCTOSHCTBA
BEJIHMHHBI CKOPOCTH HJH 3aBHXPEHHOCTH Ha JIHHHAX TOKa M T. A. He
MMEIOT HHKAKOro OTHOLUeHHsl K rpynnam?). Buo 6 XeaaresJbHO
onpejeNuTb, KaK 3TO cjenaHo anas ypasHennit Jlannaca u leabm-
ronbua (cm. npuM. 2) Ha crp. 188), Bce CHCTEMbl KOOPAHHAT, B KOTO-
PHX pelleHHs ypaBHeHHH HeCTallHOHapHOro ABHXXEHHS MXHAKOCTeA
MOXHO HafiTH METOROM pa3je/ieHHs TiePeMeHHhbIX.

§ 94. Meton roporpada

C nomoulbio npeo6pa3oBaHHi rogorpada MOXHO 3HAYHTEJAbHO
YNPOCTHTb YpaBHeHHsi CXKHMAaeMOro HeBSI3KOro TeyeHHA. Mu yxe
Buaead [ra. I, ypashenne (10)], yto cTauHoHapHble Ge3BHXpeBbie
NJAOCKHE TEYEHHA CXKHMAaeMOR HeBA3KOH MXHAKOCTH B3aHMHO OAHO-
3HaYHO COOTBETCTBYIOT NMOTeHUHanaMm cKopocrtefi U, KoTophe yno-
BJETBOPAIOT HEAUHEUHOMY YPABHEHHIO B YaCTHHIX NPOH3BOAHBIX:

1
VU =5 (U U U+ 20U U+ UUU, L. (56)

3aech HHAeKCH O3HavaloT AH¢depeHUHPOBaHHE MO COOTBET-
CTBYIOLLHM MEPEMEHHbIM, @ €2 €CTh MECTHasi CKOpOCTb 3BYKa.

HanomnuMm 3), yto ypaBHeHHe (56) 9KBHBaNEHTHO OAHOMYy M3
C/EAYIOUHX AuUHEUdHbIX YyPaBHEHHA B YaCTHHIX MPOH3BOAHBIX: JHGO
yPaBHEHHIO

Vot a1+ 5 Vo + (1= F) V=0,  (57a)
AH60 ypaBHEHHIO
Pt a(t =)o+ (1 —H)m=0.  (576)

3necb V — pyHKUHA TOKa; ge'® — KOMNJAEKCHHA BEKTOP CKOPOCTH,
tak yro U, =¢gcos® u U, = gsinf; c¢? — onHO3HayHas (yHKUHSA

'Y Karman Th, ZAMM, 1 (1921), 233—252; Batchelor G, Quar. J.
Math. Appl. Mech., 4 (1951), 29——41. Ilo noBoay AajbHeAwHX oGoGweHul cm.
Berker R, paGory, uutsp. B npum. 1) na crp. 185.

2) Kampé de Fériet J, Proc. Int. Math. Congress, Zirich (1932),
T. 2, 298—299; Nemenyi P, Prim R, J. Math. Phis. MIT, 27, (1948),
130- 135,

3) Cm.[6], rn. IVA uan Seifert H, Math. Annalen, 120 (1947), 75—126.
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nepementoit g, cornacko ypasnennio bepuyann, u ¢ = U —xU;—
—ylU, — 3aBHclIMan  nepeMeHHas B JeAKaHAPOBOM KOHTaKTHOM
npeo6paloBaliuH, NOCPEACTBOM  KOTOPOro NoJyyeHOo YypaBHe-
Hue (576).

Tenepb HeTpyano noayuntb ypaBuenus (57a) u (576), Hcxoas
H3 ypaBHeHHA (56) M TOJNBKO UTO YKA3aHHHIX OMNpeaeseHHii, HO BoO-
BCe He SICHO, MoueMy HYXHO OHJ0 HCMOSb30BaTh 3TH NEpeMeHHbe
roporpadu, 4To6H NMOAYYHTb JHHefiHble ypaBHenns. OAHHM H3 MO-
THBOB MOTJI0 GLiTh TO cooGpaicenne, 4yTo MeToA roaorpada ycneiHo
NpHMEHSEeTCs B 3a1a4ax co CBOGOAHBIMH NHHHAMH TOKa (Kak B § 38).
Cefiyac M npHBefeM JApPYrylo MOTHBHPOBKY, HCNOJb3YIOWYIO TpPH
CoO6paXKeHHsa H3 TEOPHH rpynmn.

IlepBoIM H3 HHX AIBJASETCA HHBAPHAHTHOCTb 3aKOHOB AHHAaMHKH
HEBA3KOH XHAKOCTH OTHOCHTeAbHO rpynnu (18) npeoGpazoBanuH
Jlanxesena:

X)X, u—>u, U—-)U, V-V, ¢ —> ).

Oka3biBaeTcs, YTO ypaBHeHHe B YaCTHBIX NPOH3BOJHLIX, Bhpa)alo-
ulee 3TH 3aKOHH, KaK NPAaBHAO, JOMKHO ObiTb HEOOHOPOOHHIM (W
10OITOMY HeJHHEHHbIM), €C/IH B KauecTBe He3aBHCHMbIX NepeMeHHLIX
6paTb Xx;, a B KauecTBe 3aBHCHMbIX nepeMeHnbix — U, V uaun ¢; Ho
9TO ypaBHeHHe GyaeT OOHOPOOHHIM, €CclH NPHHATL 32 He3aBHCHMble
nepeMeHHnie') wu;, a B KauecTBe 3aBHCHMBIX nepeMeHunix U, V
HIH .

Hawm ocraerca ne acHHM a priori, noueMy 3To oaHopoaHoe ypa-
BHEHHE NOJXKHO OHTb JHHEHHbLIM, KOrla B KauecTBe 3aBHCHMHIX Me-
peMeHHbiX B3ATh V H ¢.

Bropoe coo6GpakeHHe H3 TeOpHH rpynn — oueBHAHAs HHBApPH-
aHTHOCTb 3aKOHOB [BHXXEHHA XHAKOCTH OTHOCHTE/bHO FPynnu n08o-
poros 6§ —~8 + a, korna ¢, U, V, ¢ ocraorcs ¢ukcuposannbimu. U3
3TOoro caeayet, uto B popmyaax (57a) u (576) seanunna § nonxua
BXOJAHTb TOAbKO B AHdepeHlHaNbHble ONEepaTopu H HE BXOAHMThb
B Ko3pnunentw. CrenoBare.ibHO, MH HMeEeM TEOPETHKO-IpynnoBoe
onpaBAaHHe HCNOJb3OBAaHHA B KauecTBe HE3aBHCHMBIX NepeMeHHbIX
g 1 82) BMecto u = Uy n v = U, Bnaronapa 3toMy kosdpduunents
Hawero AHd¢epeHUHaNbHOTO YpaBHEHHA 3aBHCAT TOAbKO OT 00HOd
113 ABYX He3aBHCHMbIX NepeMeHHbIX.

Tpetbe TeopeTHKO-rpynnoBoe coobpaxeHHe — 3To OYeBH1HAN
HHBapHAHTHOCTb 33KOHOB ZBHXKEHHA XHAKOCTH OTHOCHTENbHO Tpyn-

'} 310 BO3MOXKHO B MajOM, Kpome cayyas (ynosswytoro 8 § 92) oano-
mepHoro roaorpada. Ilo npuyHHaM, aHanOrHYHLIN oniicaHhuiM B § 89, Bonbule
roBOpA, 3TO HEBO3IMOMHO B 60abLIOM.

) Hcnoaviosanne nepemennofi @ = Ing BMECTo ¢ NOACKalnBacTcA Teopued
GyHKUHA KONNAEKCHOro nepeMexHoro: w + i@ = In (1 + iv).
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nul nepenoca x— x + a, koraa u, U, V, ¢ ocralorcs ¢uxcuposan-
nbIMH (§ 67). D10 3KBHBANEHTHO TOMY, YTO X H Y B ypaBHenHu (56)
8XoaAT JAHIIb B AH¢depeHUHaNbHble OnepaTopul H He codepiarcd
B KO3 pHUHEHTAX.

§ 95. HHepunanbHoe NAOCKOE ABHXKeHHe

Teopuio rpynn MOXKHO HCNOJb30BaTh He TOJNBKO AR yNpPouieHHs
ypaBHEHHI ABHXEHHS XHAKOCTH, C €e MOMOLULbIO MOXKHO TaKXe npil-
BOAHTbL HHTErPHpOBaHHe YpPaBHEHHIl ABHXKeHHWs K KBaapatypam').
Baxnoe noaTBepxaeHHe 3TOro MOJNOXKEHHA naeT ABH:KeHHe CHapsaa
B IJIOCKOCTH NMOA AE€ACTBHEM TOJbKO UNepyuasbroix cua. (ITpuban-
31iTeIbHO TaKOW Xapakrep HMeeT [BH)XeHHe BO MIIOTHX 3ajauax
6aNNMCTHKH, a TaKxe ABH)XXeHHe NMOABOAHOMA JOAKH npH (GHKCHpO-
BaHHOM YCTaHOBKe pyJeH, KOraa THAPOCTaTHYecKas MNJaByyecTh
ypaBHOBELIHBAET CHAY TAXeCTH.) DTO 3HAYHT, 4uTO Mb Gynem pac-
cmaTtpuBartb rpynny u3 § 70.

IMycte x = g1 1 ¥y = g2 0603HAYAIOT KOOPAHHATH CHapsaa, a
$ = ¢3— Yron MEXAY OCbl0 X H HEKOTOPOi{l OCblO, eCTKo CBA3aH-
HOM co cnapsaoM. Mu npednoaazaem, YyTo KOOpAHHATH MrHOBEH-
HOTO MOJIOXEHHS CHApALa onpeleRioT ero Gyaylilee IBHKeHHe NOA
JleficTBHEM CHJ peaKUHH H corjacHo 3akoHaM HeloToHa, Tak uto
(11pH O6LIYHBIX OTpaHHUEHHAX OTHOCHTEAbHO AHGdepeHUHpyeMoCTH)
NOJNyYHM ypaBlEeHHR:

9= F,(qv 92 45 4 4» 9= F,(q: Q). (58)

3710, OUEBHAHO, CHCTEMAa OOGLIKHOBEHHBIX, BoOGule rOBOpPS, HeNH-
HeilHHX AHG¢epeHUHANbHBIX YPaBHEHHA wecTo20 NOPAAKa.

Mubl ceilyac mokaxeM, KaK C MOMOULbIO TEOPHH TPYIN €€ MOXHO
CBECTH K CHCTeMe 8TOpP020 NOPAAKA M ueTHpeM KBaapatypam. Me-
TOA, KOTOPBA Mbl OMHILEM, B OCHOBHOM 0OG6o6liaeT oObYHBIT MeTO.1
CLUHKAHYECKHX KOOPAHHAT» MPH Nepexoae OT JarpankeBblX AHHaMH-
YyeCKHX CHCTeM K HenarpaHxeBbiM cHctemaM. [Mocse Toro kak 6yaer
ONMHCAaH 3TOT nepexod, MH VKaxeM cXeMy AaaJjbuefiiiero o6obuie-
HHA — Ha cayyafi o6blKHOBEHHbIX AHGepeHLHaNbHBIX YpaBHEHHH,
IHHBAPHAHTHBIX OTHOCHTENLHO HEKOTOPOIl rpynnsl.

IMpexxae Bcero MoXHo 0XHAaTb, 4TO cHcTeMa (58) Gyner HHBa-
piaHTHA OTHOCHTE/NbHO nepenoca MNPOCTPAaHCTBEHHBIX KOOpAHHAT
x—>x+4 x5 Y2y +¥Y,?). 310 06cTOATENLCTBO O4EHD IPOCTO HHTEP-

1) Ctporoe coBpeMeHHOe MaTeMaTH4YeCKOe HCCAefoBaHue 3Tofl cTaBiued K.Jac-
cuyeckofi cBR3H C TeOpHeR rpynn B cayyae OGHKHOBEHHHX OJHOPOLHHX AUMEdNOIX
Anddepenunansinix ypassennsi cm. 8 pabote Kolchin E. R, Annals of Math.
19 (19§8), 1—42. OtHocHTeNbHO HesuuefiHOro caydas, cM. Dickson [68).

?) TpakTHdeckn 3TO 03HAUAGT, YTO MOXKINO MpeieOpedb TAKHMH (PAKTOPAMH,
KiK IH3IMEHeHHe NJIOTHOCTH C BHCOTO#,
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INpeTHpoBaTb MATEMATHUYECKH: OHO [103BoJdeT HaM 3aMeHNTb CH-
creMy (58) cHcTeMoit 4er8epTo2o nopsaka:

dq. = F, (g3 Q)» (.I)»

d . da .
_d? =4y ‘;],3 =F,(q+ q) (59)

M JABYMSl KBAAPATypaMH
41=f('l1 dt, ‘12=f‘}2dt- (59"

Takum o6pascM, ¢ NOMOLIBIO ABYXNapaMeTPHUYECKOH TPYNNbl MOXKHO
CHH3HTbL NMOPSIAOK Halledl CHCTeMbl Ha [Be elHHHIIbl, 3aMeHHB HHTe-
rpupoBaHHe ypaBHeHHH kBajapatypaMH. Ilanee, cuctema (58) mu3o-
TPOMHA, T. €. HHBapHAaHTHAa OTHOCHTENbHO NOBOPOTO8 KOOPAHHAT-
HOll cHcteMbt. UToObl BBIPA3uTb 3TOT (aKT aHaJHTHUYECKH, YA0GHO
B KayecTBe HOBBIX MEPEMEHHbIX HCNO/b30BaTb MOAY/b CKOPOCTH

: = (x2 4+ 4?)'s u yron HaknoHa § TpaekTopun K ocu x. Toraa
x=0vcos0 U y=ovsin0. OUeBHAHO, YTO U M <yroJ TAHraxa»
¢ = ¢ — 0 HHBAapHAHTHH OTHOCHTE/JIbHO BpalUeHHH; NO3TOMY CHCTeMa
(59) skBHBaJieHTHa!) (ec/siH oHa U3OTPOMHA) CHCTEMe:

d . db .
-d—: =G0\ (v, ¢ @) oaf = Gy (v, 9, ¢)
: (60)
d B d .

= E=Gy(v, 9 o)

y KOTOpOii BTOpPOe ypaBHeHHe CBOAHTCS K KBaapaType ¢ = f v dt.

HaKOHEI.[. npeanosoXKeHHe, 4YTO BCE€ CHJbl «HHEpPLHaJIbHbI», O3HA-
“YyaeT, YTO OHH NPONOPUHOHAJNbHBI KBaapaTy CKOPOCTH, T. €. reOMeT-
pHYeCKHe TPAaeKTOPHH HHBAPHAHTHbI OTHOCHTEJbHO Ipynnbl H3MeHe-
HHit Macwraba BPEMEHH. Ho OYE€BHIHO, UTO @ H paccTOf|HUE

§= fvdt MHBapHaHTHbH OTHOCHTe/NbHO 3TORA rpynnel. Otcloona, 3a-
MeHHB f He3aBHCHMONH nepeMeHHOR s, nonyun ypaBHeHHe

_d'?__‘?, _"-“H(‘P’ ) H.(CP’ (‘P) (61)

ds ds v ds

(Hanpumep, mv dv/ds ecTb KacareabHas COCTaBJAsIOUIast CHJbI, OHA
paBHa npousseneHuio v? Ha cuny mG, (v/v, ¢, ¢/v) = mG,(1, ¢,0') =
= H* (¢, ¢’), KoTOpas neiicTBoBaja Gbl Ha cHapsia, ecin Gbl Bce
CKOPOCTH ObIIM H3MeHeHW B OTHoweHHH U :1.) B utore cucrema

1) Crporo rosops, noka v He o6pailaeTcs B HYJb.
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(58) sksusaaexnrra cucreme 810p0Oco nopadxa (61), naru keadpa-
Typam: (59Y) u caedyroujum COOTHOUIEMUAM

(H‘ds .
V= Ve , 1= as c.:=f<pa't. (62)

v

§ 96. Teopema bBbsaHkH

Ilpenbinymee paccy>XAeHHe MOXHO CYLUeCTBEHHO O0606IUHTD.
[lycte Z —no6ass cHcTeMa OObIKHOBEHHbIX U depeHuHa bHbIX
ypaBHeHHUH n-ro nopsiaka:

Bl Fi(xy o X li=1, ..., . (63)
[Mpeanonoxum, yto T HHBAPHAHTHA OTHOCHTeAbHO rpynnsl I' mpe-
obpa3oBaHHii X— Y(X) B NPOCTPAHCTBE (Xj1,..., Xp). IDTO 3HAUYMNT,
yTo ecan ¢ynkuus x(f) ynomneTBopsier cucteMme (63), TO ell ymo-
BJeTBOpsieT H npeo6pa3oBaHHas ¢pyHkuus Y(x(f)) npu Bcex y €1
Mbl nokaxeM, 4To 3TO 06CTOATENLCTBO 3HAYHTENLHO obJ/eryaer HH-
TerpupoBaHue cucrembl (63).

3To nerko nokasartb, ecad I' — omHomapaMerpuueckasi rpynna.
B naHHOM cayuae, 3a HCKJIOYeHHEM OKpPecTHOCTeH OCOObIX TOYEK,
rpynna I' JoKanbHO CBOAMTCS ') MOCPEACTBOM 3aMeHbl KOOPAHMHAT
K rpynne nepeHocoB y;—>Yi + a; Yz, . .., Yn 6e3 H3MeHeHHil. CHcTeMa
(63) 3anuiercsa B 3THX KoopaHHaTax B BHAe dyi/dt = G;(yy, .. ., Yn).-
Tak kak BbIUHTaHHe NOCTOSHHOH H3 Yy, He H3MeHSleT HH OJHOH U3
npou3BoaHbX dy;/dt, To, oueBHAHO, G; GAKTHYECKH He 3aBHCSIT OT
Y1, NOITOMY MOXKHO 3alHCaTh ypaBHEHHe

%=Gt()’2’-~-’ Y. li=1,..., n]. (64)

Takum o6pasoMm, MH CBeaeM HHTerpHpoBaHue cHcTeMbl (63) K HH-
TerpHpoBaHHIO cHCTeMbl (n — 1)-ro nopsaaka dy;/dt = G;(ys, ..., Ya),

[ =2,...,n) 4 onHolt KBanpaType y, =f G,(y2(8), ..., y,(2))dt.

O6o6uas ckaszaHHOe, OTMeTHM cJjeaytoutee: nycrts I'— aiobas
r-napaMeTpuueckas paspewnumasi rpynna Jlu npeo6pa3zoBaHuil npo-
cTpaHcTBa (Xy, ..., Xn), OTHOCHTENLHO KOTOPOi HHBapHaHTHA Cli-
cteMa (63). Torma, noutu no onpeaeneduto, rpynna I' Hmeer
JdoKanbHble?) noarpynna Jlu S) < Sy <... < S, =T, Takne, uto
1) S;-; HopMaabua B S;; 2) S; nopoxaaercs noarpynmoit S;—; H
HEKOTOPOH oaHOnapameTpuueckoil noarpynnoii I;.

') CM. [78], ctp. 34. BooGuwe ML 3aecb He RaeM MOAPOGHBIX YKa3aHHR
OTHOCHTCJbLHO HCMOJb3YEMBIX pe3yabTaTos TeopHu rpynn JIn.

?) IousTtie JAokafdbHON NOArpyuns pasbacHsercs B kHure Wesanane K,
Teopust rpynn JIn, M., WJI, 11. 1—2, 1948—1958 rr
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PaccmaTpuBas Bce B MaJloM, NPeANOJIOKHM, YTO MOJAMHOXKECTBA
TPAH3HTHBHOCTH MOArpynnsl S;_; NpeAcTaBasAloT coGoil A-Meplible
NOANPOCTPAaHCTBA MOCTOSHHBIX Yp41y -. ., Yo T. € OHH Napajienn-
Hbl THOEPNJOCKOCTH (Yy, - .., Yn) ANS HeKoTOporo A. Ilpeanosnoxum,
jaJjee, Yyto BBHAY HHBApHAHTHOCTH cHCTeMb (63) OTHOCHTeNAblO
Si—1 MOXHO CBeCTH WHTErpHpPOBaHHe cHCTeMbi (63) K HHTErpHpo-
BAHHIO CHCTEMbI

dy .
- =G;(Yprrr -+ Vb LF=h-+1,..., n] (65)

H KBagpatypaM. Mbl MOKa)eM, 4TO TOr/Ja aHaJoOrHyHoe yTBepxie-
HHe CNpaBeAJsIHBO Aas S;.

BosMoxHbl ABa cayuasi. Ecau noaMHoOXecTBa TPaH3UTHBHOCTH
rpynnel S; h-MepHbI, TO Hallle yTBepX/1eHHe TPHBHaAbHO. B nporus-
HOM cJiyyae, MOCKOAbKY S;_; HOpMaJjbHas (T. e. HHBapHaHTHas)
noarpynna rpynnsl S;, MHOXecTBa TPaH3HTHBHOCTH!) moarpymmbt
Si-1 HeTpHBHaAbHO npeo6GpasyloTcs noarpynnoit I';. Bei6paB Haa-
JieXalnM o6pa3oM CHCTEMY KOOPAMHAT, Mbl MOXKEM NPEIANo/J0XKUTh,
yto I'; ocyuwecTBaAsieT NEPEHOCH Y41 —> Vps1 @ Yiios - --» Yo HE
u3meHsiorcs. ClefoBaTenbHO, KaK H LJisi cHCTeMbl (64), Mbl MoXeM
CBECTH MHTErpHpoBaHHe cHcTeMbl (65) K HHTErpHPOBAHHIO CHCTEMM

dy . ’
d_tl=G}(yh+2’ LR ] yn)' [.’=h+2’ ey fl] (65)

H KBajgpaTtype y,,+l=f0,,+,(y,,+2(t), «ovy Yo (£))dt. ITuM 3aBep-
waercs A0OKa3aTeJbCTBO MO HHAYKUHH clelylouleldl TeopeMbl.

Teopema 2 (bbauku)?). ITycte cucrema 0GbiKHOBEHHbIX
Jupppepenyuanrvnoix ypaswenud 3 nopadka n UHEAPUANTHA OTHO-
cuTenbHo HexoTopou paspewumoti epynnot Jlu, o6aradarowei m-mep-
HolMu MHONMecT8amu Tpauautusnoctu. Toeda uHnTecpuposanue cu-
CTeMbl 3 MONCHO CBECTU K UHTe2PUPOBAHUIO CUCTeMbl NopadKa
(n— m) u Kk keadparypam.

B § 95 I, ato rpynna x—x—+ta, I'y—rpynna y—»>y-+45,
I'y—rpynna 6 >6+4a, x—>xcosa—ysina,y —xsina—+ycosa,
I'y—rpynma >\, x—>x, v—>l 1 T. A

') ITo onpeaeneHHio, «MHOKECTBO TPAH3UTHBHOCTH® CpVInb Sp_; AAs HeKo-
Topofi ToukH y ecTb mHOxecTBO Y Bcex o(y)[c€ S;_,]. Tak kKaky €[ HH3 G € S;_;
caeayer 17 Y'ey€ S;_;, To MHOXecTBO Beex (o (¥)) = (a7) (¥) cosnagaer ¢ MmuO-
xeetTBoM Bcex o (Y(Y)), H, crefoBaTesIbHO, TOXe §BJAAETCA MHOKECTBOM TPaH3H-
THBHOCTH rpymnul S;_,.

) Cm. [78], [34, V]
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§ 97. 3axaiouenne

[MpocmaTtpuBas cuoBa ra. IV u V, Mbl HaullHaeM NOHHMaTb, Ka-
Koe 60.blIOe 3HaYeHHe HMeeT ANf FHAPOAHHAMHKH NMOHSTHE rPynnml,

Tak, 3T0O NOHATHE JIEXXHT B OCHOBE BCEro aHa/ju3a paaMepHocTeft
H MOJeJHPOBAHHA; OHO JaeT TaKXe 3HauHTe/NbHOe 06oOLLeHHe STHX
TeopHfi B BUe HHCNEKIHOHHOrO aHaln3a.

Hanee, rpynne CHMMeTPHH NMO3BOJSAIOT YMEHbLIHTb YHCJAO He3a-
BHCHMBIX NEepPeMEeHHbIX, BXOAALIHX B YPaBHEHHS B YaCTHHIX NPOH3-
BOJAHBLIX, HEMOCPEACTBEHHO C MOMOLLLI0O MeTOJa MOHCKAa CHMMETPHY-
HbX pelleHHA H MeToda <«OTAeJ/leHH MNepeMeHHOA BpeMEeHH» H
KOCBEHHO — ¢ nNoMollbio o6paTHuX Merogos. Kpome Toro, meron
NOHCKa CHMMETPHUHHIX peuleHHii B o6lieM cayuyae 3aBeOMO Haaer
peweHus B MaJsoM (§ 89).

Iaxe nocsie TOro, Kak YHC/J0 HE3aBHCHMLIX MepeMeHHbLIX cBe-
JeHo K OAHOMY, TaK uTO JaibHefilee ynpouleHHe ¢ NMOMOLLbIO mpe-
AbIAYUIHX METOJOB yXKe HeBO3MOXHO, MOJIYYEHHYIO CHCTeMY OGbIK-
HOBeHHBIX AH¢¢epeHUHaNbHBIX YPaBHEeHHA YacTo Jierue BCEro mpo-
HHTErpHpOBaTh, HCMOJIb3y TEOPETHKO-TPYNNOBbie COOGpaxKeHHs.

VKa3aHHble Bbille MeTOAH TNPHMEHHMH K YPaBHEHHSM Kak
aHANHTHYECKHM, TAK H HeaHaNHTHUECKHM, KaK JAHHeiHHM, Tak H
HeJIHHeHHBIM; TaKHM 06pa3oM, OHH cBOGOAHH OT OrpaHHuYeHHM, HaK-
NajbiBaeMblX Ha OOblYHbie METOAb Pa3NoXKeHHs B Psab HAH Npend-
cTaBJieHHs HHTerpanaMH. [TosToMy Teopus rpynn urpaer ¢pyHaaMmeH-
TanbHYO POMb B pelleHHH AH(PPepeHUHaNbHBX YPaBHEHHH TFHAPO+
MeXaHHKH.

Hakonen, B ra. VI M nonuitaemcs nokasarb, uTo TEOpHs rpynn
JeXHT TaKXKe B OCHOBE KJ4CCHYECKHX YPaBHEHHH JBHXXEHHA TBep-
AOro Tena B HAeaNbHOW (T. €. HEC)KHMaeMON HeBA3KOM) MKHAKOCTH.

Mu HazeeMcs, 4T0 B GyAyleMm B elle Go.sbliueii Mepe BLIACHHTCS
CBAI3b FHAPOMEXaHHKH C TeOpHed rpynm.



IF'nmasa VI
NMPHCOEAHHEHHDBIE MACCHI

§ 98. MNpucoenunennas mMacca chepnl

KauectBenHo npeacraB/ieHHe O NMPHCOEAMHEHHOH Macce o6LueH3-
BecTHo. Hanpumep, nycTb MH ONMyCTH/IH Jlerkoe Bec/Jo B CMOKORHYIO
BOJy M 3aTeM cleniajH rpe6oK. Bcem H3BecTHO H3 ommiTa, YTO KaXy-
mascs HHepUHs (T. e. COMPOTHBJIEHHE YCKOPEHHIO ABHXKEHHs) BecJa
NpPH JBHXKGHHH ero B BOJe 3HAa4YHTEJNbHO yBeJHYHBaercs. DTa yBeJH-
YHBLIAsAC HHePUHS KAK Pa3 M Ha3LIBaeTCs <«KaxylueHcss Maccoiis
Becsaa, a PasHOCTb MeXAy Kaxyluedcs H AeficTBHTeNbHON Maccoft
Ha3bBalOT ¢HHAYLHPOBAHHOH» WJH «NPHCOEIHHEHHOH Maccoil».

TouHoe MaTeMaTHueckoe onpejesneHHe NPHCOEAHHEHHOH MaccH
snepBble faaH I'pun n Ctokc Gonee cta set Ha3zan'). Xox ux pac-
¢y aeHnii 6bl1 npHMEpPHO TAKOB.

PaccMofpum chepy Maccet m M pajMyca a, ABHXKYILYICS CO
CKOPOCTBIO U B Hecxumaemold He8A3Kod XKHAKOCTH MJIOTHOCTH p (Ha
NPOTSIXKEHHH Bced STOA ryaBel MH 6yJeM paccMaTpPHBATh JHUIbL 6e3-
BUXpeBhle TeYeHHsl TAKOH «HIeanabHol uakoctu»), He orpanduu-
Basi OGIUIHOCTH, MH MOXEM CYHTaTh, YTO [BHXKEHHE HANpPAaBJEHO MO
OCH c¢epHUYecKoit CHCTeMH KoopiaHnat. IloTeHuman ckopogreirt ass
XKHJKOCTH, Nokosielicss Ha 6eCKOHeYHOCTH, COBNAaAaer ¢ mMOTeHlHa-
JIOM [HNOJSA, KOTOPHH B cdepHueCKHX KOOpPAMHATAX HMeeT BHY

—ad (]
U= =50 (1)

HeficTBHTENBHO, JIerKo NMPOBEpPHTb, YTO HOPMaJsibHAas NPOH3BOJ-
Has norteduHana 0U/Or = v cos npeacraBiaser co6ofi HOPMaJbHYIO
COCTaBJISIIOLLYI0O CKODOCTH TOYeK Ha NoBepXHocTH coepu (§ 4). Pa-
AMaNbHAS H TPAHCBEPCAJIbHAs COCTABJAIOLUHE CKOPOCTH B IPOH3-
BOJIbHOH TOYKe XHJKOCTH PaBHBl COOTBETCTBEHHO

__a’vcosl 1 oU  a’vsinb
r= -b———ra . y= —r— 58— ———-2r3 .

') Green G., Mathematical Papers, ctp. 315 (1833); [13], 1. 1, ctp. 17
(1843). bosee nomyyio Gnbanmorpaduio cM. 8 [7], n. 92,
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[MosToMy mosHag KHHeTHYecKas 3HEPrHsi MKHUAKOCTH BhIpakaercs
tdopmyJoh

r=”fip(u3+u§)r2smedrdedcp=

sin? 0

= mpv2ab erdrfsme[ms LR £in ]dﬂz

(o o]

— Tevel f f[1+3cos2e]smede_

8

|

2,6
ﬂv—a[ 3r3] [—cos  —cos?0]; =

4 a
_ mpviad® _l 2mpal 2__L ‘o0
=—3 Tg g V=gmv.

Tak MH noayuaeM clefylOLIHI KJAacCHYECKHH pe3yJ/bTaT: KHHe-
THYeCKas 3Heprusl XXHAKOCTH PaBHA KHHETHUECKOH 3HEePrHH yacTHLH,
IBHXKYlLeHCA C TOH )Ke CKOPOCTbIO, YTO U cdepa, H UMewllel Mac-
cy m’, paBHyI0O n0.a08uHe MacCui 8viTecHeHHoW cgepoild audkocru.

Kpome TOro, oueBHAHO, YTO B HEBA3KOH MKHAKOCT:! BpalleHHe
cpepnl He OKa3plBaeT Ha OKPYXKAIOLLYIO XXHIKOCTb HHKAKOro BJIHS-
HHAl; CJeqOBaTe/bHO, MOMGHT HHepUHH c¢epbl OCTAeTCs HEeH3MeH-
HbiM. DTO HAaBOJHT Ha MBIC/b, YTO (ecJH ApeHeGpeub BJAHAHHEM CHJ
TAMECTH) cdepa B TAaKOH XHIKOCTH OHHAMHUYECKH SKBHBAJIEHTHA
Gosee TAXeJOA cpepe B BaKyyMe, Kaxyluasacs macca m* = m + m’
KOTOPO# ecThb CyMMa Macchl cpepsl m H NPHCOeJHHEHHOH Maccu m’,
paBHOH NOJIOBHHe Macchi BbITECHEHHOH BOAbI, HO MOMEHT HHEepUIH
KoTopofi He H3Menserca. 1o Oyaer cTporo Aokasano B § 109, rae
MBI [IOKaXXeM, YTO Bce JHHAMHYeCKHe XapaKTepUCTHKH BCsiKoro Ges-
BHXPEBOr0 HECKHMAaeMOro TeYeHHs MOXKHO BHIBECTH H3 BbIpaXKeHHs
A1 ero KHHeTHYeCKOH 3HepruH MpH MOMOLUM O6LMX YpaBHEHHA Ja-
rpaHxeBoft THHAMHKH.

§ 99. Mpuaoxenuns

HanoxenHble Bbillle pe3ysbTaThl HAXOAAT ce6e pasjiHulble Mpos
cToie npuMeHeHHs. OHO M3 HHX OTHOCHTCA K BBIUHCJIEHHIO Hauyallbe
HOr0 YCKODEHH$, N0Jy4aeMOro HamoJIHEeHHbIM BOJOPOAOM cdepHye-
CKHM 6a/lJIOHOM, KOTOPHIfi cpa3y ocBoGoXAeH oT KaHaToB. [lpeano-
JIOKHM, uTO Macca 6ajJioHa cocTaBisier !/jg Macchl BBITECHEHHOro
MM Bosayxa. HesoBek, He 3HaIOLIMA O Kaxylueiica macce, MOr G6bl
Aponeaath cjeaywlue owH6ounbie BblyHcsaenua. [To sakony Apxu-
MejJa, noJiHas MOAbeMHast CHJa paBHa NpousBeleHHI0 9¢ Ha Maccy
6ansioHa; MO3TOMY (TaK MOXHO 6blJIo Obl MOACYHTATb) HauajbHOe
yCKOpeHHe JOJI)KHO DaBHATbcA 9¢. A B cnyuae cdepuueckoro GaJi-
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JOHA, HANOJHEHHOro BOJOPOJOM H TNOrPYXEHHOro B BOAY, TakKHe
e OIHGOYHbie BbIUHCJAeHHs Hanu OH AAs YCKOPEeHHs 3HaueHue,
paBHoe no MeHbuledl Mepe 1000g.

O[HaKo NpaBHJbHOE HAYaJIbHOE YCKODEHHe MOXHO JIErKO HaHTH
NpH NOMOLH TEOPHH Kaxyuiuxcs Mmacc. Kasywaaca macca 6anno-
na m* cocrasasier 0,1 4+ 0,5 = 3/ Maccel BbITECHEHHOTO BO31yXa;
NO3TOMY B A€HCTBHTEJbHOCTH yCKOpeHHe paBHo 3g/2. B Bose oHO
COCTaBHJIO GBI OKOJIO 2¢.

Bosee ToHKHM OGyldeT NpHMeHEHHe NOHATHA NPHCOeAHHEHHOH
Macchl, B cjyyae KOTa XKHAKOCTb, B KOTOPYIO TNOTPyXeHa HeBeco-
Mas cdepa, BHE3alHO MOJyuyaeT ycKopeHHe 4. UeMy paBHO YCKO-
peHde a* cepbl OTHOCHTEJNbHO HabJalofatesisl, Haxoasllerocss BHe
MHAKOCTH? 3Ty 3ajauy MOXHO pewaTh Ttak. [laa nabaiopateds,
CBSI3aHHOTO C JKH/KOCTbIO, YCKOPEeHHEe a SKBHBAJIEHTHO (HKTHBHOMY
rpaBUTALMOHHOMY TOJIO HANpPAXeHHOCTH a. Paccyxjaas, Kak H B
npeabiAylleM Cayuae, MOJMYYHM, 4TO HauajbHOe ycKopewde a*—a
cdepbl OTHOCHTEJNbHO HabJI0aTeNs], CBA3aHHOTO C XHAKOCTBIO, YAO-
BJAETBOpsAET ypaBHeHHIO a* —a = 2a, 1. e. a* = 3a.

Takoit pacuer 6bi1 moatsepxaen T. E. KeiiBynom u aBropom!)
IJs1 MaJhiX BO3AYIIHHX MY3BIPbKOB B BOAE, H 3TOT BBLIBOA cCyile-
CTBEH AJS HCTOJKOBAHHS OMBITHBIX AAHHBIX OTHOCHTEJNbHO pasjiHy-
HHIX TeueHHH XHAKOCTH, nofo6GHbIX H306paxkeHHbIM Ha doro I u Il

VkaxeM eille 0HO NpHMeHeHHe — K uyacam ¢ MasTHHkoM ({13],
1. 3, ctp. 1—141). WU3-3a nprcoenHHeHHOH MacChl HHepuHs cdepH-
YeCKOro MasiTHUKa B BO3[AyXe yBeauuHBaeTcsi npumepuo Ha 0,02%;
yacel ¢ TAKHM MasiTHHKOM OTCTalOT npuMepHo Ha 10 cex B naeHs,
B 3aBHCHMOCTH OT IVIOTHOCTH BO3[yXa (AaBJeHHsl U TemnepaTyphi).

MoxHo Obl1o Gbl NMPHBECTH MHOMECTBO [APYTHX NPHJOXKeHHH
(cM. § 103—104), Ho, no-BHAMMOMY, lesecoo6pa3Hee CHayaJa pac-
CMOTpETb TeOpeTHYeCKHe OCHOBBI BLIYHC/IEHHS MPHCOEAHHEHHOH (HJH
«HHAYIIHPOBAHHOM®») MaccChl AJs Tesa NpousBogabHOR ¢opmui. M, kak
Mbl YBHIMM, 3TO COCTaBJsieT 3aMeyaTe/bHYyl0 IV1aBy KJacCHyecKon
narpauxesofi auHamuku. Ee cozpanu Keabsuu [85] u Kupxroo [81];
eit B ocHOBHOM mocBsiuteda ra. VI «Cugpoannamuku» Jlam6a [7]2).

§ 100. HHepuHaabHble JarpaHXKeBbl CHCTeMb

PaccMOTpHM [IHHAMHYECKYIO CHCTeMY, COCTOSILYK H3 TBEPAOro
Tesqia T W HAeanbHON XHAKOCTH 6e3 cBOGOAHBIX MOBEPXHOCTEH, orpa-
HHYEHHYIO CHapyxi H (Hau) H3HyTpu Ttenom X. OueBHAHO, yTo X
HMeeT LIecTb cTeneHeR cBOGOABI, KOTOPHIE MOXKHO OMHCATD C MOMOLIBIO
KOODIHHAT ¢, ... ge. Hanee, ecau naxo q(£), To npH BecbMa OGILHX

'Y Birkhoff G, Caywood T. E., J. Appl. Phys., 20 (1949), 646—659,
1) Cm. Takxe pa6oTu f7‘], [25*], [26*]. [l"i7 u [9*]. — Dpum. peod.
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YC/IOBHAIX CYyUIECTBYET OAMH H TOJBKO OAHH NOTEHUHaJ CKOpocTeil
(cM. § 4 uau [4], cTp. 217, 311) U = q;Ui(q), kotopbifi Ha Gecko-
HEYHOCTH CTPEMHTCS K HYJIO («peryispeH»), yAOBJieTBOpsieT ypas-
Henuto V2U = 0 u Ha noBepxHocTH S Tena X NpHHHMAeET 3HayeHHs
aU/on, onpenensieMble aBuxenneM 2. CieaoBaTesbHO, KHHETHYe-
CKasl 3HePrus XHAKOCTH OnpefensieTcsl paBeHCTBOM

T=5 [[[roUshdr=5 ¥ T,@ a4, 2
i, j=1

Kpome Toro, cyMMapHasi KHHeTHuUeCKasi 3Heprus XKHAKOCTH U TBep-
JOro TeJla onpeflesisieTCs aHAJOHYHLIM PaBEHCTBOM, HO C JIPYrHMH
Ko3pduunentamu. CHMMETpHUHAA MaTpHLa

Ty@= [ [ [(VU'-VU))dR, 2)

BX0Aslllasi B PaBeHCTBO (2), Ha3bIBaeTCsl TEH30POM «NPHCOeLHHeH-
HOH Macchi»; eCJIH YUHTLIBAeTCS H KHHeTHuecKas 3Heprus teaa X, 1o
NoJYy4alollylocs B pe3ysbTaTe MaTPHIY Ha3biBalOT TEH30POM «Kaxy-
uleficsi Macchis.

JIHHaMHuecKas CHCTEMA, TOJBLKO YTO onpeaeneHHas, HeroJOHOM-
Ha U HMeeT 6eCKOHEUHOe YHCJO cTeneHefi cBOGOAH, €C/IH YUHTHIBATh
naedopmartiio KHAKOCcTH. TeM He MeHee ecTeCTBEHHO paccMaTpHBAThb
ee KakK 0ObluHylo JsarpaHxkeBy cHcteMy ([76], ctp. 36) ¢ wmecTbio
cTeneHAMH cBOGOAB H CUHTATb, YTO KOH)HrypallHs XKHAKOCTH Omnpe-
AensieTcq ee rPpaHHIlaMH, ABHXKYUHMHCA MPH HAJMHUHH «HAeaabHOil
CBsA3U» — HecxxuMaeMocTH. Ha nene takoe gonyueHue o6biyHo MpH-
HHMmaercsi Ge3 jaokasateabctBa ([7}, ra. VI; [81], ctp. 238 u [85],
ctp. 320). Mbt aokaxem ero B § 109.

Hanee, no teopeMe ABanuunu (§ 21, reopema 1) neiictBue taro-
TEHHSI COCTOHT MpPOCTO B TOM, YTO K CHCTeMe€ HHepLHaJbHBIX CHJ
Ge3 yueTa CHJB TSXeCTH A06aBisieTcsi NOCTOsSIHHAasA THAPOCTaTHue-
cKas nodvemnas cuaa. [To3TOMy AOCTAaTOYHO paccMaTpHBAThL CJay-
yat L =T HyneBOH NOTEHUHANBHOH 3HEPrHH, uTO COOTBETCTBYET
& = 0. dtum onpenensercs JarpaHxeBa cHciemal!), B KOTOpoit
«060O6UIeHHbIe CHIB» Q; yAOBJIETBOPSIOT ypaBHEHHAM
=2 -;i) L 3)

\ Og; 9g;

JlarpaHxeBy CHCTEMY C HYJ€BOi NOTEHUHAJbHOH 3HEpruefl Mo-
JKHO Ha3BaTbh uNepyuaarbnol aazpawixcesod cuctemodi;, B § 101—112
Mbl PacCMOTPHM TeH30p NPHCOEAHHEHHOH (M Kaylleiics) Macchl,
onpejeaseMblii HHepuHaJbHONR JarpaHxeBoit cucremoit (2), (3).

) Tounee, wacTHHA cayuail narpanxeBoRd cucremb. — [Tpum. ped.
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§ 101. TeHsop npHcoeJMHEHHOH MacChl

B6nusu nonoxeHust g = 0 B HEKOTOPOH cucTeMe oTcyeTa YROGHO
CYUTATh, 4TO 1, §2, §3 OTMPENENSIOT MOCTynaTeNbHble JBHKEHHS Tesa
3 B HampaBJ/ieHHSIX TpPeX ocell KOOPAHHAT COOTBETCTBEHHO, a §4, §s,
gs ONpPENEJSIIOT MOBOPOTH! (B PafHaHaX) OTHOCHTEJNbHO 3THX oOcel.
Torga The (0) u3 dopmyasl (2) npeactaBasioT co6oit yHcaa, 3aBH-
csllHe oT BeIGopa ocell KOOPAMHAT, CBA3AHHBIX ¢ X.

[pu ao6oM TakoM BeIOOpe oceit mycte U!, U?, U3 o6osnauaior
NOTEHIHAMb CKOPOCTeH, COOTBETCTBYIOLIHE NMEPeHOCaM B HampabJie-
HHM ocell C elHHH4HO} JHHefiHOH ckopocTeio, a U4, U®, US — noreH-
HHAaJbl CKOPOCTEll NPH BpalleHHH TeJa BOKPYT 3THX ocell ¢ elHHHY-
HOH yrJIOBOH CKOpPOCTBIO. Torga KHHETHUeCcKas 3HepPrus XKHAKOCTH
T w3 dopmyasl (2) ompenensiercss paBeHCTBOM

o7 =qq, [ [ [ o (VU" - VUM AR = 4,0, T s 4

rie Mbl CYMMHpPYEM [0 NMOBTOPSIIOIUUMCS HHAeKcaM (oObluHOe corJa-
lIeHHe B TeH30pHOM HcuuciaeHun). Kak u B  dopmyre (2),
dR = dx\dx.dxsz ecth 3J7ieMeHT 0ObeMa KHJIKOCTH;, KpPOMe TOro, IO-
ckoapky VURVU* = VU*VU", ouesunno, umeeM Thr = Tin, T. €. TEH-
30p NMPHUCOEIHHEHHOH MacChl CUMMETPUUEH.

[1pu yCKOpPEHHOM [BHIKEHHH M3 COCTOSIHHS MOKos BCe ¢, = 0; cae-
Jd0BaTe/bHO, YpaBHeHue (3) CBOAHMTCA K yPaBHEHHAM NPOCTOro BHAA:

Qy= T4 (0) ‘;k’ e q= q =0. ()

Orcrona c/leayer NpocTasi MHTEpNpeTalHss BeJHUMHB! Thp; 8TO
ecTv R-KOMNOHEHTQ cuAabl, ecau Teay 6 COCTOAHUU NOKOA C006-
wiaroT eduHuunoe Yyckoperue 6 Hanpasienuu h. Kpome Toro, Tak
KakK Thp = Typ, MBl Cpa3dy noJiyuaeM CJeAyIOLIHA NPHHLUHA B3aHM-
noctu ([76], ctp. 305): k-KOMIOHEHTa CHJIBI NIPH €IHHHYHOM YCKO-
peHHU B HANpaBJeHHH A paBHA A-KOMIOHEHTE CHJIBI O] HAEHCTBHEM
e[IMHHYHOI'C YCKOPEHHUsl B HanpaBJieHHH R.

B npocrom cayuae (5) Jerko npoBepuUTb HEMOCPEJACTBEHHO, 4TO
Halla cHcTeMa Jarpan:keBa. B cuny Broporo toxpectsa I'puna (4],
cTp. 212) crnpaBeAnHBO PaBEHCTBO

T,,kzpfffvuhvukdze.—_pffU’l‘("a‘ff)ds. 6)

Ho B 3ToM caiyuae npousBoaHas dU*/dn paBua (ra. I, (7)) Hop-
MaJIbHOH COCTaBJAIOLIEeH CKOPOCTH Tesla X NpH ABHXKEHHH C eJHHHY-
HOH CKOPOCTBIO B HampaBJ/IeHUH ¢x. BBeleM Temepn cledyiolilee
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yio6Hoe o6o3HauyeHue, KoTopoe 6ygeM MCHOJNbL30BAaTh H B JajibHel-
wem, dS,=(0U*/dn)dS, Tax yTo MOXHO 3amucaTs COOTHOLIEHHS!

dS,=dx,dx;, dS;=dx,dx,, dS,=dx,dx,,
dS,=x,dS;— x,dS,, dS;=x,dS,— x,dS,, @

Ilo caMoMy Omnpefie/leHHIO BETHUHHEI Thp OUEBHIHO PaBEHCTBO
Tw=p [ [ U"dS, =0 [ [ U*4S, @®)

QueBHIHO TaKXKe, UTO €c/AH O6O3HAUUTH yepe3 p CKajspHOE 1a-

BJEHHE, TO ffpdSl, ffpng, ffp dS, nmnpexncraBasior co6o
KOMIIOHEHTbl CuAbl, C KOTOpoil Teso X JNeHCTBYeT HA KHUAKOCTb, a

ffp das,, ffpdss, ffp dS¢ mpeacTaBadAlOT co6ofi KOMMOHEH-

TBI MOMEHTQ 3TOMN CHJIBL

Tenepb PacCMOTPHM TeueHHE, BO3HHKAWLIee H3 COCTOSIHHS TMO-
KOSl TpH €IMHHYHOM YCKODEHMH B HAaNpaBJeHHH ¢n. JI€TKO moja-
cuuTath, uto ecau B Havane U =0 u dU/dt = U, to U(x;t) or-
anuaercs ot tUR(x) Ha GeCKOHEUHO MaJyid BeJHYUHY BTOPOrO IO-
psinka otHocurenbHo f. Tak xak MBI CBeJaH 3ajfauy K cayuyaw g =0,
TO W3 yPaBHeHUs DepHyanu oas gaBieHHsl XHUAKOCTH, ABUXKYLIeiCH
¢ yckopenuem [ra. 1, (5)], cienyer ypasHenue

p+-§12— pvuvu+p%§—tf«=:const. (8%)

Orciofa BHIHO, Y4TO HauaJbHOe THAPOJHHAMHYECKOe AaBjeHHe ph
BCIOY PaBHO MPOHM3BEICHHUIO «HOTeHLHANa yckopenuii» UP na mior-
HocTb p. CooTBeTcTByWIllas INOACTaHOBKa B ¢opmyay (8) naer

T = f f P"dS,, 1. e Twn ecro k-xomnonenra cuabl npu Ogudce-

MUU U3 COCTOAHUA NOKOS, BbI3BAHHOM eOUHUYHbIM YCKOPEHUEM 8 Ha~
npasaenun qy. B uactaoctH, Q), Q2 Qs npeacrasasiior co6oil o6bIY-
Hble KOMIIOHEHTbI CU.1bl OTHOCHTENHHO BHIGpAHHBIX HaMH ocell, a Qy,
Qs5, Qs — COOTBETCTBYIOUIHE MOMEHTH. DTHM OMpaBAaHO NPEANoJo-
XeHHe (3) ana cayuas (D), T. e, ANS cayvas YCKOpPEeHHs Tesa U3
COCTOSIHHSI NOKOS.

Korna nBumkeHHe CBOAUTCS TONBKO K ROCTYRATEABHOMY, KOOPIH-
HaTel (§i, 2, g3) MOTYT OBITb HCHOJb30BaHw 8 0O.1ewom. Torna
T:;(q) = T3;(0), T. e. nocroaxnsie, 1, TakuM o6pa3oM, W3 (OPMYJIbE
{3) cneayer cooTHomeHHe

d (0T oT . )
| —— e e ) . » —_ 2 .
< dt (aizi) g, Tyq, i /=1, 23] (9)
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Orcioga BuAHO, yTo mapagokc [lanambepa (§ 7) BO3HHKaeT yxe
¥3-32 NPHHATHS NpPeInoJoxenus (3), H 3TO 3aCTaB/IfeT HAC BCMO-
MHHTb, YTO Hama Mojedb B 06lleM He COOTBETCTBYeT (H3HUeCcKOH
JelicTBHTeNbHOCTH. Dosee CJOXKHBIM OKa3biBaeTcs MCC/AefOBaHue
MOMeNTO8 W BoOOLle BENHYHH, XapaKTePH3YIOLIMX BpallleHHe IPH
HaJHYHH NOCTYNAaTeJbHOrO ABHKeHHst (cM. § 111—112).

BoiBefieHHBIE BHIE (OPMYJbl OTHOCATCS K <«NPHCOEIHHEHHOH»
macce. OueBHIHO, YTO Kaxywjasca macca, onpepeiseMas Kak CyM-
Ma COOCTBEHHOH MacChi HaXOAsALerocss B MKHAKOCTH (TBEpPHOroO)
Tesa X M NPHUCOEJHHEHHOH Maccel, MPeCTaBJAAeTCs APYTHM CHMMe-
TPHUHBIM TEH30pOM (MaTpHueH), o6najamIIUM B TOYHOCTH TeMH
JKe CBOHCTBAMH.

§ 102. Teomerpuueckue Gurypbi 4acThbix BujoB; Teno PankuHa')

Kos¢duuneHTsl NMpHCOEHHEHHOH Macchl OblIH MOJACYHTAHBl TEO-
PETHYECKH He TOJBKO IJsi C(epbl, HO H /I TeJ MPOCTOH reoMeTpu-
yeckoit opmbl. O6bIUHO WX NPHBOAST B Oe3pasMepHOM BHJE, Bbl-
paxas WX uepe3 OTHOLIEHHe kK MPHCOeIMHEHHOH Macchl Ko BCei mac-
ce, PaBHOH NPOH3BENEHHIO NJIOTHOCTH p Ha 00beM (Z) BbITECHEHHOH
KUAKOCTH.

Muorue peay/bTaThl, NMOJAyueHHble Pa3JHYHBIMH aBTOPaMH, NMpH-
BelleHHl B KHHre Jlam6a {7]. danuntHyeckue WHJAMHAPH B clyuae mo-
CTYNaTeNbHOrO ABHKEHHS H BpallleHHs paccMaTpuBarotcaB[7], § 71
u § 105—107; cohepounsr ¥ samuncouant —B 7], § 105—107 u
§ 113—116; napa cdpep—= {7}, § 113—116. '

MoxHO TakXKe BBIUMCAHTb NPUCOEJHHEHHYI0 Maccy pasiHuHbIX
IPYTHX «ABYMepHBIX» GUrYp (LMAMHADPOB, ABHKYIIHXCA napasielb-
Ho cpoeit ocu). Tak, Te#nop 2) nmoAcunTas BenHUHHY R A8 pas/Hu-
HbIX MHOTOYTOJIbHUKOB ¥ napaboJHuecKuX ABYYroJbHHKOB. Pa3nuu-
Hble aBTOpHI %) paccMaTpHBA/JH TaK¥Ke KPYrH M JJHICH C CHMMe-
TPHYHO PACMOJIOXKEHHBIMU CTAaGHJH3aTOPAMH C LEJbI0 HCCAEN0BaTbh
crabuau3upylollee AelicTBUE, KOTOPOe OKAa3bIBAIOT HA JeTaTesbHbIH
anmapar pyJeBbie MOBEPXHOCTH.

1) MHorue u3 pe3ysibTaToB, NPHBEAEHHHX B 9TOM Naparpade W B APYIHX
naparpagax 5Toi IJiaBh, MOXHO HaliTH B paGotax JI. M. Cemoea [25%] u [27*];
cM. Takxke Puman U C, Kpenc P. JI, MpucoennHennpie MaccH Tejl pasnuy-
woit popmset, Tp. LLATH Ne 635, 1947 r. — ITpum. ped.

2) Taylor J. L., Phil. Mag., 9 (1930), 161—183. Cayuaii mapanienbHbx
naactuHok cM. Pa6yumunckui [, Proc. Int. Math. Congress, Strasbourg
(1920), 568—585; cm. takke Bickley W. G., Phil. Trans, A228 (1929),
235--274 w Proc. Lond. Math. Soc., 37 (1934), 82—105 u Seth B. N., Publ
Lucknow Univ. (1938—1939).

8 Kuerti G. u ap., Navord Rep. 2205 (1952); Bryson A. E, J. Aer.
Sci., 20 (1953), 297—308 u 21 (1954), 424—426; Summers R. C, Tam xe,
12 (1953), 856—857, cp. ¢ dopmynoi (22).
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M3 ppyrux OceCHMMETPHUHBIX TeJ, JJifi KOTODHIX aHaJHTHUECKH
HalijeHa mpHcOeJHHEHHAs Macca, MOXHO Ha3BaThb TOP, chepHUeCcKHe
JYHOUKH M «JHH3bl», OPDAaHHYEHHHIE COOCHBIMH C(hepHYECKHMHM cer-
mentaMu !). B cayvae cdep 6biin uccnenosanel H caabo nedopMu-
poBaHHble cdephl.

MoxHO Takxe paccMoTperb Teaa P3anxuna — TBepable Tena
BpallleHAs, KOTOpble NP 06TeKaHHH PABHOMEPHBIM MOTEHLHAJBHBIM
MOTOKOM NapajieJibHO OCH X; IKBHBAJNEHTHH CHCTEME HCTOYHHKOB H
CTOKOB, pa3MellleHHbX Ha 3TOH ocH. M paccMoTpHM cefiuac monob-
Hble Tena Pankuna B nopsagke o6o6ueHds pesyabratoB Makca
Mynka u [x. Tefinopa ?).

[TepBuiit mar sakamouyaercs B TOM, 4TO K BeipaxeHuio UVx, —
— x,VU npuMensiercsi BTopoe ToxJecTBo 'pHHA ¢ yueToM TOro, uTO
VU = V2x,=0. Hrak, ecau S”— Goaviaa cdepa, comepx aluas
X, a R— obaacTe MexJy noBepxHocTbio S Tena B u coepoit 87, To,
noaaras U* = U, mMbl noayyaem u3 dopmysabt (8)

e f [ (%) 5=
S

=pffx1%g-d5~*pff(xl%——U-‘?£i)dS; (10)
s s

npuuem —a/0n = 9/dr na coepe S”. Uurerpanu no coepe S Mo-
JKHO JIETKO OLEHATb acHMNTOTHYECKH, €CJIH BOCHOJb30BAThCs Mpel-
cTaBJeHHeM
; ou X
—U=Y" 00, =23 Loy,

r? r

Tak kak miowans cheps S” pasHa 4nr?, unenamu O(r-%) coor-
sercteeHHo O(r*) B ¢opmyne (10) MoxkHo npeneGpeub. B cuay
CHMMeTpDHH OTIAJaloT Cjaraemble, cOJepiKaiine pg, ps. UToObl oue-
HHTb OCTATOK, MbI BOCIOJb3yeMcs CepHueCKHMH KOOpJAHHATaMH,

1y Oruocuresbho Topa cm. Hicks W. M., Phil. Trans., 172 (1881), 609
# Dyson F. W, Ttam xe, 184 (1892), 42. O cdepryeckHX JAYHOYKAX CM.
Bassett A B, Proc. Lond. Math. Soc., 16 (1885), 286. OrHocuTenbHO JHA3
cM. Shiffman M. and Spencer D. C., Quar. Appl. Math, 3 (1947),
270—288; Payne L. E, tam xe 10 (1952), 197—204. Ilo nmoeogy noutx
cthepuueckux ten cM. Szego G., Duke Math. J., 16 (1949), 209—223; takxe
Plana, Mem. accad. sc. Torino, 38 (1835), 209.

2) NACA Tech. Notes, 104—106 u [B3]; cm. rakxke [7), § 121a; Tolimien W,
Ing.-Archiv, 9 (1938); Landweber L., Quar. Appl. Math., 14 (1956), 51—56
u J. Fluid Mech., 1 (1956), 319—336.
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TIONIOKHB Xx; = r sin ¢, dS = 2nd (sin ¢). Hnurerpan no cdepe 8” ¢
TounocThio o O(r-!) paBeH BejlHuHHe

{2
2mpp f (2 sin?o - sin® ¢} d (sin ¢) = 2rpp [sind¢]L, = dmpp,.
—x2

IMosTomy, nmepexofs K mpefeny NpPH r—- 00, Mbi IOJYYHM COOT-
HOLLIEHHe

Ti=Tu=4wut~ o [ [ 5 (%) s, (12)

rjne u'{ eCTh MOMEHT JAUNOAs BeauuuHpr UM qusi HanpaB/aeHHs Xi.
3amerum, uro BeiBoa dopmya (10) — (12) cnpaseanus aasa aroboil
¢dbyuxuun U, perynsipuoft Ha GeCKOHEYHOCTH H YAOBJETBOPAIOUIeH

ycnosmoff(dU/dn) dS=0Q.
S’l

Mpl nonyuyuan oGoluienvie pesyabtata Teiiyopa [83], koropni#t
paccMartpuBan cayuail £ = 1. B arom cayuae (2UY/0n)dS ectp dS,,
¥ MHTErPHPOBAaHHEM MO YaCTSM 10 BHYTPeHHelH 06/1acTi X NOBEPXHO-

ctH S MBI HAaXOZHM, 4TO ffx, dSlwfff dR nupencrasaser co-
Goii o6pem Tena X. [loaToMy MOXHO 3anmucaTe PaBeHCTBO

=4mppl — o - 0GbeM (Z). {12)

Hanuune Benuuunn o6beMa tena X 8 dopmyite (127) Teitnop
OOGDBACHHI TEM, UTO 3aMOJHEHHAs MAKOCTBIO MOJOCTh B X NpPH MO--
CTYHaTeJbHOM ABHXKEHHH YBeJHUMBAET ero NPHCOeJHHEHHYI0 Maccy
Ha BEJMYNHY, PABHYIO NMPOH3BEeJEHHIO p HA 06BbEM MOJIOCTH, He H3Me-
HAS JHN0JbHOrO MoMenTa U! Ha GeCKOHEYHOCTH.

OH Takxke OTMETHJ, YTO B cayuae 7eaa Ponkuna p}:Zx‘l’f}ek.
Ciieq0BaTeNbHO, NPH MOCTYNATENbHOM [ABHXKEHHUH BJOJbL OCH Xi NPH-
COeNMHEHHAs Macca paBHA INPOH3BENEHHIO MOMEHTa JIHIOJS,
onpefesoliell TeJ0 CHCTEMBl HCTOYHHKOB H CTOKOB, Ha BeNHYHHY
4mp MHHYC Macca BHITECHEHHOH MXHAKOCTH.

dopmyna aas chepst, Korga pl==a%2, kax B § 98 dopmyna
(1), fiBAsieTCS YACTHRIM CJAyYyaeM BbIParKeHUd

4drad® Inpa?
Tn=2np{z3-~p( 3 )..~.:-—3—~

Cayyalo BHTAHYTOro cepouia BpalleHHsT COOTBETCTBYET JHHeH-
HOe paclpefejeHHe UCTOUHHKOB MeXIy (GOoKycam.
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§ 103. Teopusi ¥ 3KCNEPHMEHT

XoTg Mbi HAa4aJu ¢ TEOPETHYECKOI'O PAaCCMOTDEHHS, HO sIBJEHHE
MpUCOeNMHEHHON Macchl BlepBble GbLIO OTKPBITO SKCIeDHMEHTAbHO.
B 1776 r. Hwo6ya!) ma6moogan ero BAHSHHE Ha NEPHOL MaJbIX
KoseGanull chepuueckoro MasTHHka. M3mepennble UM 3HayeHus &
nexar B uareperane 0,45—0,67.

B 10 BpeMsl cHcTeMaTHUeCKOe U TOUHOe OIIpejeseHHe HepHOAA
KoJeSaHUi MagTHUKOB HMeso G6oJblioe HayyHoe M NMPAKTHUECKO®
sHauenue. yKenatenbuo 6bIO TOUHO 3HATH, HEMY PaBHO g W KAKOBHI
€ro aHoMaJiuH, a AJsl OTmpeleseHHsl AOJTOTH BO BpPeMs JJIHTENbHbIX
MODCKHX NyTellecTsHi TPeGoBaiNCh XOpOLIHe XPOHOMeTpHl. B my-
crotre MH HMeem mlfB= mg sinf, crano GbTh, £ CBSA32aHO C MEpHO-
JIOM T Manulx KojeGaHull MasTHUKA IJUHHL [ dopMynoll g = 4n?l/«%
Ho Heo6xomuMbl MONPAaBKH KaK Ha BJHAHHE BO3JyXa, OKpyXalo-
Lero MAasATHUK, TAK ¥ HA TPEHHE B CHCTEMe MOJBeca.

QOueBUAHO, UYTO H3-3a MNONBEMHOl CHJIH BOCCTaHaBJHBAOLIAs
cHna mgsind MasTHHKA IVIOTHOCTH p YMEHbIIAeTCs B OTHOLIEHHH
1 — (p’/p), rae p’ — nnoTHocTh Bo3AyXa. Boaromapsi oueHs TOUHBIM
usMepeHussmM Be#uu ?) GwIIO BBISICHEHO, UTO 3T& NONpaBKa, AOXOAM-
masi NPUMepPHO A0 5/p MHHYT B JeHb, ABAseTcd HeJOCTaTOuHOH. OT-
ciofla SIcHO, Kakoe Oosblioe 3HaueHWe UMen pesyabrar IlyaccoHa H
T'puna, uTo m B JeBOH yacTH ypaBHEHHs MasiTHHKA HYXKHO 3aMEHHTh
HA «KaXyILylocs Maccy» m*, 4TO yBeJHuMBaeT BEeAHYHHY T B OTHO-
wenun 1:[1 + (m’/m)]. Taxkoe Bmunciaenwe a priori 3HaueHus
m’ = m* —m ana chepHYECKOro MasgTHHKA GHIIO MOPAa3UTEIbHBIM
pesyabTaToOM.

OnHako TOuHHe H3MepeHHsl BBISBUJIH TO OOCTOSITENBCTBO, 4TO
na6aogaeMole 3HaueHuss m’ = Rp-o6beM (X), NOJAYYeHHHIE 1O H3-
MEHEHHOMY ypaBHEHHIO MastHuka (m + m’){0= m[l — (p’/p)]sin 8,
CHCTEMATHYeCKH NpEBHIIAJH 3HAuYeHHs, HalJeHHble Mo (opMysaaM
ITyaccona u I'puHa.

dto cucrematnueckoe pacxoxnenune Croxe ([13], 1. 3, ctp. 1—
101) obmwsicHAn BAHAHUEM 813K0CTU. Ero coobpameHust GYAYT KOH-
CNeKTHBHO u3J0xkeHH B § 115; U3 Hux caenyer, uTo ykasaHHas pas-
HOCTb 3HAYeHHH nponopuuoHanbHa yucay Crtorca S == v#/w'-a, rge
® — 4acToTa, a a— paauyc coepsl. CTOKC HOMYUHJ TaKiKe Bsi3Koe
garyxanue, KOTOPOe B OGRIYHBIX YCJIOBHSX TOMXKE MOPONOPIHOHAIB-
HO S.

Orciona caenyer, uto npu GblcTPbLX KOAeOAHUAX MAAOU AMNAU-
Tydot, Kkoeda S Man0, TEODHS HMAeaNbHOH KMIKOCTH HOJXKHA AOCTa-

1) DuBuat, Principes d’hydraulique, 3-e wusz., Paris, 1816, 221—251
(mepBoe Haganue —B 1776 r.). OG3op Gonee pammnx paGor cM. B (I3}, T 3,
ctp. 76—122 wau B [79], cTp. 97—101.

?) Baily F., Trans. Roy. Soc., London (1832), 399492,
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TOYHO XOPOLIO COrJacoBbIBaTbCcsi ¢ HabmojgeHHsMu. KW pgeficTBH-
TeJIbHO, MHOTHE 3KCIEPHMEHTH !) MOKa3aju Xopollee COrJacoBaHHe
¢ teopuefl. K coxaJneHHo, aMIJIITYABl NPH 3TOM OOBLIYHO HE H3Me-
PSIINCh, @ MOTPELIHOCTH 3KCMEPHMEHTAa 4acTO OBLIIH OJHOrO mopsijika
¢ nmompaBkOH Ha BsiskocTb. [lanHble Beccensi, nmo-BHAHMOMY, 3aHH-
MapT ocofoe MeCcTO; HeKOTophle noBGouHbe 3hHeKTH B 3THX ONBITAX
6blau npoananusuposanst Ctokcom ([13], . 3, crp. 112).

BblIo ycTaHOBJEHO TaKkKe, 4TO BAAJH OT BCEX TBEPABIX IPaHHI
JBHIKEHHE KHAKOCTH Npi YCKOPEHUU U3 HAYAAbHO20 COCTOAHUSA NO-
KOf Ha NPOTSAXXEHHH NPHMEPHO AHMaMeTpa XOopollo corjaacyercs C
TeopHell uaeanpHOR xuakoctu. OjpHako, mocsae Toro Kak cdepa no-
IBHHETCS Ha HECKOJbKO AHaMeTpoB, Ha0maI0jaeTcs OTPHIB NOTOKA
(oTmensieTcss BHXpeBOH cJsoii), W Torja cralHoHapHoe 3HaueHHe Cp
craHoBUTCSl Gojiee BaxKHHIM 2). Emile ckopee 3T0 NPOHCXOJHT NpH
YCKOPEHHOM JIBUXKEHHH JHCKa MePHeHIHKYASPHO K ero IIocKoCTH ?);
3TOr0 ¥ CJEJOBaJIO OXKHAATh, TAK KaK OCTpast KpOMKa 6JaronpHAT-
cTByer OoTphiBy. BooGie roBopsi, TeHAEHUHS K OTPHIBY 3aBHCHT OT
BEJIHYHHBI MOJIHOTO NepeMelleHHs], BHpaXKeHHOH B AMaMeTpax; Tak,
NpH NEepHOJHYECKOM JBHKEHHH oHA 3aBHCHT OT Umaxt/d, rme t—
nepuo.

§ 104. Kosthduunentn! yCTORYHROCTH

[1pu HccaefOoBaHHH YCTOHYHBOCTH CTAlHOHADHOrO IBHIKEHHA B
BOJ€e MHOTHX THNOB TeJ OBIH HCIOJNB30BAHE B COOTBETCTBYIOLLEM
oOpMJIEHHH HIEeH, MNOACKa3hiBaeMble JarpaHXeBHIMH (OPMYJH-
posgamMu (§ 99, 100). Ecan stH (OpMyNHPOBKH NPHMEHHMB, TO
MOXKHO NoJcTaBHTb opmyay (2) B cooTHomenue (3), uto6pl moJay-
YHTh C/eAYylolllee ypaBHEHHE:

Q=2T,(@q+F4 q (13)
rae F; BhipaxkaoTes GopMynol
Fi=3XT1*(q) 4,q (13

Y Laird L. H, Phys. Rev., 7 (1898), 102—105; Krishnayar S,
Phil. Mag., 46 (1923), 1049—1053; Yu Y. T., J. Appl. Phys., 13 (1942), 66—69
u 16 (1945), 727—729; Stelson T. H.,, Thesis Ph. D, Carnegie Inst. Tech.
(1952). CM. Takxe NpejbIAYIIHE CCHIJIKH, @ TakXe npuMedanus xk § 104—115.

2) Cook G., Phil. Mag., 39 (1920), 350—382; Hirsch P., ZAMM, 3
(1923), 93—107; Bagliarello G, Ric. Sci., 26 (1956), 437—461. O BbiyHcse-
HHM PACCTOSIHEH, Ha KOTODHIX NPOHCXOLHT OTPHB WOTOKa, cM. Tollmien H,
Handbuch Exp. Phys., 4 (1931), u. 1, 272—279; Goldstein S, Rosen-
head L., Proc. Camb. Phil. Soc., 32 (1936), 392—401.

) Luneau J, C. R Paris, 227 (1948), 823—825 u 229 (1949), 227--228;
Iverson H. W, Balent R, J. Appl. Phys., 22 (1951), 324—328; B natH
ciyyanXx HaGaofanoch TeoperHyecKoe K.
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a I‘{k=(dTij/dq,,—{—dTik/dqj-—dek/dq,-)/Q CyTb KOMIIOHEHTBbl TeH-
3opa Kpucroddens ([76), crp. 39). Kpome Toro, Bxomsiue B 3TH
dopMynbl GYHKUHMH B NPHHLHMIE MOXKHO, KaK yTBepxpaana Jlarpaux
(§ 1), onpenenuth 3 priori npu NOMOLK TEOPHH NMOTEHIHANA,

Ha npakTtHke nmpeamosiaraeTcsi H3BECTHBIM JHLIb 840 ypaBHEeHHH
(13) u (13"), npuuem ¢opmyna (13’) ¢dakTHueckH COOTBeTCTBYeT
NPHHATHIO «HHEpUHaJbHOro MozenupoBauus» (§ 70). Ykasauubie
yPaBHeHHs] MPHUMEHSIOTCS] OOBIYHO TOJBKO K MaJibiM BO3MYILEHHAM

CTAaUMOHAPHOrO [BHXKEHHS, 4TO mNo3BoaAster cuutath Ti H I} B
ypaBHeHusAX (13) u (13’) MOCTOSIHHBIMH BeJHYHHAMH. DTH NMOCTOSIH-
able (nopo6Ho Cp, Cr W Ap.) oGBHIUHO ONpeiessAoT IMNUPULecKy —
TaK, 4YTOObl OHH COOTBETCTBOBAJIM JAaHHBIM HAOJIONEHHS; 3MIOHpHYeE-
CKHEe KOHCTaHThbl, OmpejefsieMble TakKMM 00pa3oM, Ha3HIBAIOTCA KO-
appuyuenramu ycroduusocru.

Bo BpeMs nepBoii MHPOBOH BOHHB Takue KO3 QHIHEHTH HC-
MOJb30BaJIMCh, HanpHMep, AJs HCCJAeNAOBAHHUS YCTOHUHBOCTH Bpa-
ulaloutuxcs cHapsiaos!). B HacTosiliee BpeMs OHH NPHMEHSIOTCS
K aHaJ{3y YCTOHUYHBOCTH NOJIeTa PaKeT H YNPaBJseMblX CHapsigoOB;
ciyyadh CHapsigoB co CTaOH/IH3aTOPOM ropa3fo Npoule AJsi H3Y-
YEeHHS.

Upe3BbiualHO BaXKHO H XOPOINO Pa3paGOTaHO HX MPHMEHEHHe K
aHAJMM3y YCTOHYHBOCTH IOJIETA CaMOJETOB. TeCHO CBSI3aH C 3THM
AHAJIH3 YCTOHYHBOCTH JIBHXKEHHS AHpHKa6JeH (H M0LBOLHBIX JIOLOK).
B 3THX cayuasx oco6eHHO GOJbIIYIO POJIb HIPAET HHEPIHS BO3LyXa
(Bomb), B KOTOPOM HaxoAHTCsi ABHXKYleecs Teqo. Cwm. [45%].

BroxHosnsemble uaesiMu JlarpaHxa, pas3iHyHbie aBTOPHI IBITA-
JIMCh BBIYHCJSATD KO3(PGHIHEHTH yCTOHYMBOCTH HMCXOASl H3 anpuop-
Hblx coobpaxkenHfi. XoTs Ias AupuKaGJedl M NMOJBOAHBIX JOLOK
ynanocb JOGHTbCSI HEKOTOPBIX YCIIEXOB, 3KCIEPHMEHTHl IOKa3aJH,
YTO B NEACTBHTENbHOCTH NPHCOEIHHEHHAss MacCa NPH CTAIlHOHAPHOM
ABHXXEHHH HCIBITHIBAET 3HAYHTENbHble H3MeHeHHS. COOTBETCTBYIO-
LlHe BbIYHCJIEHHS KOI(D(PHIHEHTOB YCTOMYHBOCTH [JSI CaMOJETOB
ropasio TPyAHee: HyXHO YYHTbIBAaTb UHPKYJSUHIO H pacnpeneseHue
BHXpef; 6oJbIlIHe COMHEHHs BHI3BIBA€T HCI0Jb30BaHHe ycaoBHs JKy-
KOBCKOro. Mul OTChblIaeM wgHTaTeNsi 3a NOAPOGHOCTAMH K TeXHHUe-
CKOft JuTepaType 2).

') Fowler, Gallop, Lock, Richmond, Phil. Trans. Roy. Soc.,
A221 (1920), 295—387 u A222 (1922), 227—247, cm. McShane E. Y., Kel-
ley J. L, Reno F. V., Exterior ballistics, Denver, 1953.

?) O63opn BMecTe ¢ GubGanorpadueit nanu Reissner E., Bull. Am. Math.
Soc., 55 (1949), 825—850 u_Garrick I. E, Appl. Mech. Revs, 5 (1952)
89—91; cm. Takxe Scruton W. R, Aer. Res. Comm. Rep., 1931. OTHocHTenbHO
nupuxabnet cm. Cowley, Levy, Frazer, Relf, Jones, Adv. Comm.
Aer., Tech. Rep., 1918, 1919, crp. 95—127; Szebehely V., Proc. Sec, Nat.
Congr. Applied Mech. USA (1954), 771-—776.
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Ha npaxrtuke KaxyleHdcs Maccoii HHTepecyloTCs TaKKe B CBf3H
¢ TeM BJIHSIHHEM, KOTOPOe 0Ha OKasbiBaeT Ha COGCTBEHHHIE 4acTOTh
KoseGanuit Kopabas, paBHO KaK H Ha 4acTtoThl GOPTOROH H KHJEBOH
Kaukd, B mepsoM cayuyae BJAHsIHHE CBOOOLHONH NOBEPXHOCTH JI€rKO
OlleHHTh. B BUAY OTHOCHTEABHO GOJBMION YACTOTH MOKHO MOJNOXKHTH
npy atom U =0. B apyrux cayuasx BiausHue 06pas3yIoOUIuXCs Ha
MOBEPXHOCTH BOJH yuecTb cJoXHee. ¥ Ha 3toT pas Ml OTcHIaeM
wuratens K jaureparype!l). ITo-suauMoMy, Mano HMeeTcsl CHCTeMa-
THYECKHX 3H2HUH OTHOCHTEJLHO 3aBHCHMOCTH KO3((pHIHEHTOB Yyc-
TOHYHBOCTH OT uncia Ppyna.

Haxouxen, MHOTHe aBTODH NPHMEHSJIH TOHSTHe Kaxyllefics Mmac-
CBI II151 OLIGHKM YHapHBIX CHJ NIPH NOCaJKe TFHAPONJIAHA Ha BOAY
TIPH BXOJe CHApSOB B BOLY H JApyr#e XKunkoctH. KpaTkoe pesioMe
10 3TOMY BOMpOCY mpHBexeHo B pabote [17]2, crp. 243—250.

Xorsi memyxtusBHas Tteopus § 99—102, cTporo roBopsi, He mpHuMe-
HAMAa HH K OLHOMY M3 NPHBEJEHHHBIX NPHMEPOB, BCE e B KakIOM
113 HHX [OHSITHE TEH30pa NPHCOSIHHEHHONH MacCH 0Kasajoch MO0~
TBOPHBIM.

§ 105. IpucoesuHennas Macca ¥ KOJMYECTBO JBHKEHHS

B GonbluuHCTBE NPHJIOKEHHH BJHSHUE NPHCOEAHUHEHHON MacChi
CcOyeTaeTcsl ¢ BO3JeHCTBHEM MHOTMX APVrUX (PaKTOpOB, B HCCIAEnO-
BaHHH KOTOPHIX 3aWHTEPECOBAHBI TOJBKC CHelHanucThl, I103ToMy Mbi
cefiuac BepHeMCH K YHCTOH TEODHH Kaxyuiefics Macchl — TeOpHH,
NPHBJIEKATeNbHOR H C 3CTETHYECKOH M ¢ MaTeMaTHUeCKOH TOYeK 3pe-
uus. Ho npexne ueM nepefiTh K Gosee aGeTpaKTHLIM PaCCMOTPEHHAM,
(§ 108—112), MBI nIpHUBedeM HECKOJBKO YACTHHIX Pe3yJbTaTOB, KO-
TOpble TMOMOTYT YSICHHTB CMBICJ BBOAMMBIX HaMH afcrpakuuil.

Cocrapasiioline TeH3opa npHcoeJHHeHHOH Macchl Hauboaee yno-
BJIETBOPHTENBHO ONPERENSIOTCSl NMOCPedCTBOM HHTErpalioB KHHeTH-
yecKoil 3nepeuu nopo6Ho dopmyaam (2) n (4). DTH HHTErpaJsl
cxodarca Ha GeckoHeyHocTH, TakK Kak (§ 7) V U = O(r3) B npo-
crpaHcTBe. B cayuae nnockux Teuenuit Jupuxse uHTErpas KHHeTH-
YeCKOH SHepPrHH TakKe CXOAUTCS Ha GECKOHEYHOCTH: H B 3TOM CJy-

yae HHTErpal ff(VUVU)dx dy::O(fr'4r dr) KOHEueH,

1) Nicholls H. W, Trans. Inst. Nav. Arch., (1924), 141—163; Le-
wis F. M, Trans. Nav. Arch. Mar. Eng., 37 (1929),.1—18; Moullin E.
Proc. Camb Phil, Soc., 24 (1928), 400-—413 u 531—558; Brown A D u gmp,
tam ke, 26 (1930), 258——262 Weinblum G, Schszbau 32 {1931), 488———49.)
509511 u 525—529; XaCKHH,ﬂ M. I., Hss. AH CCCP (1946), 23~34 53
HOJVI/VI2 })0 (1946), 475—480; Wendel K., Jahr. der Schiffshau Ges., 44 (1950Y,
207—25

?) Heppas 3azaya O NMPHCOSAHHEHHON Macce NMAABAaWILero Teda GHJa pelueHa
H. E. Xyxosckum [28*]. CoBpemenHOe cocTosHHe Bompoca c¢M. B paforax [7*],
[17*], [26¥—33*]. — fTpum. ped,
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Ceiiuac Mb 6ydeM HHTepnpeTHPOBaTb T'py KaK HHTErpaJin KOJH-
yecTBa ABHXeHHs. Pa3snuHble aBTOpbl OTMeuanan '), uTo HHTErpanh
KOJIHYeCTBa [ABHXEHHS pacxoastcsd B 06biunoM cMhuicne, [lostomy
NpH WHTEpNpeTauHH BeJH4YHH Thy C HOMOULBIO KOJHYECTBa ABHXKe-
HHS HYXHO cOGJI0ZaTb OCTOPOXKHOCTL. A Tenepb PacCMOTPHM STO
noapoGHee.

Ko3¢pduunentnt Thy u3 ¢popMyan (8) npeactaBasiot co6oit HH-
Terpannl, B3siTele NO rpaHuue S Tesa I, H B HOBHIX 0603HAUEHHAX
HX MOXHO 3anucaTb B BHAE

Tw=¢[ [UdSk, (14)
S
rie U = U" —rapmonunueckas QyHKUHS W dS, = 121 K, dS, Bu-

paxaeT AuddepeHunan noroka Bektopuoro noas K = (K,(x),
K.:(x), K3(x)) uepes S. Tak, B cayuae nepeHOCOB, napaJiiesbubiX
ocH xy, K= (1, 0, 0); B ciyuae moBOpOTOB BOKPYT OCH X| MOJNYUHM
K = (0, x3, —x3) u 1. a. [TocpeacTsom 310r0 yao6Horo o603HayeHHs
onpenensieTcsl moJie3Hnlit Kjaacc uurerpasos CTuabTbeca No nosepx-

HOCTSIM NPH YCJAOBHH, 4TO MHTerpanfflde | KoHeueH. 3aMeTHM, uTO

Bceraa, koraa K ectb nosne ckopocteit tBepaoro teaa, divK = 0.
310 ycaosHe u eute To, 4uTo U ecTh rapMonuuyeckas QyHKUHsA, pery-
AspHasi Ha GeckoHeuHocTH ([4], cTp. 217), — BOT M BCe, uTo HaM no-
TpebyeTca ANA AanbHeALHX BHIBOJOB.

Onpeneanm «K-1HHHIO® Kak HMHTErpajbHyl0 KPHBYIO CHCTeMb
dx;/dt = K;(x), unn dx/dt = K(dx; = K;dt). Takum o6Gpa3om, ecau
K cooTBeTcTByeT nmocTynateqbHOMY ABHXXEHHIO NapaJjiiefbHO OCH X),
ro K-auuuu cytb npsmble, napaanenbHbie 3710l oc; ecan K coor-
BETCTBYET BHHTOBOMY JBHXKEHHIO OTHOCHTEJbHO OcH Xy, TO K-aHHHH
npeacTaBaflOoT c000ii BHHTOBHE JHHHH BOKPYr 3TOH OCH H T. A.
Teneps k BekTopHOoMy noao UK Haa o6aactamu R, orpaHHueHHbIMH
nosepxHoctasmyn SuS’w S”, rae §” cocrour n3 K-auuui, Mpi npu-
MeHHM TeopeMy o AuBepreHudn. Tak kak dSk==0 Ha noBepxHocTH §’,
cocrosiuiedt u3 K-auuuit, u tak xak

div (UK) =K, gg +UdivK.

TO, noab3yach pasenctBom div K = 0, Mbi noayvaem H3 ¢$opMydanl
(14) caeaywiuee cooTHOLIEHHE:

Thn’:?f’ff(Krg%)dR—p{fUde. (14)

) [7), 119; Tollmien H.. ZAMM, 18 (1938), 154.
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[TokaszaHHble 3aech 3HAKH fiepefl ABOHHBIM W TPOHHBIM HHTErpa-
NaMH BepHbl, eCJIH HOPMaJly HanpasJieHbl 8HYTPs obaactH R. B uacrt-
HOCTH, ecid R — 6eckoneunas 06JacTb U MOBEPXHOCTb S’ oToaBH-
raercs Ha OGECKOHEUYHOCTb H €CJH nmerpan B o6aactd R cxoautcs,
TO NOoNy4yum dopmyJay

Taums [ J J (K 22)am 49

Tenmeps paccMOTPHM pasJsHuHbie ClyyaH, COOTBETCTBYIOLHe 4acT-
fibiM 3HAaueHUSAM KO3 HIHEHTOB B BLIpAXKEHHH s NpHCOeNHHEH-
HOH Macchl.

Ecan k=1, 10 K= (1, 0, 0) = grad x; = Vx; B 3aBHCHMOCTH
oT oBosnavenuit. [Tycts S” ecTb GecKOHEUHO NJIHHHBIA YUAUROD, OCh
KOTOPOro mapaJjJjiesbHa OCH X; U KOTOpHIii conepxHT Teao Z. Toraa,
MOCKOJIbKY HHTErpaJj OT KOJNHYeCTBa [BHXKEHHA

T,,,_—Tm_.pfo dxzdx:,._pfff( )dR (15a)

CXOAMTCS Ha GEeCKOHeYHOCTH, Mbl MoJyyaeM CJAeIYyUIHiA pe3ynbTar.
Koagpuyuentor 8 soipasicenyu 0aa npucceSuHeHHOd maccel, COOT-
BETCTBYIOULUE AOCTYNATeADHOMY OBUNCEHUIO NAPAARCALHO OCH Xy,
PABHLL COCTABAANOUEL MO Xy KOAULECTBA OBUNCHIA HUOKOCTU BHYTPU
a106020 beckoneuroeo WUAUHOPA, COOCHO20 ¢ Xy U COOepwauezo
reao I npu 08udceruu ¢ eQUHUYHOL CKOPOCTbIO 8 Hanpasaeruu h. O6-
nacth R npote Bcero 6paTh B BHAe HHJIHHAPA, OMHCAHHOrO BOKPYT.
Tena . DTOT pe3yJbTaT NPHMEHHTENbHO K BeJuuHHe T NOJAyuud
Teonopcen [84].

Janee, ecain k=4, o K= (0, x5, —x3) = x3Vxoa — x5 V.x,.
Ilycts S” orpanuuuBaer nwboe T8epdoe Tea0 8pawjeHus, KOTOPOE
COOEPHKHUT TeIO T U IJist KOTOPOrO DCh X; eCTh och cuMMerpuu. Torna
rpanntia SwS” o6aactw R coctout u3 nosepxHoctd S u us K-au-
uuli (kpyroB), Tak uto dopmynaa (14*) ceoamrcs kK BHAY

e [ [ [ (o35 —x-5i)ar=e [ [ [ )R,
(156)

riae § == arc tg xs/x;. ChenoBateabHO, Thy — MOMEHT KOAUH4ECTEA OBU-
MeHus OTHOCHTEALHO OCH X; KHAKOCTH, Haxonsuiedica B obaactu R.

C noMoumiblo HHKAHYecKoll nmepectaHoBku ocell U3 (15a) u (156)
MOMKHO JIErKO MOJYUHTb OCTaJbHbie BeJHUHHBI Ty Coyualt 8unTOSO-
20 Osuscenus BOKPYT och xy, koraa K = aVx; + B(x2Vxs — x3Vxy),
JIETKO TMOJIYYHTb CYNephno3HuHedl JABYX Mnpeablayliux  Gopmya.
[Nycte nosepxHocTs S’ — Kkpyeosod yuauwdp, ONHUCAHHBIA BO-
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Kpyr teaa X. Torna npucoedHiieHHas macca paBHa KOJHUYECTBY BHH-
TOBOTO JABHXXEHHSI KHIAKOCTH, HaXoAsilledcs BHYTPH [OBEPXHOCTH

S”, a uMeHHO pfj (@ 0U"0x, + B 0U"00)dR; To xe caMoe BepHO
AJS BCeX UHJHHAPOB, COOCHBIX C X; H COAepKallHhX Tesao X.

§ 106. lpyrue uHTEpnpeTauHH

Coscem HepaBno Y. IlapBuH ') gas HOBYIO M OYeHb MPOCTYIO HH-
Tepnperaunuio TeOPeTHUECKOH NPHCOeJHHEHHOH Macchbl TBEPAOro Tena,
BBelsl MpejcTaBjenHe O dpedige, T. e. O CMeLLEHHH MOMNEPEYHOH Mo-
BEPXHOCTH XKHIKOCTH, BbI3biBA€MOM TIOCTYNAaTeJbHbIM [BHXKEHHEM
Tena ¥ U3 —oo B 0o BAOJAb AaHHOH ocH. OH mokasaJ, uto npu-
coedurennsii 06vem i/p, onpeaensieMblii KaK OTHOUIEHHE BeJHUHHbI
NPHCOEJHHEHHOH Macchl NPH MOCTyNaTeNbHOM ABHXKEHHH K MJIOTHO-
CTH XHAKOCTH, paBeH 00beMy, 3aKJIIOUEHHOMY MeXAY HauaJbHbiM H
KOHEUHbIM NOJIOXKEeHHSIMHU J1060H TaKoH MOBEPXHOCTH.

B cnyuae naocko-napansnenbrnoeo o6tekanns HEKOTOPOH MJOCKOM
obaacty £ MOXHO AaTbh APYrylo, COBCEM MPOCTYI0 HHTEpNpeTauuio
B TEDPMHHAX KOH(POPMHOro oTob6pakeHus:

z’=az+co+—c—z'—+%+..., Va>0, (16)

nepeBo/sllero BHELIHOCTb €JHHHUYHOrO Kpyra Ha BHELHOCTb o6.Ja-
cty X. Kak yxe orMeuasoch B § 8, HMeeTCss OQHO H TOJNbKO OLHO
Takoe npeobpasoBanue. 3aMeTHM, 4TO ecad V ecTb PYHKuUMS TOKa,
To Oudpdepenunan (VV - VV)dxdy KHHeTHueCKOH HEPrHH coxpa-
HsieTcs NPH KOH(OPMHOM OTOGpaKeHHH H CKOPOCTb Ha GeCKoHeyHo-
CTH M3MEHSIeTCA MPH 3TOM B OTHOWIeHHH | :a. C Opyrod CTOPOHDI,
GyHkuus V H3 ypaBHeHHS V + uoly = ¢ YAOBIETBOPsSieT KPaeBOMY
ycaoBuio V = 0 Ha Z.

HenocpencTBenHas acHMNTOTHUECKAs OUEHKA, YYHTbIBAIOLLAs 3TH
aaunble ([86], cTp. 204), mokasbiBaer, 4TO B cJAyvae TEUEHHH, mapaJ-
JieIbHBIX OCH X1, MPHCOeaHHeHHas macca M, Teja ¥ yaoBJeTBOpsieT
ypaBHEHHIO 2)

M,y/p+ nnowans(X) = 2ra? |1 — Re (¢,)]. (17)
®opmynoit (17) 3agaua BblYMCAEHHS] PUCOEAMHEHHOl MacChbl CBO-
IHTCS K 3a1aye KOHQOpMHOro otobpaxkenHs.

Ipyro# uHTepecHbIH pe3yabTaT — 3T0 Teopema Iloiia o Tom, uTO

M3 BCeX MJIOCKHX objacTtell, HMEIOWHX LaHHYIO NJOWAAb, KPYIJbIH
AHCK o6G/nafaeT HaMMeHblield ycpeaHeHHOH NMPHCOeNHMHEHHOH Maccoii

) Proc. Camb. Phil. Soc., 49 (1953), 342--354; cm. Takke Light-
hill M. Y., J. Fluid Mech., 1 (1956), 31—53 u 311—312.

2) B [7*] naHn Bblpamenus AAs Bcex KOI(PQUUHMEHTOB NPHCOEAHHEHHLIX
macc. — [Tpum. ped.
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(ycpeaHeHHOH N0 BCeBO3MOMKHBIM OpHeHTAUHAM). AHaJOrMuHbil
pesyabTat Aas chep B npocTpaHcTBe HeaaBHo noayuud uddep ).

Hakonen, umeercsi 3aMeuaresbHbIH pe3yJbTaT, BHISBJAAIOLLHI
CBfI3b MOHSATHS NPHCOEAMHEHHOH Macchl ¢ TeopHelt cTpyH, pac-
cMortpennoit B ra, IIl. Kak BnepBble gokasan Psabywnuckui,
B ceMeHCTBe TpaHHL, OXBaThiBAIOUIMX OAHH M TOT Ke OO6beM
(UM, B cayuae MJOCKHX TedeHHH,— OAHY H Ty ¥Xe MJOLLAAb), 3KC-
TpemaibHOe 3HaQ4eHue NPpucoeOuUHeHHol maccel OatoT c80000HbIE
eparuybl. OTHOCHTEJbHO BbIBOAA H NPHUMEHEHHIi 3TOH TeopeMbl Mbl
orchlsiaeM ynrtatens K [17], crp. 85—89 u 177—184.

§ 107. Kanonuueckasn gopma

Kak yxke nosicuagoce B § 101, Tensop xaxyulefica maccw TeJa
3 3aBHCHT OT BbIGOpa Ocell KOOPAHHAT, CBA3AHHBIX C TEJOM, H H3Me-
H51eTCs ¢ H3MEeHEeHHeM [MOJIOXKEHHs TesJa OTHOCHTEeJbHO HEKOTOpOro
3a7aHHOTO HauaJbHOro mnoJoKeHHs orcuera q = 0. Cayuaii chepbl
BecbMa npocT. Ecau ocu npoxoasit uepe3 uentp coepsl, T0 B 060-
3naveHusx u3 § 100 cnpaBeasuBBl paBeHCTBA

Th=Typ=Txg=m", Ty=Tg=Ts=2ma’(5,

a Bce Ty; BHe IJaBHOIH AuaroHaqu [i # | paBHBI HYJIO.

Jpyroii u3BecTHbIH 4acTHBI} cayuyadl — 3TO TBeploe TeJO B AYC-
rore. Ecan 3a Hauano KOOpPAMHAT B3Tb LEHTP THMXKECTH, TO BCe
Tiyli#+jmni j=1,2, 3] o6patsitca B Hyab, a Tj4 = Tgy = T35 =
= m, rile m— Macca Tena. Jlajee, NpHHAB rJaBHble OCH HHEPLUHH
B KauecTBe AeKapTOBbIX OCeH KOODAHHAT, Mbl MOKeM OGpaTHTb B
HyJb Bce Ty(i #*ju i, j =4, 5 6). CrenoBatesbHo, TEH30p HHep-
LIHH onpefensieTcsl UeThipbMs CKaJsipHbIMH BejHuHHaMu Ty, Taq, Tss,
Te6, KOTOpble MyTeM H3MEHEHHs eIWHHL AJHHbI H BPEMEHH MOXHO
cBecTH K 08ym. 3ateM, T4y + T55>Teg U T. 4. NPH LHKJIHYECKOH
3aMeHe HHAEKCOB; cJyuail 3JJHncouaa ABjsercs BrnoJHe o0LUM.

B aByx ykaszaunbix cayuasx marpuua (|71 npusoautcs k nua-
rOHaJbHOH (pOopMe C MOMOLUBIO HaJJexallero Beibopa ocedl KOOpAH-
nat. IlpencraBiasier HHTepec BBISICHUTb, HAacKOJbKO MOXKHO YyOpo-
CTHTb MaTPHLy HHepUHaJbHBIX KO3(dHUHEHTOB T;; NPH NOMOLLH HAL-
Jexallero Bbi6opa AeKkapToBOH CHCTEMbl KOOPAHHAT W LEHTPaJibHOH
TOYKH ?) 1A OOLlero cjayuasi XKHAKOCTH C MOJOMXKHUTEJNbHOH NJOT-
HOCTbIO. DTO mpeacraBisieT cO60H NPOCTOe ynpaxkKHEHHe MO TEOPHH
KBagpaTHUHBbIX opM.

') Polya G., Proc. Nat. Acad. Sci., 33 (1947), 218—221; Schiffer M,
Comptes Rendus, Paris, 244 (1957), 3118—3121.

?) OrHocHTeNbHO WeHTpasbHOB TOoukH cM. [34*]. Mo sonpocy 06 ymnpouleHuy
MaTpHUBl HHepUHaJbHHX Ko3h¢dHuneHTOB cM. [256%]. — [Tpus. ped.
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Ha npumepe secaa (§ 98) BuaHO, uTO Kaxylulascs HHepuUus Mo-
XeT GblTb Pa3JUYHOH ITPH NMOCTYNATENbHOM [JBHKEHHH B Pas/HUHBIX
HanpaBJleHHsiX; TOpasfgo Jerye CO3LaTh yCKOpeHHe, paccekast Bec-
JoM Bomy, yeMm 3arpe6as. OmHaxko Tak Kak BCsKas KBaJpaTHuHaf
tdopMa >3KBHBaJeHTHA !) OTHOCHTENbHO TIpyINNsl BpalleHHH XHAaro-
HaJbHOM (opMe, TO MbI BCerja MOKeM NMOBEPHYTb OCH TaK, YTOGLI
nonyuuts T2 = To3 = T3 = 0, npuuem BenuunHnl Tyy, Too, Tz
OYAYyT COOTBETCTBOBATb <«IJIABHBIM HampaBJeHHSIM» [OCTynarelb-
HOTO JBHIKEHHSsI.

3a uCcKr«QuUeHHeM cayuyas BBHIPOKAeHUS! (caydyal HEBECOMOH TOH-
KOH NJIaCTHHKH), Koraa oaua u3 Benuuyun Ty [ = 1, 2, 3] o6pauaer-
Csl B HYJb, BO3MOXKHO [aJjbHeflliee yNPOUleHHe HaJJeXalllHM Bbl-
60poM Hauaja KOODAMHAT B UeHTpajbHOM Touke. IlycTh wi, ws, wa
0603HAYalOT BpALEHHs CO CKOPOCTbIO OJHH pajHaH B CEKYHAY
OTHOCHTEJIbHO HEeKOTOpOH CHCTEMBI oceH, napaJjefibHbIX IJIaBHBIM
HanpasJleHHsIM NOCTyNAaTeJLHOro ABHXKeHus; nycrb X, Y, Z o6o3na-
YaloT nepeMeLIeHHs] B [VIABHLIX HalpaBJeHHSX NPH €IHHHUHOH CKo-
POCTH, ¥ TyCThb W;, W, W, 0603HAYAIOT BPAIleHUS OTHOCHTEJbHO
oceil, cMelleHHbIX Ha BekTOp (X, Y, 2). Toraa

w =, +yZ—=zY,
Wy =W, 42X — xZ, (18)
w,=w,+ XY —yX

[MogcranoBka w, BMecTo w; He H3MeHsieT Ii4—— 3HEPTHIO B3aH-

vofeficTBHa Mexay X H Wi, NMOCKOJbKY 3Heprusi B3aHMOJEHCTBHs
mexay X u Y unn Z pasHa nymo. C Apyroil CTOPOHbI, IPH 3TOM
Benuuuna T15s = Ts; yBennuuBaetcsi Ha 2Ty, Benuuuna Tis = Tg —
Ha xT,, a Bennunua To4 yMenbLiaetrcs Ha 272, H T. 4.

ITosToMy HaznexaimluM BbLIOOPOM 2 MOXHO AOOHUTbLCS PaBEHCTBA
T15 = Ty v aHanoruuso noayuuth Tig = T3 U Tog = T3s. Takum 00-
Da30M, MATPUYY UHEPUUAAbHbIX KOIPHUULEHTOE MONHO NPpUBECTU
K ynpolileHHo#l ¢opMe, KOTopasi yKazaHa Ha pHc. 27.

B 31y KaHOHHuecKyl0 GopMy BXOAST RATHAOKATb NPOU3BOAbHBIX.
ROCTOAHHbLX, UACJO KOTOPBIX MOMKHO CBECTH K TPHHAJLATH, H3MEHUB
MacwitTal asusbl 4 BpeMenu. Mtak, oO61ui cayuail xapakrepuayercsi -
Tpuradyareo Geapa3MepHbLIMHM OTHOUIEHHSIMH H ZBYMs npeofpaso-
BaHHSIMH eHHHI, H3MEPEHHS. »

Ecan tenmo uMeer Tpu B3aMMHO NEepNeHAHKYASPHblE IIOCKOCTH
CUMMETPHH, KaK 3JJIHNCOHA, TO MX MOXKHO B35iThb B KayecTBe KOOp-

') HMcnonsayeMbie 3mech anreGpamyeckHe TeOopeMbl AOKa3aHbl, HalpHMep, B
[45], ra. 1X, Teopema 21. Tlo noBogy camux peayabtatos cM. [7], § 126; oGmui
cayuafi paccmotper Clebsch, Math. Annalen, 3 (1870), 238. Otuocsukecs
ciona Apyrue pesyabratht cM. Morgan G. W, Quar. Appl. Math., 12 (1954).
277—285.
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OMHATHBIX TIocKoCTeH. OTpakenue, CKaxeM, B MIOCKOCTH (X, Y)
ocrasaser Z, w), Wy HEM3MeHHHMH, HO MeHseT 3HAaK Ha NPOTHBOIO-
aoxupiil y X, Y, wy; KHHeTHUeCKast SHEPrUsl NPH 3TOM He H3MEHAeT-
cst. B cuay sroro Ty3 = —T3 = 0, 1 aHAMOrHUHO

To=Ty=Ty=Tp=Ty=Ty=Ty="Tsx=

TloBTopsAsA 3TO paccyk/eHHe OJAf APYrHX KOOPAHHATHBIX MJOC-
KocTel, MBI BHAHMM, YTQ MaTpHUY HHePHHAAbHBIX KO3((UIHEHTOB

ileperoc Bpauenue
o 0 0 P ¢ n
0 B 0 ¢ a 4
0 0 y 7 L T
p & T4 Tys T4
€ o Tys Tss Tse
7 { = Tae Tse Tes

Puc 27.

MO3KHO IMaroHaJu3HpoBaTk, TakuM o6pasoM, ¥ HAC OCTAIOTCS WULECTb
NPOU3BOJBHBIX TOCTOSHHBIX M 4erbipe Ge3pasMepHBIX OTHOLIEHHS
(MX TOJIBKO JBa B CJyyae TBEPJAOTO TeJa B BaKyyMe).

Jpyroii HHTepecHHBIA CJayuyall — CHMMETPHSI OTHOCHTENbHO Tpex
B3aHMHO MepneHIHKYASIPHBIX ocel, Ho 6e3 CUMMETPHH OTHOCHTEIBHO
TJIOCKOCTEeH, MPOXOJAAIIHX Yepe3 3TH OCH. THMHYHBEIM APHMEPOM $B-
JseTcs BHHTOBAsh JHHHSI: X =rcosz, y=rsinz, [r|<l1, |zl <2

B cuany cHMMeTPHH OTHOCHTEJNBHO OCH 2 OCTAlOTCS HEU3MEHHBIMH
Z, w3, HO MeHsIeTCs 3HaK HA NPOTHBOMOJIOKHLIN v BesuunH X, Y, w,,
wy. [To3TOMY, Kax ¥ Bbilile, TOJY4YaeM PaBEHCTBA

Ty=Tyu=Tya=Tg="Tg=Ty=T,="T5=0.

TToBTOpHB 3TO pacCyXJeHHe IJA APYTHX KOOPAHHATHHIX MJIOCKO-
cTeil, MbI BHIHM, 4YTO, KPOME€ «BHHTOBBIX MPOH3BEIEHHH HHEPUHH»
p, O, T, BCe KO3 (HIMEHT], CTOAIMe BHe IVIaBHOH AHaroHasu, o6pa-
ATCA B HyAb. TakuM o06pa3oM, 3ecb Mbl HMeeM 0e8ATs Koapdu-
LHEHTOB WHEPLHH, M IIPH MOMOINH H3MEHEHHs MacuTaGoB AJIHHLI H
BPEMEHH MX MOXHO CBECTH K CeMH CYLIeCTBEHHC He3aBHCHMBIM na-
pamMeTrpam.

[lpuBeneHHble BbIllle PACCyXJEHHS MOMKHO paBHBIM 00pasoM
NPUMEHHTb K TEH30py NpPHCOeJHHEHHOH Macchl, XOTsl, BOOOILEe ro-
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BOpS, IViaBHBIe OCH OYAYT NPH 3TOM XPYTHMH, €CNH TOJAbKC OHH He
SIBASIIOTCS OCAMH CHMMETPHH. Mul paccMaTpHBanu TEH30p Kaxyuleii-
CSi Maechl C UeJbi0 BKAIOUHTH CIOJA M3BECTHHIA CJAyuall TBEpAOro
TeJIa 8 NYCTOTE B KayecTBe YacTHOro ).

§ 108. I'eomeTpHueckan HHTEPIPETAHH

Teneps Mel Gynem TPaKTOBAThH TEOPHID KaXKYLIMXCH MAace Kak
pasgen uHcTofl reoMerpuu. Hauynem ¢ toro pesyasrara us § 100,
101, yto cucreMa, cocTosiiast H3 TREPAOTO TeNa X B HAealbHON XKUJ-
KOCTH, €CTb UKEPYUAALHAS AJ2PAHINCEBA CUCTeMd ¢ KHHEeTHYECcKOH

anepryeii, pasuoft T == 5 T,4,q,. OTclONa MOXKHO JIErKo BLIBECTH

KJIACCHUYECKHH DPEe3yJbTaT ?), 3akjaioyaomuiics B TOM, YTO <«ECTecT-
BeHHble» TPACKTODHH, HOJAYUAIOHIUeCs: IPH OTCYTCTBHH BHEIIHUX CHUL,
npencTaBasioT coboit 2eodesuneckue aunuu. B gactHoctH, @ =0

B dopmyne {3} Torma ¥ TOABKO TOrA, KOr#a f T dt npunamaer

MUHHMaJbHOE 3HaueHne. DTO OUEBHAHOE CAEACTBHE H3 YpaBHEHU
Ditnepa npeacrasaser coboit mpocTeRmui cayyall NpHHOMNA HaH-
MEHbINEro JeHCTBUA -— BapHanuoHHOf GOPMYNUPOBKE AHHAMHYE-
CKHX 3a7au.

Tounee, npocTpaHcTBO <KOHDUrypamui» q = (g1, ..., ¢s) Hamel
CHCTeMB! €CTh PHMaHOBO MHOrooGpasue ¢ «IJAHHOH JyTH»

ds?= E Tu(‘l) dg; dq;. (19)
Kpome Toro, mocKosbKy 3Heprusi He uamessiercs, ds/dt ects Be-
JINYKHE NOCTOSHHAS, H TOITOMY Kaxdes, TaK H fTa't NPHHHA-

MamT 3KCTPEMaJIbHbie 3HAYEHHH (JIOKAJBLHEIE MHHHMYM). 3TH no-
JIOXKEHHUS JIEFKO NPOBEPHTh HA M3BECTHHIX IpHMepax.

Tak, ecan V = V, ects moBepxHOCTb 6e3 Tpenust X = x(qi, §.)
B OOLIYHOM NPOCTPAHCTBE, MbI BHAHM, YTO PEAaKUHs CBA3H NepneH-
THKYJADHA TOBEPXHOCTH V3; MO3TOMY NPH OTCYTCTBHH BHEHIHHX CHJ
HOpMaab K TPAEKTOPHH YACTHIBI CAYXKHT HOPMaawbild K Vs Kaxk H3-
BECTHO, STO YCJIOBME XaPaKTepH3YeT reojle3HyeckHe JUHUH. B Goaee
ofuieM cayuae PacCMOTPHM NPOM3BOJNBHYIO TPAEKTOPHIO y HAa MO-
sepxaocTu Vo. Hopmanshoit k nosepxuoctu V, coctaBasiounied CHIEL
peakuuu o6uuHO npededperalor. OcTaerTcs cHaa B MJIOCKOCTH, Kaca-
TelbHOW K mosepxHocTd Vp. Oma pasnaraercs Ha ABe COCTaBJsiIO-

{Fe: HA COCTABJSIOULYIO S, KACATEAbHYIO K 7, KOTOPYIO MOMHO BbI-

;; ?‘rnocmlg.nmﬁo martepuana § 107 om. [301
epu I', Tlpununna mexannxw, M., 1959; [76], § 100; Syn J.
Phil. Trans,, A226 (1926), 31—106. (el § yoge 4. L
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YHCAHTB 10 dopmydie s = Qig; + Qqf,, ucnonb3ys Bbipaxenne T =

1O
==-2—in, M Ha COCTABJAIILYIO, HOPMAALHYIO K ¥ B TIOCKOCTH, Ka-

caTe/lbHOMN K NMOBEPXHOCTH Vj, PaBHYIO NPOU3BENEHHIO re€01e3HYecKo
KpHBHM3HH Ha v? = §2.

AHanoruunble GOpMyJBl CIpaBelJiHBHL BO BCSKOM PHMAaHOBOM
npoctpaHcrBe V. B wactHoctH, Q mpeo6Gpasyercss Kak (KOHTpaBapH-
aHTHBIH) @exkTop, a ee HOpMaJsbHas COCTaBJAIONLAs PaBHA NMPOHU3Be-
JEHHIO BEKTOpa reofe3nueckod KpuBH3HH Ha v2. ClAenosaTenanHo, 3a-
Aaud GuHAMUKU WHEPUHAJbHBIX JIaTPaHIKEeBbIX CHCTeM SKBHBAJCHT-
Hbl 2eOMEeTPUYECKUM 3alauaM.

§ 109. Jloka3aTeabCTBO TOro, YTO CHCTEMAa SABJASETCA JarpamKeBoli

Tenepy nAS TpeXMepHOTO Tejla OrPaHHYEHHOro oGbeMa MBI HO-
KaXXeM CIpaBelJIHBOCTL NPEAMNOJOXKEeHHs, YTO 000OIeHHble CHJIBI
Q:. ompenensieMble BapHAllHOHHBIMH ypaBHeHHsMH Jlarpamxka (3),
IeHCTBHTENBHO ABASIOTCS KOMIOHeHTaMH Q" pesyabTHpylOLlero Aa-

BJEHHS HMJH COOTBETCTBEHHO MOMEHTAa CHJB! AaBJEHHS B OGBIUHOM
cmeicae t). TTocnennne, KOHEUHO, ONpeReASIOTCS MaTeMaTHYECKH KaK
HHTErpassl Mo MOBEPXHOCTH TeJia

Q= [[pN,as. (20)

3aecs N; o603HayaeT HOPMAJIBHYIO COCTaBJAAIOULYI0 CMEINEHHS NO-
BEePXHOCTH NMPH HOCTynarelbHOM WM BpalllaTeJbHOM NBHIKEHHH, CO-
OTBETCTBYIOMYIO {-i 06001eHHOH KOOPAWHATE, a p onpeaensieTcsd H3
ypaBHennsl Beprynnu

P+ p[% VUVU+-%({~]-—po(t) @

47151 HEYCTAHOBMBIUIErocs NBHUIKEHHS B HAealNbHOH KHAKOCTH [ra. I,
(5)], ecan, Kak oGbIYHO, mpeHeGpeyb FMAPOCTATHUECKHMH IOXBEM-
HBIMY CHJIAMH.

Crporoe mnpoBeleHHe [0Ka3aTeNbCTBA 3aTPYAHSIETCA TeM, 4TO
MOJIHA Macca paccMaTpUBaeMoOl cucTteMbl OeCKoHeuHasl, a TAKXKe -
6ecKoHeYHO UHCJIO H3MEepeHHH «NPOCTPAHCTBA KOHUrypauuli» B cO-

) BoaMOXKHOCTL NpuHATH ypasHemus (3) crasuam no;a mompoc Bosbumau
{Crelle, 1. 73, ctp. 111) u Ilepcep; cm. Takwe Mises R, ZAMM, 4 (1924),
155—181 n 193—213,
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OTBETCTBHH ¢ GECKOHEUYHOCTBIO 4YHCJa CTemeHell cBOGOAb MPH ABH-
JKeHHH KHIKOCTH. Bompocom npeogoneHHs 3THX TPYAHOCTEH 3aHH-
Mmaxncst auwb Jlam6 ([82] u [7}, § 135, 136), H, Kak Kaxercs, He COB-
cem ycnemno '). [To3ToOMy MBI NpHBeleM HOBOE H BeCbMa H3fILHOE
BapHALHOHHOE [OKa3aTeNbCTBO, NPHHalJexalllee, ¢ TOYHOCTBIO A0
neGoapmux BuAouaMeHeHu#, JIxk. DBpeiixsenny. Ilpu H3noxkeHHu
3TOT0 AOKA3aTeJbCTBa Mbl OyleM NOJb30BATLCSI BBHIPA3HTENLHOH 3-
CHMBOJIMKOH &Sl BapHauHil, ofuleynorpeOHUTeJbHOH B JIHHAMHKE,
x0T GOJIBIIHHCTBO COBPEMEHHBIX aBTOPOB, 3aHHMaoIIHUXCcA BapHa-
LHOHHBIM MCYHCJEHHEeM %), npeamouHTaloT OObIYHBIe 0603HaueHHs
nuddepeHIHATbHOr0 HCUHCJEHHUS.

Mu npuMenuM 6e3 N0Ka3aTeabCTBa ABe oOliue TeopeMni. Ilep-
Bas H3 HHX NpeAcTasaser coGoli ToxaecTBo Jiijiepa AJs nepBoi
BapHaLUH

f

3 f‘Tdt: f Q3q, () dt, (22)
tq

ta

rie @; Te Xe, yTO H B YpaBHeHHUsX (3), H MOApPa3yMeBAETCS CyMMH-
pOBaHHe MO MOBTOPSIIOIIMMCS HHAekcaM. Bropas Teopema 3akJo-
yaercss B TOM, 4TO B TOXJecTBe (22) BO3MOMHEI BCe BapHALHH
3q;: (), numub 6Bl OHH YNOBJIETBOPSIJIH ycaoBHAM 3g;(fy) = 3q:(¢) =
= (. 310 PaBHOCHJBHO «TOJIOHOMHOCTH» MPOCTPAaHCTBa KOHGHUTypa-
uuii ans tBepaoro tena. Orcioga caenyert, uTo OJs NOKAa3aTeJbCTBA
ToxaectBa Q; = Q] npH cpaBHeruu dopMya (3) u (2) mocraTouno
I0Ka3aTh NepPBOe TOX/JAECTBO H3 CJAeAYIOIIHX ABYX:

4 4

fQ:qu(t)dtz?aff‘dt:fdt{&fff—;—VUVUdm}. (23)

to L)

BTopoe TOXAECTBO CTAHOBHTCS OUEBHAHBIM, €CJIH AH(deperHHan
Maccel dm B dopMmyse (23) sanucats B Bule p dR.

Toxnecrso (23) MoXHO HoKasaTb, npeoGpasys NpaByl uacTb
chrenyrolnm o6pasom. Hamre npeo6pa3osarie fONycTHMO, MOCKOJb-
Ky, Kak u panbite, VUVU = O (1/r%), 6aaromaps uyeMy deThipexkpat-
HBHIE HHTerpaJ Mo NPOCTPAHCTBY H BPEeMEHH CXOAHTCH a6COMIOTHO, H,
CJIel0BATeIbHO, MOXKHO MEHSIThb NOPSIOK HHTerpupoBaHus. [Ipexae
BCEro, BOCMOJIb30BABINHCh JIATPAHXKEBOH CHCTEMOH KOODPAHHAT, IBH-

'}y Tag, paccmaTpnHBaemble B [82] wHTerpanni He cxonstes, a B [7] Tounmik
CMBIC/I IPHHATHIX TaM 32 OCHOBY HOMNVIUeHHH, KaK HaM KarKeTCd, HE BNOJIHE SICEH.

?) Morse M, The Calcuius of Variations in the Large, New York, 1934;
Baunce k. A, Jlekuud no BapHaNMOHHOMY HCuYHCIeHHo, M., 1950.
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)KyUJ.EﬁCﬂ BMeCTE ¢ XHAKOCTBI), MBI HENOCPEJACTBEHHO INoOJayyaeM
COOTHOWIEHHE
1

t{‘”{Bfff%wwd’”}:tufhdf{fffufauidm'::
szfdm{j‘uiau,-a’t}, (249)

rae u; = 0U/0x;. VIHTerpupys mno uactsm, A1 KaxIOH YaCTHILH!
WHUJKOCTH HAXOMHM COOTHOWIEHHE

4 £y
fui du, dt =u, Bxi];;——- f a;dx; dt, (25)
ta to

rae a; = dug/dt oGo3Hauaer yCKOpeHHe.

13 ypaBHerH#d ABHKeHHs (ra. I, (2)) caenyer, 4TO ec/id MOXHO
npeHe6peub HAPOCTATHUECKOH noxbeMHoOl cumoft (§ 21, Teopema 1),
TO —a; = Op/pdx:, U, CleNOBATENLHO,

div (p ¥x) = E dx; (-[%%)—{—p div (3x) ==
=Yox(4E)=—r Y aix, @)

tak kKak div (8x) = 0 1aa HecKHMaeMOH KHAKOCTH. AHaNOrMuHo
div (Udx) = X udx,, Cuosa momcrasum dopMmyay (25) B mocuaen-
Hee BeIpaxeHHe B dopMyae (24) H, KpoMe TOro, BOCNOAb3YeMCs AJi5
npeoGpasoBanusi (24) ¢opmyaamu (26) ¥ aHAJOTHUHBIM €My COOT-
HolieHHeM. MBI MOJNYYHM CIeYIOLHHA pe3yabTar:

[[ [ aridiveusn+ [[[ dR{fdiv(pr)dt}. (@7)

Tax kak p = O(1/r8), 3 = O(r) n dR = 4nr?dr, gernipexkpar-
MBI HHTErpaj, Kak ¥ panslie, cxomurcs abcomorHo. IlostoMy Mol
MOKeM H3MEHHUTH NOPSIOK HHTEFPHPOBAHHSA M 3aTEM, IPHMEHHB TEO-
peMy o JAHBePreHIHH !), MOJYYHM PaBEHCTBO

Bft‘Tdt=[fpr8x,,a’S]t§+ftldt{ffpax,,dS}. (28)
o S ty S

b

1) Yro6bl onpaBaath Takoe HpPHMEHEHHe, HEOOXOAMMO BOCHOJL3OBATHCH TEO-
pemoit Jlarpanixka o ToM, YTO YaCTHIE JKHIKOCTH, CONPHKACAIOILHECH C TBEPAbIM
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3nech Sx, obGo3HAuaeT COCTABJASICLLYID BeKTOpa X, HOPMAJbHYIO
K oflueit rpaunne S TBepaoro rena M XKHAKOCTH. Tak Kaxk TBepjoe
TeJo ¥ KHAKOCTh CONMPHKAcalrcsi, To B 0603HaueHUAX (OPMYJbl
(20) 3x,= X N,3;. B gacTHOCTH, 3xn = 0 B TOUKax #o W } u mep-
BHIH uJieH B NpaBoil uacTH paBeHcrBa (28) ofpainaercs B HyJb, TaK
kaK 3q;(ty) = 8¢:(t;) = 0. V3 paBencrna dx,= X N,3g, ™Mb nony-
9HM TaKxKe B cHay dopmyanl (20) caenyioniee BHIpaxKeHHeE:

[ [pox,ds=Y, [ [ pN,3q,a5 =, Q;%q,.

S
IToscraBHB 3T0 B paBeHCcTBO (28), MOJYYHM COOTHOLUEHHE

f t
af Tdt =0+ f Q:3g, (#) dt. (29)
1 to

DTO COOTHOIIEHHE AOKa3biBaeT ToxkjAecTBa (23), cieoBaTenbHO,

Qi = Q.
§ 110. OnHOPORHOCTD

Pumanoso MHorooGpasue V, ompenensiemoe dopmyaoin (19) mo
NpoCTpaHCTBY KOHQHrypauuii TBepioro Ttesa X B OeCKOHEYHOH
MleaJbHOH JKH/JIKOCTH, 3aMe4aTelbHO TeM, YTO OHO obJjazaeT mpoc-
Tofl TPAaH3HTHBHON TpYNMOH <«H30MeTPHU» (ABHXKEHHH TBEpHOro
Tesa), OCTaBJASIOUIMX HHBapHaHTHBIM ds. Ilo coBpeMeHHOl MaTeMa-
THYeCKOH TEPMHHOJIOTHH OHO SIBJISIETCH OCHOPOORbIM npOCTPaN-
cr8oM. AT0 OOBSIACHSAETCS CAGAYIOWIMM OYEBHIHBIM TEOPETHKO-TPyI-
TI0BBIM IIPUHIIMTIOM OTHOCHTEJbHOCTH: OTHOCUTEA6HO paccmarpusae-
MO20 TeAq BCe NOAOKHCEHUR IKBUBAAEHTHbL POPMaJIbHO 3TO MOXKHO
BHIPA3HTH CJELYIOIHM 00pa3oM.

PaznnuHble noJjioXeHuss ¢ =a, b, ¢, ... Tena B npocTpaHcTBE
B3aMMHO OJHO3HAYHO COOTBETCTBYIOT PA3JHUYHBIM ABHXEHHAM TBEp-
noro Tena, a, B, 1, . .., NepeMeualoLHM TeJ0 U3 GHUKCHPOBAHHOTO Ha-
vaapHOro nosoxenusi orcyera 0 B mostoxkenus a, b, ¢, ... . [Tosromy
Mbl MOXEM OTOXKIECTBUTb TOUYKH NPOCTPAHCTBA KOoH(urypamui c
JeMeHTaMH eexaudosoil epynnet [45, cTp. 259]. Kpome rtoro, ecau
@ €CThb HEKOTOpOe OT/Ae/JbHOEe JBHIKEHHe TBepAOro Tend, TO AJS Ha-
6/101aTe]s B NOJIOXKEHUH a M0J0XKEHHe ac NPeACTaBaAaeTcs TOUHO Ta-

Tesom, O6pasyloT umsapuantnoe muoxecrso ([I1], T. I, m 50). Hyxno Takxke
OTMETHTb, YTO NOBEPXHOCTHBIE WHTerpads or Udx, M pdx,, B3sTHe Ne GOJbIIMM

chepaM, CTPeMATCA K HYJIO, TaK Kag dx, =0 (f u a’t) =0 (/7).
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KHM 3Xe, KaKHM ¢ npefcTaBisiercsi Habumonartenio B 0, MOCKOJBKY
BCE XEeKapTOBbl CHCTEMbl KOOPAHHAT 3KBHBaJeHTHHL. [Toatomy «rpyn-
na nepeHocoB» g—-ao He MOXKeT H3MeHUTb MeTpHKy (19), omperne-
JeMYyI0 KHHeTHYeCcKo# sHepruef.

Ilycts Tenepp a H3MeHsierca: paccMaTpuBas V Kak rpynnosoe
MHOroo0pasye eBKJIHIOBBIX I'PYMI, Mbl BUIUM, 4TO V MMeeT «IpOCTO
TPaH3HTUBHYIO® ') rpynny «u3oMeTpufi» (T. e. ABHXKeHHH, oOcTa-
BJSIIOLINX HHBapHaHTHOH Merpuky ds?). IlomoGuoe MuHorooGpasue
Mbl OyIeM HA3BIBATb PUMAHOBLIM 2PYNNOBLIM MHO2000pa3ueM; H Mbl
BCerja MOXeM pacCMaTPHBaTb H30METPHH KaK JIeBble NMepPeHOCHI.

KpoMe 13/105KeHHOT0, MOXKHO CAeJaTh elle OJHO TEOPeTHKO-IPyM-
noBoe 3aMeyanHe, «CTaUHOHADHBIM ABHXKEHHEM» B JHHAMHKe HAa3bi-
BAIOT ABHXXEHHE, KOTOPOe, eCJH PacCMaTPHBAThL €ro 10 OTHOIUIEHHIO
K OCSIM, CBSI3aHHBIM C Te/IOM, He 3aBHCHT OT BpeMenH. Kak u B ¢op-
myae (13), yckopenue 4 CTaUHOHAPHOTO IBHXEHHS YBeJHYHBaeT
3HaYeHHe Qi=2a’(T,jq1)/a’t+(6Thk/(3q,-)qqu Ha BeJquunHy 7y;q;.
CaemoBaresbHO, [Js1 TOFO 4TOGHI MOJYUHTb CHJBI NMPH TIPOH3BOJbL-

' HOM J(BHXKEHHH, MBI NIPOCTO MOXEM CJOXHTb CHJIBI, COOTBETCTBYIO-

1iMe YCKODEHHIO G H3 HAYaJbHOTO COCTOSIHUS MOKOS, PpacCMOTPEHHEIE
B § 100—102, u cunpl, feficTByIOUIHE NPH CTALMOHADHOM ABMXKEHHH.
Tak, ecan MBI XOTHM ONpeNeHTb CHJBI, HeHCTBYWOLIHE HA TBEpIOe
TeJIO NPH €ro CTAYUOHAPHOM OBUNCEHUU B WIAEANbHOH (T. €. HEeCKH-
MaeMOH HeBA3KOH) MXHIKOCTH, TO Mbl MOXeM ONpPeNedHTb CHJbI
¥ npu Jo6oM ABHXKeHMH. [loaToMy MH orpaduuMMcs 3aja-
yell ONpeliesieHHs CHJ, JAeHCTBYIOIIMX NPH CTAlHOHADHOM IBHXKe-
HHH.

Xopowo H3BecTHO?), 4YTO eXHHCTBEHHBLIMH F€OMETPHYECKH BO3-
MOMKHBIMH CTAL{HOHADHBIMH JABHXXEHHSIMH TBEPAOrO TeJa B eBKJIHLO-
BOM MPOCTPAHCTBE ABJSAIOTCS MOCTYyNaTeNbHOe H BpaliaTe/bHOe JBH-
KeHHs C IOCTOSIHHOH CKOPOCTBIO M BHHTOBOe JBHXKeHHe ¢ (PUKCHPO-
BAHHBIM LIATOM H TOXe C MOCTOSTHHOH CKOPOCTBIO.

Ilo onpenenenuwo, ecnu a(f) — CTaHOHAaPHOe ABHXKEHHE, TO CMe-
eHde o, Heo6XoAHMOe J15 mepexona ot a(f) K a(f 4+ h), 3aBHCHT
TOJIBKO OT /, T. . ¢ ecTb o (k). T[losTomy

a(Q)s(h+h)=a(h+h)=a(h)s(h)=a(0)a(h)a (k).
CokpaTHB B paBeHCTBe cJjeBa Ha Beauunny a«(0), noayumM Torzma

c(h + H') = o(h)o(h’); cnemoBatenvHo, nepemeluenns o(h) obpa-
3YIOT OOHONAPAMETPULLCKYIO NOOZPYANY OTHOCHTEAbHO KAHOHHYECKUX

) Tlon sTum nompasymesaercst, 4TO ApH AAHHEIX ©,T € V cyulecTsyeT onmo
H TOJBKO OJHO O, TaKoe, 4TO O¢ = T. Mul npeanosaraem 3gech HEKOTOpOe 3Ha-
KOMCTBO € JeBHIMH NepeHocaMy aGeTPaKTHOR Ipynmbi.
Cwm., nanpumep, Ames J. S, Murnaghan F. D, Theoretical Mecha-
nics, crp. 87
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napametpoB!), a a(?) siBasgercs ee oToOpa)keHHeM MPH H3OMETPHH,
a WMeHHO NpH rpynnoBom nepeHoce o(f) = a(0)o(f) = a(f).

KpoMe Toro, Tak Kak M0JHas KHHeTHYeCcKas SHePrHs Npu cra-
IHOHADHOM ABHXKEHHH IIOCTOSHHA, TO, OYEBMHO, § = U MOCTOSHHA
B COOTBETCTBYIOLIEM pHMaHOBoM MuorooGpasuu V. Otciona, coraac-
Ho § 108, npu cTauMOHAPHOM ABHXKEHHH BeKTOp CHJIbB Q paBeH mpo-
H3BEJEHHIO BEKTOpa reofe3HuecKod KPUBH3HHI OJHOMapaMeTpHue-
ckoil moarpynnel ¢(#) Ha noctosHHy v?. CJieloBaTellbHO, CUAq,
JedicTeyroujas Ha Teepdoe Teaod RPU €20 CTAYUOHAPHOM O8UINCEHUlL
8 uleaabHOl HUOKOCTU, NPONOPUYUOHAALHA 8eKTOpY 2eofe3uteckol
KPUBLI3HbL COOTEETCTBYIOWel odHonapameTpuyeckol nodepynns. es-
Kaudosoti epynnv. V npu maoaexauiell «Ae80-UHBAPUANTHOLS MeT-
puxe 8 epynne V. A 3ta neBo-HHBADHAHTHAA MeTpHKa onpelensercs
BO Bcex Toukax yxe paccMorpeHHbiMH B § 100—102 «unepuuann-
HbIMH Ko3dduuuenramu» Ty (0).

§ 111. Ceenenuns w3 teopuu rpynn Jin

Teneps Mbl BbiBejgeM GOPMYNy MJisl reoJe3H4ecKOi KPHBH3HBI
OJHONIapaMeTPHUYECKUX MOATPYNI NMPOH3BOJBHOTO PHMAaHOBOIO rpym-
TIOBOTO MHOro0oGpasusi. JTOT pe3yJabTaT, MeXAy NPOYHM, MPEAcTa-
BJSIeT HHTEpPeC M B reoMeTpuu rpynn JIm — 9T0 ellle OOHO CBHAe-
TeNAbCTBO TOTO, YTO BCSI MaTeMaTHKa Mo CYIIECTBY elHHa.

O6beM KHHMH He MO3BOJISIET H3JOXKUTEL TeOpHIo rpynm JIn mocra-
TOYHO MOJIHO, AJis1 TOro 4yToGH Bce MOAPOOGHOCTH BLIBOAA GHINIH SICHHL
Bce ke xoueTcs faTh JOCTATOYHO CBeleHHH AJ5 TOro, 4TO6L MOXKHO
6bl0 YSCHHTb cefe CMBICJ OKOHUaTeNbHO#l (OPMYJbl, mo Kpahned
Mepe B cJiyuae eBKJIHAOBOH TPYIML.

Ecnu TBepaoe Teso ABHKETCH C eIMHHUHOH CKOPOCTBIO Mapal-
JIeIbHO OCH Xj, TO CKOpPOCTh M0G0 uacthusl Tesia pasHa (1, 0, 0).
TTostomy ecnu F(xi, X2, X3) ecTb NMPOH3BOJbHas (QYHKUHS, onpeie-
neHHas BO BCEM MPOCTPAHCTBE, TO CKOPOCTb H3MEHEHHSl 3HavyeHHs
3TOH (YHKLUHH NO OTHOLIEHHIO K Takodl uyacTHue pasHa 0F/dx;. One-
paTop 0/0x;, onpeneseHHHA TakuM 06pa3oM, Ha3bIBAETCSA CHMBOJIOM
Jlarpanxa u BHpamaeT OecKOHEeuHO manoe npeobpasogartie, CBs-
3aHHOe C MOCTYMATEJbHBIM JBHXKEHHEM TBeporo Tejla B HanpabJje-
HHH, MapaJJIeIbHOM OCH X).

Ecnn TBepaoe Teno BpamlaeTcs ¢ eJHHUYHOHR yrjOBOH CKOPOCTHIO
(omuH panuau 3a CEKyHAY) BOKDYF OCH X, 4aCTHIla C KOOPAHHATaMH
(xy, x5, x3) 6yner umetb ckopocTb (0, —xs, X3). CKOpOCTh H3MeHe-
HHsl GYHKUHH F(X;, X2, X3) OTHOCHTeJbHO NAHHOA YaCTHUL paBHA
X90F[0x3 — x30F/0x,. Tlo3TOMY GeckoHeuHO MaJioe npeobpasoBaHue,
CBSI3aHHOE C BpAaLIEHHEM OTHOCHTENBHO OCH X), BHpaxaercs

1) O mux cM. B caeayomeM naparpade, — llpun. nepes.



222 Fa: VI. ITpucaedutesinsie maccot

cumMBosioM Jlarpanmxa (quHeHHBIM JAH@@epeHHHaNbHBIM OnepaTo-
poM) x20/0x3 — x30/0%2.

Hrak, B COOTBETCTBHH C LIECTbIO CTeNEeHSIMH CBOOOILI ABHXKEHHA
TBEPAOrO Tejaa Mbl GyAeM HMeThb IllecTh GECKOHEYHO MaJbX Npeol-
pasoBaHMi, KOTOPble MOXKHO 3aMHCATh B BHJIE

.0 0 0
Ey= ox;’ Ey=x oxs 8 9x
0 0 0
Ey=1y" Es= X3 5 — %155, (30)
0 0 0
Es=5% Ee=%g— X5y

WM cooTBeTCTBYIOT BeKTOPHBIE MO (moas ckopocreit) (1, 0, 0),
(Oy ]s 0)1 (O» O) 1),; (O, —Xa, x2)y (x33 O; ""“x]), (Mx& Xy, O)-

PeaysabrarT AeHiCTBHS MoJs ckopocTelt (6eCKOHEuHO MaJioro mpe-
o6pasosanusi) E; B Teuenme BpeMeHW [ o603Hauaercss uepe3
exp ({E;); TakuM o6pasoM, exp (2E4) o6o3HayaeT MOBOPOT OKOJO OCH
X, Ha ABa paauaHa. Eciu £ < 0, To exp (¢E;) Gyner o6o3nauats npe-
obpasoBaHHue, obparHoe npeo6GpasoBanu exp(—iIE;). Takum 06-
paszoM, a5 BceX AEHCTBHTE/NbHBIX f, & MMeeM TOXIECTBO

exp (tE;) exp (uE)) = exp ({t+-u} E}). (63

Kanonuyeckumu napamerpamu, HanpuMep eBKJHNOBOH TPYMNBI,
HA3bLIBAKOTCA TapaMeTPHYECKHE NPEACTABNEHHS] TBEPIAbIX» JIBHMKE-
HHUH NPH TOMOLIH BEKTOPOB, TaK 4YTO JBHKEHHe TBEPAOro Teja, KO-

TOPOMY COOTBeTcTBYeT BeKTop t = (41, ..., #s), OpeAcTaBasier co6oii
KOHeuHoe npeobpasoBaHue
exp (HE,+ ... +16Ey), (32)

KOTOpOe BbIpakaeT NOJHOe NepeMellleHHe TeNa NpH BO3IAEHCTBHH Ha
Hero monsi ckopoctedl £E; + ... + £;E5 B TeueHHe e AMHHIIBI BpeMEHH.
Hakoneun, ckobra [lyaccona, unn kommyrarop [E;, Ej} nsyx 6Gec-
KOHeUHO ManbiX npeo6pasoBanuiél E; u E; onpejensietcs kak ABOMH-
HOH npefen \
. 1 :
t;ILrgO [?z? exp (—¢E;) exp (—uE ;) exp (¢E;) exp (zzEj)} . (33
HspecTHo, uto 3TOT mpepen mnpeicraBiser coGoit muddepen-
nHaJabHBHE onepatop !)

EE,—EE =Y, (E‘,-’”
h ok

oE® OE®\ 9
—— E{" ’) S (38

Oxh d;r,, Oxk

') 3anuce E:E; Bcioxy 03HauaeT, yro CHauana npumeHnercs onepatop £
a notom £E;j.
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KOTOPHIA. MOMKHO JIEFKO BHIYHCAMTL, Tak, HanpHMep; B ciyyae eB-
KJAHIOBOH TPYNNbI HOAYYHM TOXKIECTBA:

|Ey Esl==|E;, E=0;
|Ey Esl=—Ey; |Ey Egl=—E;. (35)

C noMmoulslo oueBupHoro toxnecrsa [E; Ej] = —[E;, E}, ua.xo-
TOPOTO, B 4acTHOCTH, caenyer [E;, E;] = 0, u nukandeckux nepecra-
HOBOK MHJIEKCOB B TOXKAeCTBaX (35) MOXKHO BBIYHCAHTH TEKXKE H BCE
apyrue ckobku Iyaccona Ey, ..., Es.

MurtepecHO OTMeTHTh, 4TO B cilyuae GECKOHEUHO Majbix Bpaille-
unit £y, Es, Es, cko6ka [E;, Ej] ectb npocro BHeuHee, HIH BeKTOpP-
toe, nponspefienve £; X Ei Omnsitb-taku, ecnn E; u E; (ann sk8H-
BasienTHbie exp ((E;) u exp (uE;)) nepecrancsounst, Tax uto E;E; =
= E;E;, to [Ei, Ej] = 0, u Hao6opor.

3aMetum. yto B ToXpecrrBax (35) Bceraa cmpaBeiJiiBO COOTHO-
menne

[E;, Ej]= ? ct'En (36)

rie c¢F — COOTBETCTByIOIWE NOCTOsHHEe, OcHOBHas TeopeMa JIH
3aKJI0YaeTCH B TOM, 4TO COOTHOLIeHWs, aHajorumuHeie (36), cnpa-
BeIJINBL AJIs 20008 KOHeYyHo-napaMerpHyeckoil rpynnul. Iloctosn-

unie ¢f HaswiBawTCA CTPYKTYPHOIMY TOCTORHHNBIMI TPYIINIB H OTIpe-
LEASIOT IPYMIY C TOYHOCTRIO IO H3OMODP(HUIMA.

Mgl HazeeMcs, 4TO IPHBEJEHHBIE TONBKO YTO OOGDBACHEHUS MO3BO-
JISIT NOHATH H3JaraeMble HUXKe Pe3yabTaThl, Jaxke HECMOTDPS Ha TO,
YTO HX JOKA3ATENBCTBA MOMKET NOHATH JHIIL TOT, KTC yKe 3HAKOM
¢ Teopueii rpynn Jlu.

§ 112, Cunst u KOMMYTATODB

ITycrs Teneps G — npousBoOAbHOE 7-MapaMeTPHYECKOe PHMAHOBO
rpymnoBoe MHOroo6pasme, u nycrs C — qo6asi ogHOnapaMmerpuue-
cxas noarpynna rpymnsl G, nmopoxJeHHas GeCKOHEYHO MaJbiM Inpe-
ofpazopanuem E.

B rpynne G BOJH3H TOXIECTBEHHOTO INPeolpa3oBaHus Beerga
moxuo ([78], cTp. 47) Tax BBECTH KAMOMUYECKUE NApaMeTps. c 6a-

3uCcOM U3 6ecKOHeyHo Manblx npeobpasoBanuit £y, Es, ..., En, 41O
ecan q = (g1, ... gn) — N0GOH OCTATOYHO MAABIH BEeKTOPHHI ANne-
MeHT rpynnsl G, T0

q=exp(q:£1+ ... +gnLq) BN

C nmomoupo 9toro o6oGumeHnss Gopmyan (32) MOXHO NOAYYHTH
cnegyoliee o6obienne Toxgecrea (31):

Mpq=QA+p)q (38)
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rae r-s o6osgayaer («rpynnoeoe») npousBefenue r u s B rpynne G.

Tenepb paccCMOTPHM re0Je3HYECKYI0 KPHBH3HY moArpynnsi C mpH
q=0 B Merpuke ds?= X T,;dq;dq;. B cuny § 108, ee Bennuuna
NPONOPLUHOHANBHA CleAylollell BeJTHUHHE:

. d (éT or __ d . 1 0Tpp - >
Qr-g;(”é;;)—“a‘qjm ar Tunde) — 5 —55.~ 4udr =

=Ty S o L 0Twe on 0Ty 1 0Ty

= Tudr+ q» ogn 902 "aq, InIr T o T2 Tag, (39)

Tak Kak i =1, ¢;=0mnpu j=2, .., 7 u gx = 0 npu scex & 10 —
BHIOH3MeHeHHbH TeH3op Kpucroddens (13'); cormacuo § 110, xo-
3¢ ¢HIUeHT NPONOPUHOHANBHOCTH v? = T|; NMOAXOASLIHM BEIGOpPOM
Macimitaba BpeMEHHM MOXHO CBECTH K eluHHUe. B KoHeuHOM cuere
B JeHCTBHTEJIbHOCTH HAC HHTEPEeCyeT He reoje3nuecKasl KPHUBH3HA,
a senuynHa Q, Tak uro BOmpoc O Ko3ddHUHEHTE NPOMNOPUHOHAIb-
HOCTH He JOJIKEH Hac 3aHHMaThb.

Briuncaum Tenepb yacTHble NPOH3BOJHBIE, BXOASIIHE B MOC/en-
HIO H3 opmyn (39). [Ilns 3TOro 3aMeTHM, 4TO, 1O ONpeleseHHIO,
GeckoHeyHO Maablfi BekTop dq’ c Hauasnom B exp(fE;) sksuBanen-
TEH NPH JIeBOM cJBHre GECKOHEYHO MaJOMYy BEKTOPY dq ¢ HayaJoMm
B TOXJECTBEHHOM npeofpasoBanuu O TOrza H TONBKO TOrga, KOraa

exp(tE;+dq’)={exp(tE)} - dq. (40)

Ho npasyio uwacts BbhipaxeHHs (40) ¢ HOMOIUBIO Pa3ICKEHHS
B psig Hlypa — Kamn6enna — Xaycnopda !) MoXHO npeacraBuTh B
BHAE

(exp (¢E))} - dg=exp (tEi +dq+~%—t [E, dql+ .. ) 1

rje onylieHsl YJA€HHI, coaepxKalye f BO BTOPOH creneHu. [TOCKOABKY
dq n dq’ 3KBUBa/eHTHble 6ECKOHEYHO MaJible, OTCIOAA CJEedYeT COOoT-
HOILLIeHHE

14 1 r
dq=dq' — 5 t[E, dq'|+.... (41

Teneps,3anucas, yrodq = dqiEy + ... + dgnEn ndq’ = dg E; +
+ ... + dgaEns, nonyunm, no onpenenennio, nogobuo Gopmyae (36)
c/leaywillee PaBEeHCTBO!

[Ex dq'1=dg} [,y E )| =dq)clE,

) Ora knaccuyeckas GopMysa NOKa3aHa NPH BeckMa OGWHX YCAOBHAX Ha
cTp. 92 cratem aBropa <«Analytical groups» (reopema 14), Trans. Am. Math.
Soc., 43 (1938), 61—101,
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INoncrasus ero B BekTOpHOE yparHeuue (41’) W npupaBsHuBas coor-
BETCTBYIOLUHE KOMIIOHEHTHI, MOJYYHM OCHOBHOE COOTHOUIEHHE

’ l s
dq,=dq,—<tcjjdq;+ ..., (42)

rje oTOpolIeHbl YieHbl CO CTENEHAMH ¢ Bhillle MEPROil.

Ho, no onpenenenuio pHMaHOBOro rpynmoBoro MHOTOOOpasus,
ds? MHBAaDHAHTHO OTHOCHTE/BHO JieBhX mepeHocos. [Tostomy, B cuay
ycnosus (40) m coorHomenuss (42), MOXKHO 3amucaTh CHefyOLLHE
paBeHcTBa:

dq,T,, (t£))dq,=dq,T,,(0)dg, =
I ] ! ¥ 7
=(dg,— g tef? 44)) T, 0) (dgy — 5 tet dg;) =
f td 1 ’ r ’ r
=dq,T,, (0)dq,— 5t |c}/dq;T,, (0 dq,+cidq,T,,(0) dqy

C TOYHOCTBIO JI0 YJIEHOB BhIIIE NMepPBOH CTemeHH OTHocHTeJabHO f. [Te-
pecTaBisasa «HeMble HHIAEKChI» CYMMHPOBAHHA J, & U [, £ B QUTYpHBIX
cKobKaX, 4TOOH TMPUPABHATE KO3 OhHUHEHTEH], NoJy4YaeM COOTHOLIe-
HHe

Ten(tE) =T O — 5 £ [V T, O+ Ty (O} + ... .

Teneps, npoguddepennuposas 1o £ 1 0603HaunB 06a HHIEKCA CyM-
MHpOBaHUA uepes j, noxysum Gopmyny

oT, 1 p
—éé‘iiz-—f{cjﬁTjk—{—cj’lTw} npu 0. | (43)
Hanee, moncrasus Gopmyny (43) B suipaxenue (39), moayuum pa-
BEHCTBO

4Q,==—2YT; — 2T, +ci! T\ +ci' T, .

KpoMe Toro, ‘B cuny usBecTHOH autucHMMeTpHH {[E;, E] =
= —{E}, Ei] monyuaeM Anst CTPYKTYPHBIX NMOCTOSTHHBIX — ¢¥ ==¢il &
c}‘zO. IloacraBass 3TH Bhipa)KeHHA B NpeAnlAylmiyio dopMmyay
U coKpalllas Ha uYeThipe, Ml NMOvIyyaeM OKOHYaTesbHYI0 dopmyay !)

Q= C? le' (44)

1) @opmyaa (44) Gpina noayyena B 1945 r. Jxomom Bpefikysasiom u asto-
POM HE3aBHCHMO ApYyT ot apyra. CM. Abstract, 52—7—242, Bull. Am. Math. Soc.,

52 (1946), 617,
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QOueBHAHO, YTO B CJyyae CTAUHOHAPHOIO HBHIKEHHS BAOJNb OCH
E;, cooTBeTcTBYWOINAs dopMysa Gyner HMeTb BHJ

n n
Qt =j§1 c.ifh Thf = f2=1 c?i Thj‘ (44%)

CneNl0BaTeNbHO, OAf CYWECTBOBAKIUS CTAUUOHAPHO20 GBUNCEHUS
4aCcTUYbL 8 HEeKOTOPOM pUMAHOBOM. 2pynnogom muozoobpasuu G
s8doae Ey Tpebyercs srewnas cusa (44*). [pyrumm caoBami,
¢!*T,, /Ty, (cymMMHpOBaHHe MO J, HO He MO K) €CTh reoje3nyecKas

KPHBU3HA O/IHONIAPAMETPHYECKOH MOATPYNIb eXp (tEn) ua rpymnne G.
Ecnu Mb Bm6epeM HopManbHBIE OpTOTOHAMbHHIE 6asuc Ey, ..., Ea
B MeTpuKe ds? npu 0, TO 3Ta KPHBH3HA GY/LET PaBHATBCA NPOCTO CLF

§ 113. IpuaoxeHuns

IMoab3ysick ToAbKO o6uteil ¢opmynoil (44%) H COOTHOLIEHHAMH
KOMMYTATHBHOCTH (35) eBKJHIOBOH TpPYyNNbi, MOXKHO BbIBECTH
BhIpaXKEeHHe [Jis BHeUIHed CHJH, KoTopas HeoOXORMMa, urolnl moi-
AepXHBATh CTALHOHAPHOE MOCTyNaTe/bHOe HJH BpaillareabHoe [ABH-
JKeHHe B HaeaJbpHOH XHAKOCTH. (CHia, ¢ KOTODOH XKHJKOCTh AeH-
CTBYET Ha TeJIO, KOHEYHO, PaBHA 3TOH CHJIe MO BEJHYHHE H NPOTHBO-
MOJIOKHA MO HampasJjeHnio.) Tak, npH cramuoHapHoM mepenoce Ej,
BJOJIb OCH X1 3Ta CHJIa PaBHA

0, 0, 0; 0, Ty3, — Ty (45)

AHaJIOrHYHO NPH CTALHOHAPHOM BpalileHHH E4 ¢ yriioBo#i cKOpOCTHIO
B OJIMH paJiMaH 32 CEKYHAY BOKDYT OCH X; Tpefyercs cuia

0, Tygo —Tig3 0, Typ — T'5). (46)

d10 kaaccuueckue ¢opmyast Kupxroda u KenvBuna'); sameTum,
yto popmyaa (45) ceomutcs K 0 (cTauHOHApHOE JBHXKEHHE NPH OT-
CYTCTBHM BHEILIHHX CWJ), €CJAH TEeH30D KHHETHYECKOH O9HEPIrHH
3

> T:jg:9; nocrynareasroeo GsusicenunIHaronaansuposan. HMuaue ro-
L,j=1

BOpf, CTAllHOHAPHOE NOCTYNATEJbHOE [BHMKEHHe IPH OTCYTCTBHH
BHEHIHHX CHJ (TEOpPEeTHUYECKH) BO3MOXKHO BJOJb TJIABHEIX OCEH TeH-
30pa KMHETHYECKOH SHEPTHH INOCTYNAaTeJbHOrO JBHMKEHHS H HH B Ka-
KOM Jpyrom ciayuyae ?).

1y Ornocurenbuo dopMyan (45) cm: [7), n. 124, dopmyna (4); 8 § 125 n3
[7] dopmyna (46) nasa HedBHO; CM. TaKXe NPHBeJeHHYI0 TaM OuGAHOTpadHIO.

%) YcrofiuHBOCTE TAKHX HOCTYNATeNAbHHIX ABHxKernft Hconegosam  Urs
sell H. D., Proc. Camb. Phil, Soc., 37 (1941), 150—167.
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Hecyotps Ha To utO npexiecTyOliKe HOpMyJast cyry6o Teope-
THYECKHe H YTO CTAllHOHapHOEe NOCTynaTeJbHOe ABHXKEHHe NPH OT-
CYTCTBHH BHEIIHHX CHJ QU3HUYEeCKH HEeBO3MOXHO, dopMyna (45) pmaer
Kjaccuyeckoe OOBSICHEHHE CTPEeMACHUIO NAOCKOU NAACTUNKY CTAT6
wUpoKot CTOPOXOU NepNeHIUKYJSIPHO K TeueHHlo. HerpyaHo noka-
3aTh c nomouplo (45), uto ycroduugeim GyHmer CTAalHOHAPHOE FWO-
CTynateJbHOe IBHMKEHHE BIOJL [VIaBHOH OCH, COOTBETCTBYHOLiEH
MAKCUMANALHOMY KOMMOHEHTY TEH30pa KHHETHYeCKO#l 3HeprHu. DTOT
BBIBOJL KAUECTBEHHO COIVIACYeTCH C SKCIepHMEHTOM.

B kauectBe apyroro npuioxenus ofmieii dopMmyan (44*) Mb
MOX€eM. OTMeTHTb, YTO cCOCTaBjswoumas o6o6lIeHHOR CcHJIbl paBHa
HyJI0 B JI060M HanpaBJieHHH, COOTBETCTBYIOLleM OGeCKOHeYHO M-
JoMy npeo6pa3oBaHHIO, NEPEeCTAHOBOYHOMY C PacCMaTPHBAaeMBIM
CTAHOHAPHBIM [BHXKEHHEeM. 3TO CcJelAyeT H3 TOro, UYTO €CJH
[En, E;] =0, To Q; paBHO Hy.TIO.

YKazaHHOe CBOHCTBO [JaeT TeOpPeTHKO-TpynnoBoe o6OCHOBaHHe
napanokca Jamambepa. CraunHoHapHOe NOCTyNnaTeJbHOe JBHMKEHHE
BAOJIb JI000H OCH He BHI3bIBaeT (TeOpETHYECKH) HHKAKOro MpOTHBO-
JdaBJieHns, a TOJIbKO BpallaTesbHbIH MOMEHT, NOCKOJbKY BCE MOCTY-
nateiabHble JBHXKeHHs MepecTaHOBOUHH., Tak Kak noctynaresbHbie
¥ BpalllaTesbHBIE ABHXKEHHS OTHOCHTENBHO OJIHOH M TOH Ke OCH fe-
pecTaHOBOYHEI, NOCTYNATEJNbHOE ABHIKEHHE He BHIBHIBAET H HHKAKOrQ
BpauaTelbHOr0O MOMEHTa BOKPYT OCH NepeHoca, — OCh MOMEHTa nep-
MEHIHKYASPHA OCH NOCTYNATENbHOTO JIBHKEHHS.

To ke camoe paccyXAeHHe HENOCPENCTBEHHO MPHBOJIHT K TOMY.
4YTO MOXKHO Ha3BaTh napajokcom nponesnepa, [IpH BUHTOBOM HBH-
3KEeHHH BOKPYT OCH (B KJ1acCHYeCKO# TeOpHH) HeT HH NPOTHBOJaBJe-
HES B HanpaBJeHHH 3TOH OCH, HH BpaljaTesIbHOTO MOMEHTA OTHOCH-
tenabHo Hee! [TosToMy nasi BHHTA caMoJieTa HJH JJs Kakoro-iundo
Apyroro npeamera, o6jiafaioliero A-KpaTHOH BpallaTeNbHOH CHM-
MeTpHell OTHOCHTENbHO 3TOH OCH (n > 1), BCe KOMIOHEHTbI CHJIbI
(TeopeTHueCKH) pPaBHB HYJIO 1),

Kak nokasauo B [2], ra. V, § 14, npuBegeHHble pe3yabTaThl MOX-
HO 0GOGMIHTL Ha cayyait BooGpaxKaeMblXx aGCOJMIOTHO TBePAbIX Tea
B MJ€aJIbHOH JKHIKOCTH, 3aNOJHSIOWEH Heeskaud080 NPOCTPAHCTBO.
OnHako mbl He 6ydeM NPHBOAMTb 3TOT0 31€Chb, NOCKOJbKY (H3HYe-
CKOe 3HayeHHe TAKHX De3yJbTaToB Jajeko He sicHo. OCHOBHOe Xe
COCTOHT B TOM, UTO KAQCCUHECKYIO Teopurto OsuxceHus abCOAIOTHO
T8ep3020 Teaqd 8 UOCAAbHOU HUOKOCTU MOMCHO DACCMATPUBATL KAK
uacTe Teopuu Jlu 00HOPOOHBIX RPOCTPANCTE 2). '

Yy Tak K2k o6sacTh BHe IIpONeJIepa OJHOCBA3HA, TO 3T0 MOJOXKEHHE HEAb3N
HCNPABUTh BBENEHHEM <UHPKYJSLHH® BOKPYr JonacteR nponesiepa — 6e3 3uauu-

TeJbHHIX OrOBOPOK.
2y Mepaaae K, Teopus rpynn Jlu, HJI, M, 1. 1—2, 1948—1958.
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§ 114. CrokcoBo 3aTyxaHue

B cayuae Maabix koneGaHHil JlarpaHKeBbl METObl MpPeHbIAYILHX
naparpac¢oB NPHBOJAST K BHIBOJY O HAJHYHH NPHCOEAMHEHHOI Mac-
Chl, M3-3a 4ero yAJHHsSeTcs nepuol cBOGOAHBIX KojeGaHHH, HO 3a-
TyXaHHus KojeGaHuil oHn He paloT. IlepBoe Teoperuueckoe Hcciaeno-
BaHHe 3aTyXaHHA CBOGOIAHEIX KOneGaHHH, BBI3BAHHOTO BA3KOCTHIO,
6110 Buinosneso Crtokcom B 1850 r. ITpu stom Crokc npeneGperalt
KOHBeKUHeH, 4T¢ 060CHOBAaHO B cjyuae [JOCTATOUHO MaJbiX KoJsela-
HEH, H JIAHeapH30BaJi ypaBHeHHs [IBHXKeHHsA. BciencTsue 37Ol Jau-
HeapH3alUMH OH INOJYuMJ «JaorapudMHyecKnd AekpeMeHT» (omnpene-
AsieMBIH Kak JOrapHdM OTHOLIEHHS AMIJIHTYA TNOCJeJ0BaTeJbHbIX
Kosie6aHHH), KOTOPHIH He 3aBHCHT OT AMIVIHTYAbl. MBI KPaTKO H3-
JOXKHM CXeMy BBIYHCJIEHHH.

IIpy o6bluHON TPaKTOBKE NONABEMHOH CHJbl JHHEeapH3OBaHHbBIE
YpaBHEHHsl JBUKEHHS CBOJAATCA JHIUL K YPaBHEHHIO

U v
o =— &4V (47)

Mbi MOXKeM HCKJIOUHTb p, NMPHMEHHB K o6GenM croponam (47) ome-
pauuto porop. O6o3nauu BEXpb V X u uepes §, MOAyYHM Clleayio--
1iee ypaBHEHHe

& vz, (48)

B cnyuae sbinyscOennbix CUHYCOHIAABHHX KoJeGaHHH NMOCTOSH-
HOH aMIUIHTYABl H YTJIOBOH 4acTOTH @ YpaBHeHHe (48) 3KBHBalEeHT-
HO ypaBHEHHIO

VL — ("—“’) . (48%)

¥y

Ilpu 3TOM MBI NpHAEpKUBaeMcsl OGBLIYHOTO COTJIAlUEHHA, UTO (hu3it-
yecKkuil BEXPb CKOPOCTH €CTh OefcT8uTeAbHAA YAaCTb KOMIWIEKCHOMH
(YHRKUMH TPOCTPAHCTBEHHLIX KOOPJAHHAT H BPEMEHH, aHAJNHTHUECKOH
10 BPEMEHH.

B caydae NIOCKHX M OCECHMMETDPHYHBIX TeueHHH (T. €. B Clyuae
nonepeuHblx KoJeGaHH# UMJIHHAPOB H IPOXOJBHBIX KoaeGaHH# Ted
BpallleHHda) BeJHUHHY § MOMHO BLIpa3HTb uepe3 CTOKCOBY DYHKUHIO
toka V. (Tak, ansa njockoro tedenus § = V2V). dro namHoro yn-
pollaer KpaeBble YCJOBHA.

Hletanu n0BONLHO AJHHHBIX Bbiuncaenudt ([13), 1. 3, erp. 22—54,
umu [7], § 345—354) Mbi omyckaem. s cgpepsr pagmyca a moa-
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HOH JMHaMHuecKoH XxapaktepucTHkoi ssaserca cuaa ([7], § 354,

(26))
— X=p-ovem @{3i+55 1 +5 (75 +5)e )

=1y %

DTO 3HAYMT, YTO MOMHMO Haxoasluedcs B ToH ke ¢asze CUJILI UHep-
. 1
LHY MPHCOENMHEHHOH MaCCH 5 p » 00BbeM (Z) (coraacuo § 98), nmeer-

(49)

cA elle CHHyCOHJalbHasl CHJa ¢ aMmiauTyao# B 95 pas Goapluei
u co casurom (aset Ha 135°u Apyras cuHycoWAanbHasA CHIA C aMILIH-
tyno#i B 952 pas Gosbuel U co caBuroM ¢asw Ha 180° no orHoue-
HHI0 K hase xoneGanuil.

[Mocnepnsis cuja— 3T0 NPOCTO COMPOTHBJEHHE CTALHOHAPHOMY
<IOA3YyleMy OOTeKaHHiO» c(epsl, IBHKYLIeHCT ¢ MOCTOSHHOH CKO-
pocteio (§ 30). IlepByo e culy MOXKHO HCTONKOBATH KakK CHJY
TOPMONEHUA NO2PAHUYHO20 CAOS, W TAKYIO CXEMY Mbl PacCMOTPHM
cefuyac B o6lueM cayuyae.

§ 115. TopMoxKenne MOTPaHUYHOTO CAOH

B 1850 r. Croke ({13], 1. 3, cTp. 21) npeamoJOXHM, 4TO «BO3-
AeHCTBHE KHAKOCTH MOMKHO BHIYHC/IHTL C BecbMa GoJbIiofi cTe-
HEHBIO TOYHOCTH, €CJAM PacCMAaTPHBATh KamKAblll 3J€MEeHT NOBEepPXHO-
CTH TBEPJOTO TeJa KaK 3JIeMEeHT HeKOTOpOi#l GeCKOHeYHO# MJIOCKOCTH,
xosefmomedica ¢ Toft e JMuHelHON ckopocThio». Xota Crokc mnpen-
JIOXKHA 3TO TOJMBLKO AJS KPYTHJBHBIX KoJsieOaHHi TBepHOro Tejia Bpa-
tIeHHsi BOKDYT €ro OCH, TO Xe camoe NpubiukenHe GBAO Hmpegsio-
JKEHO M I MaJblX NocTynaresbHbiXx Kosebaunii !). Tlockoabky aTa
ujaes BbiTeKaeT U3 TeOopHH mnorpauuyHoro caos [lpamaras (§ 27),
ec/H npeHebpeub KOHBEKIHEH, TO BBHIUMCJCHHYIO BBILE CHIAY MBI Gy-
IeM Ha3BIBaTh CUJIOH NOZPAHUYHO20 CAOS.

Jns cCHHYCOHDa/MbHBIX MPOJOJBHEIX KOJeGaHUuil ee MOXKHO JIETKO
BBIYHCJIHTE. JTa CUJa CABHHYTa no ¢ase Ha 135° oTHOCHTENBHO ABH-
xenus ([7], crp. 620). ITosTomy ecain F ecTb MakcHMalsbHOe 3Haye-

HHe cHAB U —FE ecThb YCpEeAHEeHHast CKOPOCTb DAaCCEesiHHS 3IHEDPTHH,

10, oueBnaHO, —E = Fg/2V 2, rne g — MaKCHMaJlbHasi CKOPOCTh KO-
aebanuit TBepioro tena X. Ho cpennss ckopocTb paccesHHs 3Hep-

Y Boussinesq J, J. de Math, 4 (1878), 835—376. Carrier G. F.,
Prima R. C, J. Appl. Mech.,, 23 (1956), 601605, npegmoxuar monpamky
BTOPOro TOpANKa.
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rHM B pacyeTe Ha 3JeMeHT HOBEPXHOCTH nuowaan dS pasua ([7],
ctp. 620, (9)) BeauunHe

—dE=p} F-11(x)dS, (50

rae v¢(X) ecTh MakKCHMaJbHas JOKaJbHAasA TAHIEHIHAJIbHAS CKOPOCTH
B TeueHHH Dilniepa. 3Has ©;(X), MGIKHO BBIYHCAHTL —F M, clenoBa-
TeabHO, CHAy F, npouHTerpupoBas Buipaxenue (50) mo moBepXHOCTH
Tena.

Tax, ecan £ — cdepa panuyca g, T0 U¢(X) = (3g/2) sinf. Hure-
rPRpYH, MOJayYaeM — E=23mnp Vve/2 g%?. CnegosarensHo, cuia,
AeficTByIOLlasl Ha cepy CO CTOPOHBI NMOrPaHHYHOTO CJOs, pPaBHa

F=6rpq Vvo = [——— p - 06beM (E):l( AT ) =9m'S. (51)

Ananornunyio ¢GopMyay MOMKHO BbIBECTH AJS CHHYCOMZAJbHBIX
KoJe6aHuil TBEPAOro Tea NPOH3BOJNBHOH (POPMHI !).

INpumenns k ypaBueHuio (48) npeoGpasosBanve Pypbe, MOXKHO
TakKe BbIUMCIIHTH Pe3yAbTHPYIOUIYIO CHUJY B clyyae MaJjoro JBHKe-
uua npu Mwo6oM ero NporekaHH B npouwioM 2). OXHAKO OCHOBHOM
BOMIPOC TAKOB: NPUMEHUMbL JU TOJNyYeHHble TakuM o6paszoMm ¢op-
MYJIBL, H €r0 MHI ceffyac paccMOTPHM.

§ 116. KoneGanusa ¢ Goabloli aMnanTynoH

X0Ta vachl ¢ MafATHHKOM ceffyac MMeIT KyHa MeHblle 3HaueHHs,
yeM B 1800 r., 0HaKO GHIAO BHIMOJHEHO MHOrO ONBITOB C TeM, UTOGH
IpoBepUTh MpaBuAbHOCTL GopMyasl Crokca (49) ). OuesnaHo, 4TO
MHOXHTEJIb NPHCOeANHEHHOH Maccel 2 M KO3(p@ULUHEHT 3aTyXaHHA
ABAAIOTCH QYHKUHAMH KaK OTHOCHTENbHOM aAMIVIMTYAHL @, TAK H YHC-
aa Croxca S. K coxanenuio, npu cBoOOJHOM 34aTYXaHHH BeJHYHHA
o — TepeMeHHast, U B GOJIbIIHHCTBEe ONBITOB OHA HE 3aMepsANach;
IO 3TOH M MO APYTHM NMPHYHHAM 3HAayeHHe MHOTHX ONBITOB OCTaeTCH
HeSCHBIM.

Toxanyil, Hau6osiee BaXHBIMH S cayuasg GOJBIIHX AMIVIHTYR
u Maanx S sBasiorcs ounsitht Keiinerana u Kapnenrtepat) ¢ mu-

H Lighthill M. J, Proc. Roy. Soc., A224 (19564), 1-—23.

%y Rayleigh, Phil. Mag., 21 (1911), 697—710; ewe panbe Takue
hopMyAL NOAYYHIU Boussxnesq Hn Basset

%) Mever O. E, J. | Math, 78 (1871), 31—68; Northway M. Y.,
Mzackenzi, Phys. Rev., 18 (1901) 145—164; McEwen G. F, tam e,
33 (1911), 492—511; Marty L., J. de Phys. et Radium (Paris), 6 (1935),
373—382; Valensi J., Cilarion C, Bull, Soc. France Mec, Ne 8; Ri-
chardson E. G, Tait R. [, Ost. Ing.—Archiv, 8 (1954), 200—207. I[pyme
CCHIIKYM fannl Huxe W B § 103—104; oM. takxe § 31—32.

) Keulegan G. H, Carpenter L. H., J. Res. Nat. Bu. Standards,
60 (1958), 423—440,
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AUHAPAMH ¥ MJIACTHHKAMH, TOMEIIEHHBIMH B KONeGIOYIOCH MKUI-
Koctb, TlonyueHHBe B 3THX OMBITaxX JaHHBIE NMOKa3biBAIOT JIOGONBIT-
HYI0 3aBHCHMOCTb NMPHCOEIHHEHHOH Macchl H 3aTyXaHHsy OT OTHOCH-
TeJLHON aMIJHTY[Bl, yero HeT B (popmyae Croxkca.

[lyers x = A sin §f o6o3navaer 3aBHCSIlEe OT BPEMEHH cMelile-
Hue, Tak uto T = 2n/8 ectb nepuof,§ = pf — basza v iy = AR — max-
cuMmanpnasn ckopocte. Cuna X (8) uaMepsisach Kak QyHKuusa $assl;
sBuay cuMmerpus, X(§ + ) = —X(8). OGo3nauum nuaMerp Tena
T uepes d, Tak 4TO OTHOCHTENbHAsI AMIVIMTYAA paBHa a = 2A/d.

Ilna uaMmepeHHuX 3HaueHH# GyHroHd X(§) okasanace moaxois-
e nosyaMauprueckas opmyJa

— X () x| x|+ Mx. (52)

B ocHOBe »3TO#t (OpPMYJLI JIEXKHT NPeJNONOXKEHHEe, 4TO CHJA
—-X(§) momxkHa 6T cyMMOR cHJBl M0GoBOro conmportuBnaenus D =

1 : .
== pdx*Cp, IPONOPUHOHANLHON KBAAPATY CKOPOCTH, H HHEPLHAlL-

HOM CHabT Mx = (':rpd2/4)CMx NPONOPUHOHANBHOR yecKOpeHuto. Ecan
611 feficTBUTENBHO 6biI0 TaK, TO Cp H Cy MOXKHO OblIO Obl BbIYHC-
AATH M0 opMysiaM

Cp= T f X () cos 0 gb (53)

2%

Cu=——o—5 f X (8) sin 6 40. (53')

npa d2

OmMnupuuecku ObIO HAWAEHO, YTO IS JAHHLIX, NOJYUEHHBIX NIPH
KoseBaHuax ¢ GoabluIof aMnJHTYROH, BIOJHE ClpaBelauBa (opmy-
na (52), Kkorna sMnupuueckHe noctossHHbie Cp H Cpr ONpeaensioTCs
no ¢gopmynam (53) u (53”). M3mepenssle sHauenus nocroasHux Cp
B Cy 3aBUCAT B NEPBYI0 Ouepeib OT OTHOCHTENBHOH aMIIHTYIb!
e = 2A/d w cpasHutesiHo Manol) — ot yucna Crokca S. I'paduxn
usMepenHbix 3HaveHuii Cp u Cy u300paxkennl Ha puc. 28.

Hurepecno conocraButh ¢opmyay (52) c dopmynol, KoTopas
NOJY4aeTCsl MPH CTOKCOBBIX MPHOAUMEHHAX AJS MaJod aMIUIHTYMbI,
T. €. ¢ dhopmyJoh

— XO)=crx+mx, m'=(m +m), (52)

1y Korpa ? MOXHO OXHMAATh, 4YTO CBA3b C <«UHCaAOM Pefinoasaca»
Re = undfv = @/25?2 6vne1' HMeTb Ooawiuoe sunayeune; cm, Bagliarello — paSory,
uutHporannyio B § 103,
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rae m’-— TeopeTHyeckas NPHCOEIMHEHHAs MAacca, a Macca BbiTec-
HEHHOH XHIKOCTH — mp = p-00beM (). Jaa niaocko#l nmacTHHKH,
MOCTABJIEHHOH NONepeK TeYeHHs, HIH /19 KPYroBOro MHJAHHAPA H3Be-
ctro ([7], crp. 85), uro m’ = npd?/4. B dopmyay (52’) meobxonumo

3

T T 1 !

0 25 50 75 190 125
e

Puc. 28. llpucoenunensas Macca QuARHAPAE (BBEPXY) K NNACTHHKN (BHH3Y).

BKJIOUHTb 4JI€H f1g, TAK KaK [PENsTCTBHE YAePKHBAeTCs HEHOABHRK-
HBIM B KOJeGMIOILeHcs KHUIKOCTH, 3TOTC CJIaraeMoro He ObIo GHI,
ecan 6bl NPENsITCTBHe KOJge6anoch B HENOIBHKHOR KHAKOCTH., DTy
Pa3’sHOCTb MOXHO BBIYHMCJIHTB, €CJIH YHYecTb, YTO B CHCTeMe KHI-
KOCTb NOCTOSIHHOH MJIOTHOCTH p M TBEPNOE TeJO NDH CHHYCOU-
HaNbHBIX TOCTYNaTeNbHEIX KOJEeGAHHsAX BCedl CHCTEMbl Ha TBep-
Joe Teno X peicteyer cuia mpx. Quesupaxo, wro X(8) He 3aBH-
CHT OT g.

Hdas cpaBHeHuss OblIH BBIYEPUEHb! TaKXe KpHBble 3HaYeHHH
Cxy — ANl UMAHHIPOB M NMJIACTHHOK COOTBETCTBEHHO, — MOJYHEHHHX
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no auHeapusoBanuoil rteopun Crokca. OueBnaso, uto GOPMYJNB!
CTokca COBepUIEHHO HeNpUMEHHMB K KoaeGaHHsiM C GOJbUION
aMIVIMTYHOH.

§ 117. 3axmounteabHblii naparpad

[{eab KHHIH — KO€-YTO BHECTH B HAYKy O npHpojae. 3aHMCTBYH
cnosa y Hrioronal), MoxkHO ObLIO 6B CKa3aTh, YTO <COUHHEHHE
370 NpefJjaraeTcs B KayecTBe MaTeMAaTHUYECKHX NPHHIMIIOB HAaYyKH,
HG0, Mo-BUAHMOMY, Bce TPYAHOE AEJO HAYKH COCTOHT B TOM, YTOGH
10 §BJEHHAM ABHIKEHHS PAaCIO3HATh, KAKOBb! CHABI NPHPOXH, H IO
3THM cHiaM OOBSICHHTb fiBJAeHHSA». Mul cTapajuck clle0BaTh BHICKa-
spiBannilo Apucrotens: «JlaBafite cnHauana mnoiiMeM ¢akThi, a TOraa
Mbl yXe CMOMEM HCKaTb NPHYHHBI», NMAMATYS TaKkKe O NPHHLHIE
Heiotona (uut. cou., crp. 398): «Hawm, koneuno, He caenyer orbpa-
CLIBATh CBHMAETEJNbCTBA 3KCIEPHMEHTOB PAAH BUAECHHH H NPH3PauHbIX
H3MBIUIJIeHHH, TPHAYMaHHBIX HAMH CAMHMH» %),

B cOOTBETCTBHHM C 3THM MHI Haya/JHM C OMHCAHHWs pAda Mapajiok-
COB, KOTOphIE TMOJY4alOTCH NPH M3yueHHH [BHMKEHHH XKHIKOCTH KakK
YHCTO JIOFHYECKHe BHIBOABI M MPH H3YUEHUH CJOKHBIX fBJeHHH pei-
CTBHTEJNBLHOCTH. JTa TeMa Gblla OCHOBHOH B NepBHIX Tpex rJjaBax,
OHa NMPOXOAMT U B UeTBePTOH, rie yKasaHh HEKOTOpPHE CIOPHHIE Me-
cTa B OOBIUHOH TEOPHH MONENHPOBAHHSA, W BpPeMsl OT BPEMEHH MbI
ofpaulajnch K Hell 10 NMOCJEIHHX TMaparpados BKJAIOYHTENBHO.

Hosu3sna naulero crnoco6a #3J0KeHHS COCTOHT B TOM, 4TO MBI
BHAMM NPH4YHHY MapajoKCOB B HEHOCTATQUHOH CTPOTOCTH HCCJENOo-
BAaHHA: NPaBAa, HEKOTOPHIE CIELHANHCTH OOBABJAIOT 3TOT HELOCTa-
TOK TPOSIBJIEHHEM MYKECTBEHHOH CHJIH, ~- HO, KOHEYHO, MOJ TaKoe
sHaMs He cTtaiu 6sl HH HbioToH, Hu Dfep, un Jlarpanxk, Hu Croke
M HHKTO APYrOH H3 OCHOBOMOJIOXHHMKOB HAayKH O JIBHIKEHHH XKHIKOC-
teit. M, noxanyii, rmaBHasg 3acayra (KpHTHYECKOro xapakrepa) 3To
KHHTH — CTPOTHHl aHaNH3 TeOPEeTHUECKHX OCHOB MEXaHMKH pealb-
HBIX XHAKOCTEH.

B kayecTBe Hallero rJaaBHOTO MOJOXHTENBHOTO JOCTHIXKEHHS MBI
yKajkeM Ha NPHMeHeHHe B MeXaHHWKe XHAKOCTeH NMOHATHUS TPYMIbIL.
Tak, B ueTBepTOfl raBe 0GHAPYIKHBAETCH, YTO 3TO MOHATHE ABJSET-
Csi KTIOYEBHIM B TEODHH MOJXEAHPOBAHHA (TeopHH «nogobusa»). He-

1y Tlpepucnosue K ero Principa Mathematica. Aptop nosp3osanci aHrsuit-
ckuM nepesofom B uznammm F. Cajori, Berkeley, 1947, erp. XVII—XVIIL '

[Cp. ¢ nepesomom ua pyccxuii s3. A. H. Kpniona B VII tome ero «Co6pa-
wua Tpynos», M.—JI, 1936, ctp. 3]— fpum. nepes.

%)’ B nepesose A. H. Kpmnosa (cM. mpepunymee npmmeyanse) STo MeCTo
nepenaro Gosee sHepruyHo: <«[IOHATHO, WTC B NPOTMBHOCTH PALY ONMITOR He cie-
LyeT W3MBILATD Ha aBOCh KaKHX-AHGO Opepmed..» (uMr, cod, ctp, 603), —
Tpun. nepes,
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MaJo APYrHX NPHMEHEHHH TEOPHH TPYNN [AaHO B NATOH M IUECTOMH
ranasax. KyibMuHanues 3nech GBIIO HCTOJNKOBaHHe CHIBI, 1EHCTBYIO-
ukefi Ha TBEPXOE TeJO NpH JOOOM €ro CTAaUHOHAPHOM IBHMIKEHHH B
WaealbHOH MHAKOCTH, KaK KPHBH3HBI COCTBETCTBYIOWIEH opHomapa-
MeTpPHUYECKOH HOArpyMNNel B NPOCTPAHCTBE €BKJAMAOBBIX TPy, MeT-
PHKa KOTOPOTO ONpPeAe/sIeTCs] KWHETHUECKOH 3HepTrHeH.

Hrax, aBTop neitajcs nepebpocHTb ABa MOCT2 uepe3 pacUiHpsio-
utHiics nposan MeXJAy YHCTOH MaTeMaTHKoi M ¢usnkofi. O6 ycnexe
5TOrO HaAO CYAHTH MO O6YAYWHM paboTaM Tex uuTaTesqell KHUTH, A.11
KOTOPBIX OHA OKaXKeTcsl CTHMYJIOM K MCCJIeOBaHHSIM.
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I'MAPOANHAMUKA. METO/bI. ®PAKTbI. IOJOBUE
M.: UHocTpanHas nuteparypa, 1963, 246 ctp.

[lepBoe W3maHWE KHUTH WM3BECTHOTO aMEPHKAHCKOTO MmareMaTnka I. bupkroda,
Beimeqmiee B 1950 r., Obuto mepeBedeHo Ha pycckui  s3bik  (M3pmatenbcTBO
WHOCTPaHHOW JITepatypbl, 1954 T.) m 3acmyxuino BceoOlIee MPU3BAHUE COBETCKHUX
.YUYEHBIX. 32 I€CATH JIET, OTJACISAIOINX BbIXO MEPBOr0 U BTOPOrO aHTJIMWCKUX U3AaHUM,
B HCCJIEIOBAaHUH JBM)KEHUHN KHUAKOCTHU U ra3a ObUI IOCTUTHYT 3HAYUTENbHBIN IIpOrpecc,
U BTOpoe m3fanue «[ MapoauHaMHUKN» MPEACTABIsSET COOO0M CYyIIIECTBEHHO U3MEHEHHYIO
KHUTY, COJIEP>KAIly}0 MHOT'O HOBBIX M Ba)KHBIX PE3YyJIHTATOB.

ABTOp MO-HOBOMY aHAJIM3UPYET M CUCTEMATUYECKH HU3JIaraeT HEKOTOpPbIE BEChMa
MHTEPECHbIE 0COOEHHOCTH JIOTUYECKUX MOCBUIOK U MaTeMaTHYECKUX ITOCTAHOBOK 3a/1a4
TUAPOMEXAaHUKH, a TaKKe YCTAaHABIMBAET CBS3M ATUX IOCBUJIOK M IOCTaHOBOK C
npakTUKOM u HaOmogeHussMu. Ha MHOrMX mnpumepax OH IOKa3bIBA€T, KaK OIBIT
CIOCOOCTBYET Pa3BUTHUIO TEOPUU, TPeOys €€ MOCTOSHHOTO YCOBEPIICHCTBOBAHMS, 1 KaK
TEOPHsI, YCIOXKHSASA B BHJOU3MEHSSI CBOM METOJbI, OOBSICHIECT (PU3UUECKYIO CYIIHOCTh
HAOI0TAEMBIX SBJICHHIA.

Knaura mnpencraBiser HECOMHEHHBIM HMHTEpPEC HE TOJIBKO Uil CHELUAIUCTOB B
o0nacTy TUAPOAMHAMUKH (HAYYHBIX PAaOOTHHKOB W MHXKEHEPOB), HE U ISl IIMPOKOTO
Kpyra MmateMaTukoB. OHa BIOJHE IOCTYIIHA CTYJEHTaM CTapIluX KypCOB.
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